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INTRODUCTION 


The purpose of the present treatise is to offer an ap- 
proach to a higher and more generalized arithmetic 
through a systematic study of the algebraic numbers. 
By virtue of the simplicity of its foundations and the 
rigor of its deductions, arithmetic stands alone in the 
beauty and harmony of its truths. A divine gift, it offers 
proof that the mind is a reality attested by the sciences on 
the one hand, and the philosophies on the other. The 
province of arithmetic in this high position between 
science and philosophy, is both to serve and to be served 
in the quest of higher truths. 

The earlier investigators in the theory of numbers made 
the rational integer the basis of their endeavor and, rest- 
ing upon this foundation, their theories were advanced in 
a remarkable manner to very great heights. These 
heights naturally become the more elevated, the broader 
and wider the bases are made. The present work pro- 
poses to show how the field of rational numbers is broad- 
ened by the introduction of the algebraic numbers and 
how thereby the realm of rationality is extended. In 
this “widening of the field of arithmetic” by the intro- 
duction of algebraic quantities, by the employment of 
rational functions of algebraic quantities, and similar ex- 
tensions, many difficulties have been encountered and, in 
particular, difficulties that are found in the treatment of 
the algebraic numbers themselves. In connection with 
the overcoming of these difficulties and smoothing the 
paths of ascent, whether it be to a higher number theory 
or to a more exact science, or to a deeper and purer phi- 
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losophy, it is the part of the expositor to exhibit the 
power of a generalized arithmetic in its simplicity, its 
rigor, its harmony, and its charm. As indicated in the 
beginning, the purpose of this treatise is to help in making 
the theory of algebraic numbers more accessible, more 
attractive, and less difficult. 

Soon after the introduction of the algebraic numbers as 
a study in themselves by Gauss, Jacobi, and others, a 
serious difficulty appeared in that, unlike the rational 
integers, they did not admit a unique factorization. This 
very perplexing condition was later overcome in part by 
Kummer’s discovery of the ideal numbers, which, although 
of a somewhat fictitious nature, are not ‘‘mere fiction.” 
As Kummer would express it, they are like certain chem- 
ical compounds which have their reality in their combina- 
tions. There exists here a marked analogy with Plato’s 
“doctrine of idea and number” which must again give 
new thought to the modern philosopher. 

In mathematics these ideal numbers served as a start- 
ing point for the remarkable discoveries made by two of 
Kummer’s followers: Dedekind, on the one hand, with 
the theory of moduls and ideals; Kronecker, on the other, 
with the methodical use (employ) of the theory of forms 
with indeterminate coefficients and of the modular sys- 
tems. The exploitation of these two great theories is in 
the main the object of the present work. 

The author had the good fortune, while a student in the 
University of Berlin, to hear the lectures of Frobenius on 
the Dedekind Theory and those of Kronecker, the last 
he ever gave, on his own work. Every method known to 
the author has been used to simplify the exposition which 
often involved proving anew fundamental theorems and 
formulas as they arose. If he has inadvertently made 
omissions and inaccuracies, it is hoped that the general 
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theory follows in such form that the reader can supply the 
defects. As an example of these difficulties, Dedekind 
himself declared that there always seemed to him to be a 
gap (Liicke) or at least a questionable point (zweifelhafte 
Stelle) in the foundation of the theory of ideals as given by 
Kronecker in his Grundzüge. It may be proved, how- 
ever, that by the introduction of a fifth postulate (in 
addition to Dedekind’s four), the difficulty is obviated. 
This fifth postulate is the generalized Gaussian Lemma, 
proved independently by Kronecker, Dedekind, Hur- 
witz, and others. 

A central point of both the Kronecker and Dedekind 
theories is found in the treatment of the divisors of the 
discriminant. Here again exceptional cases arose which 
were of.an exceedingly baffling nature. Both Kronecker 
and Dedekind wished to establish a theorem by means of 
which a certain conformity between the ideal divisors of a 
prime integer p on the one hand, and the factorization of a 
fixed rational integral function, modulo p, on the other, 
was set forth. This theorem proved by Kummer for the 
case of cyclotomic realms was conjectured by him to be 
the key to the general theory. It was found, however, 
that this conformity fails when p is a so-called irregular 
divisor of the discriminant. If one considers only the al- 
gebraic numbers themselves and applies the highest scien- 
tific method in their handling, as was done by Dedekind, 
there remain lurking difficulties. Such and other ob- 
stacles impeded the publication of Kronecker’s Grund- 
zuge and were the subject of repeated notes in the 

Gottingen Abhandlungen by Dedekind. 
= These difficulties were finally overcome by Hensel, 
who, by the introduction of the “fundamental form” and 
the “fundamental equation” of Kronecker, proved in 
their generality certain theorems which Dedekind found 
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necessary for a satisfactory exposition of his theory. In 
this treatment, the modular systems of Kronecker render 
a valuable if not indispensable service. It is fortunate 
that for the most part the difficulties found in the Dede- 
kind theory are different from those of the Kronecker 
theory, so that a combination of the two gives a satis- 
factory exposition of the whole. Thus, through the 
united efforts of two of the world’s greatest mathemati- 
cians was the theory of algebraic numbers established 
upon a firm basis, free from defect. 

It is here presented from a heuristic point of view with 
the hope that through this mode of treatment the innate 
relation of the general number theory to the function 
theory, algebra, algebraic (Abelian) integrals, and other 
branches of mathematics will be further developed and 
eventually generalized into a united arithmetized entity, 
the one contributing to the advancement of the other. 
Thus would Kronecker’s belief be realized, a belief that is 
cherished by others in increasing numbers. In this real- 
ization, mathematics becomes as much the philosophy of 
thought as an apparatus of computation and thus too the 
confines of philosophy may in their turn be extended into 
something like an exact science. This generalized theory, 
while reaching to the highest arithmetical heights, be- 
comes a profound mathematical-philosophical study, and 
its application to the sciences, as in the case of a related 
mathematical theory in Einstein’s work, is a natural con- 
sequence. A similar theory emanating from an extended 
philosophic study which had its initial conception in 
something similar to Plato’s doctrine of idea and number, 
if applied to mathematics, might conceivably lead to 
analogous results. 

The Dedekind theory was systematically worked out 
by Dedekind and, difficult though it be even in his final 
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presentation, the extent of the ideas which he wished to 
convey may be fathomed. Further advances in his work 
seem possible in many directions. Kronecker, a man of 
independent fortune, had little experience as a lecturer. 
As he wrote no text-book, his work, while more compre- 
hensive than Dedekind’s and possibly susceptible of vast 
extensions, remains to be put in systematic form with an 
emphasis upon the clarity of its exposition. 

The present work, while it follows more closely the 
Dedekind treatment which is purely arithemetical, sets 
forth the final fundamental results from both these en- 
tirely different standpoints, in that the ideals and moduls 
of Dedekind are put in juxtaposition with the funda- 
mental forms and equations of Kronecker, the discrimi- 
nant and order-modul being their common vantage 
ground. And thus it is brought about that the “ method- 
ical means of help derived from the indeterminate coeffi- 
cients” with an intermingling of functions of many vari- 
ables, does not appear foreign in a subject where the pure 
number concept is paramount. While the Dedekind 
theory is presented in its entirety, the Kronecker theory is 
everywhere emphasized. If this has been done effectu- 
ally, it will appear that the work of even so great a mathe- 
matician as Hurwitz adds but little that is new to the sub- 
ject. His contributions, which are given in a separate 
chapter, offer a synoptic review of many of the previous 
results. 

The classic theory of quadratic realms, interesting and 
instructive in themselves, serves as a stepping stone from 
the usual theory of rational integers to the general theory 
of algebraic numbers. This theory, founded upon the 
lectures of Hilbert, has been thoroughly worked over by 
Reid, The Elements of the Theory of Numbers, and by 
Sommer, Vorlesungen über Zahlentheorie. Their results 
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are incorporated in and form a part of the first volume. 
This volume is intended as an introduction to the general 
theory which is given in the second volume. The reader, 
having acquired through the study of the quadratic 
realms the meaning and significance of such terms as 
norms, units, moduls, ideals, divisibility, unique factor- 
ization, ete., will naturally wish to see this theory ex- 
tended to wider fields of investigation in the more general 
realms of rationality. Accordingly, the second volume is 
devoted to the presentation of this general theory. 

The author has inserted in the text many historical 
notes and references which may be of service for those 
who wish to go deeper into the subject, as well as for 
university students who may be required to make reports 
on particular phases of the work. For this purpose fre- 
quent references are also made to the works mentioned 
below, which give a very exhaustive history of the sub- 
ject: “Report on the Theory of Numbers” by H. J. S. 
Smith, Collected Works, Vol. I, pp. 38-364; History of the 
Theory of Numbers, in three volumes, by L. E. Dickson 
(Carnegie Institution, Washington, D. C.); Appendix to 
David Hilbert’s Die Theorie der algebraischen Zahlkörper, 
Deutsche Math. Vereinigung, Vol. 4, Berlin, 1897. The 
latter report was brought up to date (1923) with the in- 
clusion of omissions, in a supplementary Report on Alge- 
braic Numbers (The National Academy of Sciences, 
Washington, D. C.) by Professors Dickson, Mitchell, 
Vandiver, and Wahlin. 

The subject matter of the first volume is found in the 
Table of Contents, which follows. 

I wish to express to The Macmillan Company and to 
their able representative, Mr. F. T. E. Sutphen, my 
appreciation of their uniform courtesy from the reading 
of the manuscript to its execution in book form. 
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I offer my profound thanks to Professor William T. 
Semple, to Mrs. Louise Taft Semple, and to the other 
members of the Charles Phelps Taft Memorial Fund for 
bearing the entire expense of the publication of this work 
and for their interest in the Department of Mathematics 
in the University of Cincinnati. 
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CHAPTER I 
PRELIMINARY NOTIONS 


ART. 1. Reducible and Irreducible Functions. It has 
been seen in algebra that an algebraic function of the 
nth degree 

ND =0,2" FO, 18 °° 4-Gi2 1-0 
may always be resolved into its linear factors in the form 

f(x) = a(z — z1) (2—22) - - - (t — Ta), 
where £1, £2, -* +, Za are the n roots of the function. But 
this distribution into linear factors ceases if the co- 
efficients are subjected to certain conditions: for example, 
the coefficients of f(x) being all real, it may be required 
that the coefficients of its factors be all real. In this case 
we may resolve f(x) into factors of the first and second 
degree, since a function of the second degree with 
negative discriminant is irreducible, if we demand that 
the roots be real. One may further impose the condition 
that the coefficients of the factors of f(x) be integers, it 
being supposed that the coefficients of f(x) are integral. 
Functions which under such and similar conditions are 
resolvable into factors, are said to be reducible; if they 
may not be resolved into factors, they are called irre- 
ducible. 

By “function” we shall always mean ‘‘algebraic func- 
tion” unless it is expressly stated to the contrary. 

ART. 2. Realms. Any system of an infinite number of 
numbers or quantities constitute a realm or domain. For 
example, all integers form a realm, also all fractions con- 
stitute a realm. It is evident that the latter realm is more 
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extended, that is, embraces more quantities than the 
former. If the coefficients of a given function f(z) all be- 
long to one and the same realm, we may ask: Is f(z) 
reducible into factors whose coefficients belong to the 
same realm? If this is the case, the function is said to be 
reducible in this realm, otherwise irreducible. For ex- 
ample, if the realm in question includes all quantities real 
and complex, then all functions are reducible except the 
linear functions; but if the realm includes only real quan- 
tities, then all functions are reducible except the linear 
functions and the quadratic functions with negative 
discriminant. 

ART. 3. Congruence of Two Functions with Respect to 
a Modulus. Let 

f(x) =aot+ayz+---+a,2” 

be an integral function in x with integral coefficients. If 
the coefficients ao, a1, °-+, an are all divisible by the 
positive integer k, we say that f(x) is divisible by k. 

It is seen then that 

f(x) =kg(2), 
where g(x) is also an integral function with integral 
coefficients. The function f(x) is therefore a multiple of k 
when and only when all the coefficients of f(x) are divisible 
by k. Let 
f(z) =aotaict+acr?+---+a,%" 
g(x) = bot bir boa? + «++ + bn0” 

be two integral functions with integral coefficients. If 
the difference f(z) —g(x) is divisible by k, the two func- 
tions f(z) and g(x) are said to be congruent with respect 
to the modulus k and this fact is indicated by the notation 


f(x) =g(x)(mod k). 
From this congruence it follows that 
a,=b,modk) (v=0, 1, 2, ---, n); 
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or 
a,=b, +e¢,k (m=), Il, 2%, 200, 1), 
where the c's are integers. It follows also that 
f(x) =g(x) +kh(a), 
where h(x) like f(x) and g(x) is an integral function with 
integral coefficients. 

ART. 4. The Gaussian Lemma. After these intro- 
ductory remarks we may next prove the following 
theorem (stated by Gauss, Dis. Arith., Art. 43): 

THEOREM. If the product of two integral functions with 
integral coefficients is divisible by a prime integer p, one of 
the factors is divisible by p. Denote the two integral 
functions by 

f@) =a, Far :-:-+-a,0"-----, 

g(x) =botbitt +++ + bnz™+ ++ +5 
and let their product be the integral function 

p(x) =f(x)g(x) = cot eiz +err? t, 

where 

Co = aobo, C1= dobi + bot, +: 
To prove the theorem it is only necessary to show that if 
f(x) or g(x) is not divisible by p then ¢(x) is not divisible 
by p. Suppose of the coefficients that appear in f(x) 
that ao @i, ---, Gai are divisible by p; and of the 
coefficients in g(x) suppose that bo, bi, ---, bm-ı are 
divisible by p while a, and bm are not divisible by p. 

The coefficient of #**” in g(x) is 

Cam = A00n4+m +A nem—1 Fabat t * + 
GRO F Aaima EANO: 
All of these terms are divisible by p except anbm. It 
follows that crim is not divisible by p and consequently 
also that ¢(x) =f(x)g(x) is not divisible by p. 
The theorem when extended to the product of any 


number of functions is: A product of several integral 
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functions with integral coefficients is only divisible by the 
prime integer p when and only when one of the functions is 
divisible by p. The theorem is also true for functions of 
several variables, and may be proved as above, if the 
functions are arranged according to a definite sequence 
of the powers of the variables. 

ART. 5. Primitive Functions; Divisors. If the coeffi- 
cients of an integral function are integers and have ¢ 
as their greatest common divisor, t is called the divisor 
of the function; and if this divisor is unity, the func- 
tion is said to be primitive. Accordingly, a primitive 
function is an integral function in the variable with integral 
coefficients that have no common divisor other than unity. 
We may also speak of the divisor of fractional coefficients. 
Let 

F(z) =co+c1t ter? + --- 
be an integral function with fractional coefficients co, C1, 

--; and let s be the least common multiple of the 

denominators of these fractions. It follows that co =bo/s, 


C,=b,/s, ---, where bo, bı, --+ are integers. Further let 
r be the greatest common divisor of bo, bi, ---, so that 
bo=dor, b:=d\r, ---, where do, di, --- are integers. 


Denote r/s by t. We thus have co=tdo, ¢:=td, ---. AS 
above, t is said to be the divisor of the function. It has 
the property that all the coefficients co/t, ci/t, ++ are 
integers which have no common divisor other than 
unity. 

It may be proved as follows that there is only one such 
divisor ¢. For suppose that t’ were another. We would 
then have co=t'dj, c:=t'di, ---, where do, di, ---, are 
integers. Since do, dı, --- are integers whose greatest 
common divisor is unity, we may determine other 
integers £o, zı, --- such that 


todo taidi+ -- =], 
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It follows, since tdo = co = tdo, ete., that 
t(zodot zidit - - -) =t (dozot dizit- -). 

Hence t/t' = dizo +dizı+ :-- =k, say, where k is an 
integer. It is thus seen that t/=t/k and also that 
f(x)/t' =kf(x)/t; and it further follows that the coefficients 
of f(x) when this function is divided by t’ are all divisible 
by the integer k. That f(x)/t’ be a primitive function we 
must accordingly have k=1 or t=t’. Note that the 
quotient of any integral function by its divisor is a 
primitive function. 


Art. 6. The product of two or more primitive func- 
tions ts a primitive function. For if f(x) and g(x) are 
two primitive functions and if f(x)g(x) =h(x), the coeff- 
cients of A(x) are integers; and if they have a com- 
mon divisor ¢, then ¢ is also an integer. Further de- 
composing ¢ into its prime factors, these prime factors 
are divisors of either f(x) or g(x); but as both f(x) and 
g(x) are primitive functions, these factors must all be 
unitv (Art. 4) and therefore ¢ must be unity. 

ART. 7. The divisor of a product of two or more func- 
tions is equal to the product of the divisors of these 
functions. Let f(x) and g(x) be integral functions with 
rational coefficients and suppose that 

F(x)g(x) =h(a). 
Let a and @ be the divisors of f(x) and g(x) so that 
f(x) =afi(x), g(x)=ßgı(x) where fi(z) and g,(x) are 
primitive functions. Further let y be the divisor of h(x) 
so that h(x) =-yhi(x), hi(x) being a primitive function. 
We then have 


EA hi(a) =fr(a)gu(2). 


Since on the right hand f1(x)gi(x) is a primitive function, 
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its divisors must be unity. It follows that 
y=a:ß. 

Another form of the same theorem. If f(x) is an integral 
function with integral coefficients and if g(x) is a primitive 
f(x) 
g(x) 
efficients are integral also. The coefficients in this 
fraction must be rational numbers, since division is a 
rational operation. 


function; then if is an integral function of z, its co- 


We may therefore write re =th(x), where h(x) is a 
primitive function. It follows that f(x) =th(x)g(z). 

Since the coefficients of f(x) are integral, it is seen that 
t is an integer and consequently the coefficients of Aa 


are integers. 

ART. 8. If an integral function whose coefficients are 
integers is resolvable into a product of two integral functions 
with rational coefficients, it may also be resolved into a 
produci of two integral functions with integral coefficients. 

For let f(x) =g(x)h(x) and write g(x) =8gi(z) where 6 
is the divisor of g(x) so that gi(z) is a primitive function. 
It follows that f(x)/gi(z)=6h(x), where h(x) is an 
integral function with integral coefficients (Art. 7). 

From this it also follows that if an integral function 
with integral coefficients is not resolvable into the 
product of two integral functions with integral coeffi- 
cients, it cannot be resolved into two such functions with 
rational coefficients; or, if an integral function is irre- 
ducible in the realm of all integers, it is also irreducible in 
the realm of all rational numbers. 


ART. 9. Let f(z) be an integral function whose 
coefficients are integers and suppose that the coefficient 
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of the highest power of x is unity; further let g(x) be a 
divisor of f(x) where g(x) is also an integral function of z 
having unity as the coefficient of the highest power of x. 
We may show ! that the other coefficients of g(x) are also 
integers. For let 
g(x) =botbia+---+1-2°. 

Let 8 be the divisor of g(x), so that bo/8, b:/8, ---, 1/8 are 
integers without a common divisor other than unity. 
Write 1/8=b, where b is an integer. Since f(z) is 
divisible by g(x) and since g(x) =@g,(x), where g,(z) is a 
primitive function, it follows that f(z)/g,(x) = x(x), where 
(Art. 7) x(x) is an integral function with integral 
coefficients. Let c be the coefficient of the highest 
power of x in x(x). 

Comparing the coefficients in 

fiz) =gi(x) x(x), 
it is seen that 
1=b-e. 

As both 6 and ¢ are integers, it follows that b=c=1=8 
and consequently the coefficients of g(x) are integral. 

The above may be expressed differently as follows: 

THEOREM. If 

J(w) =1-a'+ a, 12°" + +--+ +a;2+A, 
and 
(ap = ler hia, a ae, 

the a’s and b’s being rational; if further, 

S(x)g(z) = h(x) = xt + esprit t . - -Heit tco, 
then the c’s cannot all be integers, unless the a’s and b’s are 
all integers. 

ART. 10. If the function g(x) is of the first degree in z, 
say 
g(x) =i—T, 
1See Gauss, Dis. Arith., Art. 42. 
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where r is a rational number; if further f(x) of the pre- 
ceding is divisible by g(x), then from above r must be an 
integer. If however f(x) is divisible by x—7, then r is a 
root of f(z)=0. It follows that if in f(x) =0, all the 
coefficients are integers and if the coefficient of the highest 
power of x is unity, then the rational roots must all be 
integral. 

We have thus a simple method of determining all the 
rational roots of the equation 

F(z) =a" taat - - -Hanit Han =0, 
where the a’s are integers. For multiply this equation 
by a`" and then write aor =y. We have 
y” tary" Hamy t. - -ta an =0, 

an equation in which the coefficient of the highest power 
of y is unity, the other coefficients being integers. To 
determine whether this equation has integral roots, write 
for y the integer r; then, since all the terms except the 
last has r as a factor, it follows also that aj-‘a, must be 
divisible by r, if r is a root of the equation. From this it 
is seen that all the roots of the equation in y that are 
rational are integers that are divisors of aj-'a,. Since 
aot =y, we have only to divide these roots by ao to have 
the rational roots of the equation in z. 

FUNDAMENTAL THEOREM. If all the coefficients of the 
functions 


A(x) =at" +a, 1+ + ++ Om iF Famn 


B(x) = bot" + biz + - - - Hbr- Hbr 
are rational, and if all the coefficients of their product 

Ce na er re: r 
are rational integers, then all the products a;b, are rational 
integers. For, if a and b are the divisors of A(x) and 
B(x), the integer c being the divisor of C(x), it is evident 


and 
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that a,b, has the form aa; bbį= caiba, where ab=c and 
where a; and b; are integers due to the property of the 
divisors a and b. This theorem is also due to Gauss. 

ART. 11. The irreducibility of certain special functions 
may be considered next. 

THEOREM. Let f(x) be an integral function whose 
coefficients are integers and let p be a prime integer. In 
f(x) suppose that the coefficient of the highest power of x is 
not divisible by p and suppose further that the constant 
term is not divisible by p?. The function f(x) is irreducible, 
if all the other coefficients are divisible by p including the 
constant term. 

Let 

f(z) =Go+ait+aex?+ +++ +02", 
where do, @1, ''-, An are integers such that a, is not 
divisible by p while ao, ai, «++, an-ı are divisible by p, 
and further ao is not divisible by p?. 

Suppose that f(x) is resolvable into factors, and write 
F(x) = (obit + boa? + Hbr) (Coteit+ -+++e,2°), 
where the coefficients are integral (Art. 8). Equating 
coefficients of the highest power of z, it is seen that 
an =b; Cs and do = bolo. 

Since a, is not divisible by p, it follows that neither b, 
nor ¢, is divisible by p. From the second relation since 
a is divisible by p but not by p’, it follows that either bo 
or Co, but not both of these numbers, is divisible by p. 
Suppose then that co is divisible by p. We have at once 
the following congruence 
f(x) =a,0" = (bo+bit+t bot? + - - - 

+b,2") (ciet cer? - +++ 0,2") (mod. p). 

Hence boc: =0 (mod. p) and since by+0 (mod. p) it 
follows that c1=0 (mod. p). The term cıx may conse- 
quently be dropped from the above congruence. Con- 
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tinuing this process it is seen that all the c’s would be 
divisible by p. But c. is not divisible by p. 

- We therefore meet with a contradiction when we 
assume that f(x) may be resolved into factors. 

This theorem is usually ascribed ! to Eisenstein, as it is 
proved by him in the paper “ Ueber die Irreduktibilitat,”’ 
ete. (Crelle, Bd. 39, p. 160). It is proved, however, by 
Schönemann (Crelle, Bd. 32, p. 100). 

ART. 12. An interesting application of the preceding 
theorem is to prove that the function (z? —1)/(x—1), pa 
prime integer, is irreducible. It may be noted that the 
division of a circle into p equal parts depends upon this 
fact. We have at once 
(1) (v?—1)/(@—1) =a +r" P+ etal. 

With Eisenstein (op. cit. p. 167) write x=1+2z, so that 
x¥=1thetk(k—-1)/2'2?+--.+hk2* +z". 
Observing that 
n(n+1) =4[n(n+1)(n+2) —(n—1)n(n+1) ], 
(n—1)n=4L£(n—1)n(n+1) —(n—2)(n—1)n)], 


Se eke #8 FUSE S16 ewe 26 P LODE O. 8).0.8) OR TOS Be De 6S © ERRATA, 


it is seen that 
n(n +1)+(n—-1)n+---4+1-2=3n(n+1)(n+2), 

and similarly 
mer Gee.) 4. poesia gy 

= 4n(n+1)(n+2)(n+3), 
etc. Function (1) becomes when equated to zero 
p+p(p—1)/2'z+p(p—1)(p—2)/3!2 

ese pper perm =O. 


1 For example by Netto in his Algebra, p. 56; and by Koenigsberger, Crelle, 
Bd. 115, p. 53. See Report on Algebraic Numbers (p. 32) by Dickson, Mitchell, 
Vandiver, Wahlin. In the future this report will be referred to as the Report on 
Algebraic Numbers. 
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In this equation the coefficient of the highest power of z 
is unity and the constant term is divisible by p but not by 
p?, while all the other coefficients are divisible by p. It 
follows that (x? —1)/(x—1) is irreducible. 

ART. 13. Schönemann’s Theorem. The quotient 
(x?”— 1)/(£2""— 1) =1 parr" Sude fade" 
where p is a prime integer and n any integer, is irreducible. 
To prove this theorem write z = 1+-z and note the follow- 

ing congruences: 
(1+z)?=1+2? (mod. p), 
(1+z)"=1+2z” (mod. p), 
(1+2)?"=1+2"" (mod. p); 
or 
(1+2)?"=1+2""+p¢(z), 
CE py (2), 
where ¢(z) and ¥(z) are integral functions of z with inte- 
gral coefficients. These values substituted in the above 
quotient causes it to become 


(2”"+po(z))/(2?""+py¥(z)). 
As the numerator is divisible by the denominator, the 
quotient may be written 
= Ap + az +02? + + +++ pr priz?" P", 
To determine ao write z=0 and consequently x=1. 
Since [(2?"—1)/(z?""*—1) ].-1=p, it follows that ao=p. 
Further writing 
2?" + po(z) =[2?""+py(z) Laot az 
ae R +A P ae ], 
it results that 
2r” = 20" az + a? : e +H aprpz?"?"] (mod. p). 
Equating like powers of z on either side of this congruence 
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it is seen that while 1=a@)n_p1 (mod. p), all the other 
a’s are =0 (mod. p). It follows that apn». is not 
divisible by p and since the constant term ao is not 
divisible by p?, the given function is irreducible. 

It may be noted that the division of a circle into p” 
equal parts depends upon the solution of the above 
equation. 


ART. 14. The Algorithm of the Greatest Common 
Divisor. Let f(x) and f,(x) be integral functions with 
integral coefficients, the degree of f(x) being greater than 
or equal to the degree of f,(2). Through division it is 
seen that 


f(z) =Q@)filz) +R), 


where Q(x) and R(x) are integral functions in x, whose 
coefficients are rational but in general not integral. 
The degree of R(x) is less than that of f(z). We may 
write Q(x) =qi(x)/s, R(x) = —fo(x)/s, where s is an integer 
so chosen that the coefficients of both qi(x) and fo(x) are 


integral. 
The above equation is consequently 
Š S sf(x) =qi(x)fi(x) —f2(x); and similarly 
S be Si fi(2) = qo(x)fo(x) —fa(x), 
5 le Se are e a Mae a EA 
SS p E N, 
AM (safle) =9-(2)f-(2). 


Since the degree of f:,:(x) is less than that of f;(x) (7 =2, 3, 
---,r—1) and as this degree can not be a negative integer, 
it follows that there must be a function f(x) which is a 
divisor of s,-1f,-1(a) as indicated. This function f,(x) is 
an integral function with integral coefficients being of 
course an integer when its degree in 7v is zero. 
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Art. 15. Any of the polynomials f(x), f(x), =, 
f(x) may be expressed as linear homogeneous functions 
of f(x) and fı(x); for note that 

fr=Q—1fi-1 — Saas 
where the functional sign is used to represent the function. 
Writing for f,_; its value, we have 
fa = (qaa: — Sx—2)fr—2 — Sx—aQa—1 fas 
rz Lara- ESA Sy—3Qa—1 fas 
= La- WAE 8-2 afr 


wie 6 ee ee 6.6 © mS) ee # we. ©. 0 6 66 e616 6/0 0 ae 618) e! 64 6) U.416 6) 06 as: 6 ea ere 


= prii — prm]. 
To determine! the recursion-formulas for y}-ı and ¢)_; 
we note that 
Srt = rifa — Saa 
In this formula write 
h= prifio, hn hfi. 
It follows that 
fre = [Vag = Saya Si = Cora = Shai If; 
and consequently 
Patt = Gai Ya — Sa~r—1 
Prti = GaGa — SxPr-1 


(i) 
Further since 
Ji=Yofi pof =1-fi1—0f, 
fe=Wh-hif=ah—s, 


it is seen that 


Yo=l, ¢o=0, 
i=, fi=s, 
Yo=192—S1, $2 = 82, 


Ya = 919293 — $291 — 8193, 3 = 89293 — 882, 


1 See Netto, Algebra, p. 65. 
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Art. 16. If we eliminate q) from the formulas 
Pa = MaYa — Sa Yas 
Er = Pr- — Sahar, 
we have 
aya- — Vabr—1 = Sailor Va — Vaipae 
And since ġıYo— Yipo =s, it follows that 
PrWr—1 — PrPr—1 = Sasa + 8158, 
or 
Gr _ Sasat * *8 gx—1 


Vr Payr- 1 Vr =l 


isa “+8 Sy-2° +S 


8 
Se a gh et a I 


From the relation 
fidar = f+ 
we have 
Sulf = balhat firifta 


If we put A =r, then since f,_;=0, it follows that 


Silf=s/Polrtssi/yive+ +++ -+881°° Sr Y iW 

ART. 17. It is important to determine the degrees of 
the functions y;(x) and ¢;(x) (î=1, 2, ---, r—1). Let 
the degrees of f(x) and fı(x) be respectively n and n—nı 
where (n;=0). Denoting the degree of any function g(x) 
by Cg], we have [fl=n, [hil=n-m, sae? LAl=n—m, 
e, [f,J=n—n,, where 0S <ne<nj3---<n,Sn. It 
follows at once from the formulas of Art. 14 that 
Laj=m, [9] =n, +>, 

[a] =n m- +++, [g] Enn 

and from Art. 15 that 
[pi] n, [y] n, e Dadam, ++, Ey] En; 
[¢1]=0, Lo. ]=n n, y 


Lø] =m—= n, es Lpr] =ni =n. 
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From above it was seen that 

Nn ı <n,- Æn, sothat n,.—mSn—n,—-1. 
We may therefore assert: If the function f,(a) is the 
greatest common divisor of the two functions f(x) and fi(x), 
we may always determine two functions ¥,-1(x) and $,-1(2) 
such that 

Sila) pr—i(x) —f(x)br-1(2) =f,(2), 

where the degree of y(x) ts at most n—1 and that of 
r(x) is at mosin—n,—-1. 

ART. 18. Lagrange’s Interpolation ' Formula. Suppose 
that f(x) is an integral function of the nth degree with 
rational coefficients. If forn+1 different values ascribed 
to the variable, say £o, 21, +++, £a the n+1 values of 
the function f(ao), f(a1), «++, f(%,) are known, then f(x) 
may be completely determined. For write 
fi(x) =f(z:) 

i (t—ao)(@—21) +> E EAn) 

(=t) (C =E) « (@5— 2-1) (Bi —Te41) + + + (Vs— Fn) 
——(i=0, 1; rsd n), 
and note that f;(x) is equal to f(z,) for x=; and is zero 
for the other n ascribed values of x. For brevity, put 
(z — zo) (s — x) +(4#—Zn) =G(2). 
We then have 


fda) NIET 


Further write 
t=n it=n 
$(x) 
F(a) = Lilt) =S ei aay 
©) = Lia) = 2S 7G yea 
It is seen that f(x) is identical with F(x), since two 
1 Lagrange’s Oeuvres, T. 7, p. 285; see also Hermite, “Sur l'interpolation,”’ 


Comp. Rendus, 1859, T. 48, p. 62. The word is used by Wallis, Arithmetica 
Infinitorum, Oxford, 1655. 
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functions of the nth degree which are equal for n-+1 
values of the variable are identically equal. 
ART. 19, The Resultant. Let 

f(%) = au” aia + +++ + Omi +O mn 

=ar — a) (£ — ag) + - (£ — am) 
g(x) = box" +b + - - - +bn ie tbr 

=o =E E= (a — a) 
be two integral functions in x with rational coefficients. 
It is required to find the condition that the two functions 
have a common divisor. As this divisor must be at 
least of the first degree in x, we must derive the condition 
that the two equations 


f(z) =0 and Ga) =0 
have at least one common root. 
It follows that one of the quantities œ must equal one 
of the quantities 6 and consequently also that 
0= Ry, os 
where we define Ry, as the product of the following 
m-n differences of roots: 
Ry, o= @0"bo" (a1 — 81) (a1 — Be) - - - (ær — Ba) 
(a O) (a2 ay a (ae = Ba) 
(Am —= 51) (aAm— B2) (Am—=bn) 
= ao”g (a1) g (œz) + - -g (am) 
= (— 1)" bf (BSB) - -f(Ba)- 
The expression R;,, is called the resultant of the two 
functions f(x) and g(x) and its vanishing is the condition 
that the two functions have a common factor. 
ART. 20. The resultant may be expressed as an 
integral function of the coefficients of f(x) and g(x) in 
determinantive form as follows: 
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Form n identical equations by multiplying the expression 
GigE EOC + - Omit dn — f(r) S90 
respectively by x”, x"-?, ---, z, l; and then form m 

other equations by multiplying 
bot? Hbi! + ---+0,-12+6,=0 

respectively by x”, x™-*, ---, 2, 1. The m+n equa- 
tions as shown on insert facing this page, thus present 
themselves. 

These m+n equations are satisfied by the values x= i, 
X=Bo, +--+, X=B,. If then we write t=f(x), it is seen 
that the determinant 


do, Qi, Qy *rerstrrresena Qm—2) Im—1, nmh 0, 0, 0, ere 0, 0 
0, Qo Qi, trereeeeeeeere aa An a ALi an—t, 0, 0, += 0, 0 
0, O, do, teseeeeeeeeees Ami, Gms) na eed, Cn ebs0,2 5910; 0 

Qo, Gy, ste teense sew ens een seanauunes 0, tt isin, Anat 
bo, bi, b2, *** On, On, O, 
0, bo, bi, tik Dne; Oper bn, 
0, 0, 0, =» a Do E a prece bn, 0 
0, 0, 0, s2+-+-seeeeees 0, bo, bystesesessisenenansseene Da iba 

is a function of the nth degree in t, whose roots are 


ty =f(61), te =f(B2), Pity on =f(Bn). 
The product of the roots in this equation is equal to the 
constant term divided by the coefficient of t”. The 
coefficient of (—#)" is (—1)™*bz, while the constant 
term is D, where 


Qo, 0, Ag, ste tee eee eee eee my 0, 0, see 0, 0 
O, Go, 1, setter reeeteenee (spon Oy co; 0 
0, 0, Go, “ts tet eeeeweweeas Gm —2,(Om—15\ lady 0, 0 
Da 0, 0, O, *** ao, Gy, Ge, ++ e errr eee eeneee Omi; Con 
bo, bi, be, *** Dn- bn, 0, -*-0, O, 0, -*-0, O 
0, bo, br, *** bn-2, bn, ba, ***0, 0, 0, 0, 0 
0, 0, O, terereerrereres yy Gay Or b 20 
0, 0, O, esecsdonedoacns bo, bi, ba, ba *** basip On 
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It follows Hees 

(=o? ie nym =f(B1)f(B2) - ‘f(Bn), 
or 
D=(—1)""b3f(B1)f(B2) - > -f(Bn) = Rs.o 
= aog (a1) g(a)" + glam). 

ART. 21. In the determinant D multiply the first 
column by x”**"', the second by «”*"~?, the third by 
grt, ..., the next to last by z, and add all these 
columns thus multiplied to the last column. If the deter- 
minant is then developed with respect to the elements of 
this last column, it is seen that 

D=Ry,,=f(z)G(z) +9(2) F(z), 
where F(x) and G(x) are definite integral functions in z, 
the degree of F(x) being equal to or less than m—1, while 
the degree of G(x) is at most n—1. Note that if f(z) and 
g(x) had a common factor, then this factor must be a 
divisor of D. And hence, D being a constant, must be 
zero, when f(z) and g(x) contain a function of x as a 
divisor. See also Lagrange’s Addition to Euler’s Alge- 
bra, Sect. 4. 
ART. 22. The Discriminant. If we write 
J@) =ajn” Faia" a e ae 18 + Aa 
= a(z — a) (4% — a2) aoe (2 — Om) 
g(x) =f" (x), 
then from Art. 19 (since here n=m— 1) 
Ry.p= ag S (œf (a2) ++ fam). 
If we put 


pla) =- (@—a,)(e—a2) + -(@— am), 
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1, 2, +--+, m—1 

j Boom ) 
=(— ir r “¢ "(a1)" (ate) + + +f’ (Am) 
= ta ye (ai)f’ (az) «+ Slan) 


uo 


and write 
= 


A(aı, Gay? Ss Am) = Il;, Heme? 


it follows that, 


Ry, p=(— ia ag” *A(a1, Oa S's Am) 
Now if R; = 0, then is 
Alai, Oe, =y Am) =0, 


which is the condition that f(x) and f'(x) have a common 
root, and that is, that f(x) have a multiple root. The 
quantity Alai, a2, +++, am) is called the discriminant of 
f(z). 
We also have as in Art. 21 
Alai, a2, +++, Om) =f(x) B(x) +f'(z) ¥(2), 
where the degree of #(x) is at most m—2, while the degree 
of W(x) is at most m—1. 
Art. 23. An Interesting Expression for A. Consider 
the sum of terms 
S= add’ (ai)6'(a2) - -p (am) taip (ao)h’ (a2) » H (am) 
+++ Hamp (ao) (ai): +6’ (am—1), 
where ¢(x) is defined in the preceding article, and note 
that $'(ao) is divisible by æọ— a, as is also ¢’(a:). It is 
further seen that all the terms in S are divisible by 
(ao—a1)? except the first two and these two terms may 
be written 
— a1) 6'(a2)$" (as) + p (am) Cail — 2) + + + (0 — Om) 
—ab(a;—ay)+++(a1—am) J. 
The quantity within the brackets vanishes for ai=a 
and is therefore divisible by a»—a: and consequently 
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S is divisible by (a9—a:)?. Similarly it may be shown 
that S is divisible by 


+=0, 1, »m—1 
Alao, a1, +++, Om) = II;, i 2, +++, m ) 
i<j 


ai io E ‘(ao)’ (a1) + + -p (&m). 
Since the dimension of S in the quantities ao, a1, ++, Am 
is m’?+k while that of A is m?+™m, it follows, since S is 
divisible by A, that S=0 for k=0, 1, ---, m—1, and 
consequently S/A=0 for these values of k. On the other 
hand S/A=constant fork=m. If then we write S=A-C 
and equate like powers ag *”, it is seen that C= 1 and that 
pa: 

Art. 24. The Fundamental Theorem. In the theory 
of rational integers, the fundamental theorem is that 
every integer admits factorization into its prime factors 
in only one way. The proof of this theorem depends 
upon the Euclid Algorithm. This algorithm for the 
determination of the greatest common divisor of two 
integral functions of x was given in Art. 14. 

For two positive integers a and b a similar method is 
as follows (Euclid, Liber VII, 2): We may take b less 
than a. If q is the quotient of the division of a by b, 
and if r is the remainder, we may write 


a=bq+r, 
and similarly, 

b =rqı+rı, 

r=TůTig2+T?, 


Ta a Taaa a: 
Since r>r,;>1r2>--->Tp, the r’s being positive integers, 


we finally reach a remainder r, which is either unity or 
zero. 
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If r,=1, the two integers a and b are relatively prime 
and by proceeding as in Art. 15, two integers m and n 
may be found such that 


ma+tnb=1. 
If r,=0 and r,_-1>1, it is seen that r-z is divisible by 
Tn—1 aS are also ra—3, "ns, °°°, 7, b,a. In this case7,-.=d 


is the greatest common divisor of a and b and as seen in 

Art. 15 two integers k and l may be found such that 
ka+lb=d. 

The greatest common divisor d of two integers a and b 

may be written (a, b)=d, and in particular, if a and b 

are relatively prime, (a, b) =1. 

Corouuary. If (a, b) =1 and if c is any third integer, 
then every common divisor of ca and b is a common 
divisor of c and b. 

This is evident if the equations above are each multi- 
plied by c, thus giving 

ac=beq-+re, 

be =reqitnic, 

TC = TC] +720, 

Tn—20 =Tn—109n TT nC, 

where 

Tm=1. 
It is evident that any divisor of ac and b in the first of 
the above equations also divides rc, and is also a divisor 
of ric in the second equation, as it is of roc, +++, Ta—10, 
+,c=c. This is also seen from the fact that since (a, b) =1 
we may write ma+nb=1 or mact+nbc=c. Hence, every 
divisor of ac and b on the left hand side is a divisor of c 
on the right hand side. 
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It follows that if (a, c) =1 and (b, c) =1, then (ab, c) =1; 
and if (ab, p)=p, then either (a, p)=p, or (b, p)=p. 
From this it follows that: A positive integer a may be 
decomposed into its positive prime factors in only one way. 


And this is the fundamental theorem. 
For, if 
a= p}p}pt. ie = Gigs: ge 
where the p’s and q’s are prime integers, the h’s and k’s 
being positive integers, then from the theorem just 
proved, one of the p’s on one side must equal to one 
of the q’s on the other side, and vice versa. 


ART. 25. If ay, do, +++, Gn are n positive integers and if 
ai; is the greatest common divisor of a; and a;, and if 
further d, is the greatest common divisor of all products of 
every v of these numbers (v = 1, 2, ---, n—1), then is 


1,2,---,n 
(1) Tla;; = didz: z T: j 2,3 ++, n) d 
4I j>i 


For let p be a prime number that enters a; to the k; 
power and arrange the numbers aj, @2, --:, an so that 
kik: &k;5=--- =k„; then p appears in a; ; to the k; 
power and consequently in the product Ila;,; to the 
power (n—l1)kı+(n—2)ka+---+1-kn-ı. On the other 
hand p appears in d, to the kı power, in d; to the (kı +k) 
power, in d; to the (kı+k:+k:) power, in da—ı to the 
(ki tke+---+k,-1) power. It follows that p appears to 
the same power on either side of the formula (1) with 
which the correctness of the theorem is established. It 
is seen in Art. 127 that the analogous theorem is true for 
moduls. 


ART. 26. A Fundamental Theorem in Linear Forms. 
A homogeneous linear form in n variables is an expression 


J= atit at +++ +42, 
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in which the a's are constant coefficients and the z’s are 
variables. 

If there are n such linear forms 

fi=AnTitGpnFet > ++ Flintan (i=1, 2, ---, n), 
the determinant of the n? coefficients of these forms 
A= (ain, Go2, ** "5 Gan) 
is called the determinant of the n forms. 

THE MINKOWSKI ! THEOREM. Jf f;=a@in%,+@i2t2+:-> 
+intn (i=1, 2, ---, n) are n homogeneous linear forms 
wiih real coeficients and with determinant +1, it is always 
possible to determine n rational integers for x, to X, in such 
a way that 

\f1| =1, Ife | =1, SRS hed £l. 

The following proof due to Hilbert (1890-1891) is 
given for the case n =3, and then it is not difficult to pass 
to the general proof. 

The proof is presented in three parts: 

1°. Let the normal form of three forms fı, f2, fa be 
defined by 


h= fe =, Js = ci£ı+ cox +hihots, 
1 2 


where hı and hs are rational integers and cı, cz are arbi- 
trary real quantities. Note that A=1. The integers 
kı, ha may be taken positive, as the integers xı and z2 
are susceptible of either positive or negative integral 
rational values. Now write for x; any one of the integers 


0, +1, +2, --:, +% when h, is an even integer, and 
By iano, x, ahead hhl a 
larly write for x: any of the integers 0, +1, =», +% 


1 Geometrie der Zahlen, p. 104. 
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— aus 


when hs is even, and 0, +1, ---, + , + when 


his odd. We thus have EE ae combination of 


values of x; and zz for which hss or oe and at 
1 
1 


the same time ha or Sitz an Corresponding to each 
of these N=(h,+1)(he+1) combinations of values of 
21, z2, We may so choose z; as a rational integer that 
fs = hih: [esee +a 
has a value situated between 0 and hiho: for we have 
Crit Coe 
1762 


only to give zx, an integral value such that T3 


is situated between 0 and 1. 

The integer h iha may be Pei off on a straight line 
or e E ma-i hh Consisting of hıh: in- 
tervals of unit length. As there are N=(hi+1)(he+1) 
combinations of values of xı, 22, it is seen that for these 
combinations there is more than one value of f; that 
must fall within at least one of the intervals. Suppose 
then that 2,=a,, 12 = 42, T3 = 3, and 2, =b, T2 = bz, z3 =b; 
are two of the above combinations of values of 21, £z 
that cause f to fall within one and the same interval 
and denote the corresponding values of fs by fs and f3 
so that f$=cia:+¢.d2+hihoas and f3=¢1bi+cobo+hihebs. 
Since f} and f3 fall within a unit interval, it is seen that 


and that is 

| c(a = bi) +c:(a2 = be) +hih2(as = bs) | ži il 
where a; —b; is an integer, while a; — bı, a, — be are integral 
values of xı, x. that are found among the N combinations 
of values initially allotted to zı, zz so that |a:—b,| Shui, 
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|ag—be| ho. And these values make |f,| =1 and |f.| =1. 
2°. Next let 
(1) Ji= Qinti tait + aist (i=1, 2, 3) 
be three linear forms with arbitrary real coefficients and 
determinant A=1. The transformation 
(T) Ti = layi t liye + lisy 
in which the l’s are integers may be used to transform 
the f’s into the normal form above. The determinant 
of this transformation, namely (a1, @22, @33) (111, leo, l33) 
must be unity; and that is (111, lee, 133) must be unity. 
From equation (T) it is seen that the y’s have integral 
values, if the x’s are integral, and vice versa. 
In order that the unit transformation (T) cause fı to 


become where k, is a rational integer, it is necessary 
1 
that 


(hi, lz, 133) = l; (i) 

dirilir + ail21 + dilsi Da (ii) 
1 

iili Hail: Fal =0, (tii) 

Qiilis+Gi2le3+ Galas = 0. (iv) 


It is evident that (ii) cannot be satisfied if a1, @12, a13 


have a greatest common divisor which is not of the form 
1 


A However, we may show as follows that the condi- 
1 

tions (7), (îi), (iii), and (iv) are satisfied by other forms 
which differ from the form (1) by quantities arbitrarily 
small. Note that the minor of at least one of the 
quantities @13, @23, @33 in the determinant 


Qi1, Q12, Qi3 
Q21, Q22, Aas 
Q31, @32, @33 
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must be different from zero. Let this be a@1:@22—@2119, 
the minor of a33; and let ô be a positive quantity that is 
arbitrarily small. Then it is always possible to find a 
quantity «<6, such that when the coefficients ai, ais, 
++, Qz are varied by quantities e11, €12, --+*, €32 which 
are all less than e, the coefficient a3, need also be varied 
by a quantity ez; which is less than ô, in order that the 
determinant of the corresponding forms be =1; that is 
@i1— €11, @iz— E12, Ai3—€13 


=1. 


G21—€21, @22— €22, @23 — €23 


Q31 — €31, @32 — €32, @33 — €33 
Noting that the determinant (a1, @22, @33)=1, if we put 
each of the quantities e11, €12, - + +, €32, equal to e, excepting 
e33 and expand the determinant, it is seen that 


esz A+A: |+eB, +B, =0, 
where A, As, Bi, By are functions of the coefficients 


Qik <5 Q33; and A,+0. 
It follows that 


le |= e(Biı+eB2) E 
Hy A+ cA: 
By choosing e sufficiently small, it is evident that 
e(Biı+6B2) 
> EPEA may be made <ô. 


Suppose next that the coefficients of the function 
1= 01T +0122 +0233 
which were hitherto real be varied by quantities less 


than e and at the same time are made rational numbers 
of the form 


Be Ket oR 
Multiply the numerators and denominators of these 
quantities by a sufficiently high power of H=hyhichis 
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and replace ay, @12, @13 in the form fı by 
Ay, _hyH"+1 Hı _ hH” His _hi;H” 
Wi hee” h, hH™’ “hy Ree 
where these expressions differ from @i1, @i2, @13 by quan- 
tities less than e. 
Since Hı, Hi2, H,3 can have no divisor other than 
unity, we may apply the transformation (T) to the form 


p= A tet SB, 


and determine the caer l of ie transformation 
so that 


Hilt HA le+HAislsi =1, (iia) 
Hih t+H ile +Hil32=0, (iiia) 
Hils +Hizl23+ Hisl =0. (iva) 


For, from (iiia) and (iva) it is seen that 
Ay = t(leolas —Tssla0), 
Hi2 = t(lz2l13 —Lielss), (v) 
Hi; = t(lizl2s —lislea), 
t being the factor of proportionality. 
It follows that 


iar ey lz2l13— lial33 EAN 
Since 1 is the greatest common divisor of Hu, Hi 
and H,;3, integers m, n and k may be found such that 


mH tnHitkH=l1, giving t=, where g is a rational 


integer. Writing this value of t in (v), it is seen that the 
differences lzzl33—lz3ls2, ---, must each be divisible by g. 
After this division the resulting integers must be rela- 
tively prime since this is true of H11, Hi2, Hia Had the 
differences lz2l33— lzsl32, ---, been chosen relatively prime 
initially, it is seen that t=1. Suppose that this has 
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been done and determine values 1), l21, 131, which satisfy 
(iia). If in the resulting form the values of Hı, Hi2, Hy; 
from (v) are written, it is seen that (li, loo, d33) =1. 

The transformation (7) has thus offered the three new 
forms 


2 y 
( ) f= bzy + b22Yy2+b23Y3, 


fs = bsifit+bs2y2+bsays, 
where the b’s are real quantities. 

Next determine a positive quantity eı such that by a 
variation of bz, bee, bes by quantities less than «e, the 
corresponding variations of the original coefficients azı, 
2, Q23 Shall be Se. 

Then vary the quantities b21, b22, b23 by quantities less 
than e, so that fz takes the form 


ol -Kuy 482 H»; 


ier he Y3, 

where the integers H»: H2; have no common divisor 

save unity and where h, and H», are rational integers. 
To the forms fi, %2, f3 apply a new transformation: 


Yi=%) 
(7") f = M2121 + M2222 + M2323 

Y3 = M3121 + M3222 + M3323 
with determinant m22m33—™32.m23= +1, where the inte- 
gers m satisfy the conditions 


H1, +Hz22m1 + H23m31=0, (ib) 
Hamz tHzmz=1, (tib) 
Hams + H23m33 =0. (itib) 


Since the integers H» and H», are relatively prime, 
equation (tib) may be satisfied by integral values of mə 
and ms:; and by writing ms, =H: and m23;= — He; it is 


www.rcin.org.pl 


PRELIMINARY NOTIONS 29 


seen that (iitb) is satisfied as is also the determinant of 
the substitution. The transformation (T’) offers the 
three new forms 


f= Z1 
ae 
hy 
n_ 2 
AE 
h? 


¢3 = C3121 + C322 + C3323. 

Since the determinant of these three forms is +1, it is 
seen that c33;=hiho. We thus have the normal form in 
which the Minkowski Theorem was proved to be true; 
that is, there are integral values of 21, 22, z3 which cause 
each of the forms just written to be less than unity. 
And by expressing the x’s in terms of the values of the 
z’s it is seen that the same is true of the three linear 
forms (1), where in these linear forms the coefficients 
have been varied by quantities less than e. 

3°. We have finally only to prove that if the theorem 
is true for the forms 
(14) ge= (Gir — €41) ¥1 + (Gia — €:2) 22+ (Gis —€i3) 3 (i=1, 2, 3), 
it is also true of the forms 
(1) Ji™= GTi t+ Aint, t aista (t=1, 2, 3). 
This may be done as follows: 

Solve the equations 

Gi=W; (i=1, 2, 3) 

for values of w; which lie between —1 and +1. with 
respect to x; (t=1, 2, 3). The values of x; thus derived 
are all in absolute value less than a finite quantity G, say. 
Since, however, there are only a finite number of integral 
rational numbers whose absolute values are less than G, 
there are only a finite number of systems of integral 
values of 21, £2, 23, for which |gı| <1, |ge|<1, |¢3| <1. 
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Suppose that for none of these systems the inequalities 
f;| =1 G=1, 2, 3) exists, but that, for one of the forms f; 
say, |f,|=1+, where à is a positive quantity for all such 
systems of values. 

Now so choose our 6 as defined above that 
À 
3G 

It was seen that a system of integral values of z, say 
£1, £, &3, whose absolute values are less than G, cause 
|x| to be less than unity, that is 


(ar, — er) £1 + (ar, — Er) E2-+ (x, — Er) 3 =1, 


ô< 


while 
aré tH aré Harts = 1+. 
It follows that 
A — (er f1 tert +ex,63) SO, 

or 

er b1 tH Erk tH Er és =A, 
and therefore also 3GM =^, where M is the largest abso- 
lute value of anye. But since M <6, this contradicts the 
value assumed for ô above, as well as the assumption 
that à is positive for all the system of integral values of 
a Dae 

THEOREM II. Jf 

Ji= anti tH ant tait (i=1, 2, 3) 
are three linear forms with real coeficients and with the 
positive determinant A; and if further wi, Wz, ws are three 
positive quantities whose product w,:w2:W3=A, but which 
otherwise are quite arbitrary, then it is possible to determine 
three rational integers xı, £o, 23 for which the three in- 
equalities 

lf:| Swi, [Ja] Swe, Ifs| Sws, 

simultaneously exist. 
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The correctness of this theorem follows directly from 
the first theorem. We need only write 


fi=wi¢r, fo=Waye, fs=Ws¢3, 
from which it follows that 1, ¢2, ¢3 are three real forms 
with determinant = +1. 


It follows from the first theorem that integral values 
may be given to zı, 22, x3 such that 


lex Zl, | ps =1, E! 
and consequently also 
|f] =W1, \fe| Zw, Ifs] U. 


Further, if the three equations f;=c; [i=1, 2, 3] be 
solved for 21, £2, 23, we have the theorem: 
THEOREM III. Jf the three linear forms 
Ti =Á yer +A joe, +A iC (i=1, 2, 3) 
have real coefficients with determinant +1, we may always 
give to cı, C2, Cs real values which are situated between +1 
and —1, in such a way that x, 22, x3 are rational integers. 
Note in this connection that if A is a determinant of 
the nth order, its reciprocal determinant A’=A*', so 
that if A=+1, then also A’=+1. The proof given above 
is a variation of the one found in Sommer, Vorlesungen 


uber Zahlentheorie, p. 64, where a reference is made to 
Hilbert. 


ART. 27. The following is an ingenious proof of the 
Minkowski Theorem due to Hurwitz, Gött. Nachrichten 
Math. Phys. KL., 1897. See also note by Humbert in the 
Appendix of the Translation of Hilbert’s Die Theorie der 
algebraischen Zahlkérper, by A. Levy and Th. Got. 

As the process of the proof is the same for any number 
of variables, this number will be limited to three as in the 
preceding articles. 
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Let the three linear forms be 
filx) = aix + biy + e:z (î=1, 2, 3) 
with determinant A, which as above may be taken posi- 
tive. 

If the coefficients a., ba c: (t=1, 2, 3) are each divided 
by VA, the determinant becomes +1. Thus in all cases 
there are three forms, say f;(x) [i=1, 2, 3] with deter- 
minant =+1. To say, then, that for x, y, z integral 
values different from zero may be determined such that 

f:|=1 (i=1, 2, 3) 
is the same as to say that for these values 

7 if;| = VA 
(VA in the case of n forms in n variables). The proof by 
Hurwitz is divided into four parts. 

First Part. Suppose that the coefficients of the f; are 
all integers. 

If in the form 

fr=are+by+ez 
the coefficient cı, say, is in absolute value as small or 
smaller than a, and bı, we may make the substitution 
zle,  yly, —zilz-+ Az, 
a substitution whose determinant is +1. 

This substitution is denoted briefly by (z; z+ )z). 
Observe, however, that the variables on the right hand 
side are not the same as those on the left, although for 
convenience in notation they are written alike. 

By this substitution the coefficient of z becomes 
ai+)c,, and by a proper choice of ^, this coefficient, a; 
say, may be made to be >0 and = |cı|, while the coeffi- 
cients of y and of z remain unchanged. 

Next make the substitution (x; x-+vz), and choose »v 
so as to render the coefficient ci, say, of z positive and 
=|ai|. By continuing this process the coefficient of z 
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may be caused to vanish. ‘Then by a series of similar 
substitutions (y; y+uy) we may cause the coefficient of 
y to vanish. Due to these substitutions f;(7) has be- 
come, say, f(x) = Az, where A is positive. 

The above substitutions have caused the form f2(z) 
to become, say, b’x+boyte.z. Leaving x unchanged we 
may operate with successive substitutions upon y and z, 
and cause the coefficient of z to vanish, the form f(x) 
becoming b’x+ By where B>0. 

Finally making the substitution (y; yt+yuar), we may 
make the resulting coefficient b of x positive and <B, 
the form thereby becoming 

F(x) =bx+ By. 

Due to these substitutions the form f3(x) is, say, 

fa(x) =c'a+e"y+Ce. 

Since all the substitutions made have had +1 as 
determinant, the determinant of the three forms F(x), 
F(x), fs(x), and that is ABC, is equal to A. Hence C 
is positive. 

Further, in the form f;(z), make the substitutions 
(z; z+)x) and (z; z+uy) and thereby render the coeffi- 
cients, say cı and cz of x and y, respectively, positive and 
less than C, the form f3(x) now being F(x) =ciz +e2xy+Cz. 

Observe finally that the original system of forms 
fi(x) (1=1, 2, 3) have become 

Fi(x)=Az A>0, 

F(x) =ba+By BS, 0=b<5, 

F(x) =c\x+e.y+Cz C>0, Ose<C, Sc 
and note that, since all substitutions have had as deter- 
minant +1, the new variables are integers if the old 
were, and vice versa. 

Second Part. Two linear homogeneous functions 
P(x, y, z) and (x, y, z) with integral coefficients are 
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said to be congruent with respect to Fi(x), F(x), and 
F(x) as moduli, if 

f(x, y, 2) — P(x, Y, 2) =P AAP 2 +AsFs, 
where ài, Az, Ag are any rational integers. The function 
® being a fixed linear form with integral coefficients, all 
functions ®+)AiFi+d.F2+A3F3, the Xs being variable 
integers, are congruent (modd. Fy, Fs, F3). 

Consider the function 

VSPA Fi tds HAF, 
where 
= Aix +Bıy +0, 

the integers A;, Bı, Cı being fixed. In this Y-function 
choose ^; so that Ciı+^;C be positive and <C; and 
similarly by suitable selections of ^; and ^s cause the 
coefficients of x and y to be positive and respectively less 
than A and B. 

Such a function Y is said to be reduced (modd. Fy, Fə, 
F3). 

Since the coefficient of x in such a function lies between 
0 (inclusive) and A (exclusive), while that of y is between 
0 (inclusive) and B (exclusive), and that of z is between 0 
(inclusive) and C (exclusive), it is evident that there are 
ABC(=A) such reduced forms, say Yi, Vo, =, Wa. 
And every linear form with integral coefficients is con- 
gruent (modd. Fi, Fz, F;) to one of these forms. 

Thus it is seen that there are A forms and only A 
forms that are incongruent (modd. F,, Fz, F3), and 
among them is the form in which all three coefficients 
are zero. It is clear that there are the same number of 
incongruent forms (modd. fı, fe, fs); for two incongruent 
forms (modd. fı, f2, fs) remain incongruent when they are 
operated upon by substitutions of determinant +1. 

Next let r be a positive integer such that r?=A < (r+1) 
and consider the forms g(x) =la+l.y+l3z, where li, le, la 
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may take any of the values 0, 1, 2, ---, 7. It is evident 
that there are (r+1)° such forms. It is also clear that 
at least two of these functions, say gı(x) and g(x) must 
be congruent (modd. fı, fz, fa). And that is, 


Alaiz +biy +z) +A2(aor + bey + C22) +A3(asx + bay +c32) 
=91(x) —go(x) = tir Hy + the. 
Further note that ti, t and t; are not all zero, since 
gi(x) and g(x) are two distinct functions. 
It follows that 
Qh, Fa ta = tis 
bidit bede+ dads = to, 
Chi + Code+ Cas = bs, 
where 
En (i=1, 2, 3). 
Since r=A?*, the Theorem of Minkowski is proved for 
the forms f;(x) [¢=1, 2, 3], whose coefficients are rational 
integers. 
Third Part. The theorem is also true if the coefficients 
of f(x) [¢=1, 2, 3] are any fractions. For if S is the least 
common denominator of all these fractions, we may write 


f(a) = 22), 


where all the coefficients of g;(x) are integers. 

Observe that the determinant of g;(x) [i=1, 2, 3] is 
AS’, The theorem being true of forms with integral 
coefficients, it is possible to find for zx, y, z rational integral 
values that are not all zero, such that |g,(x) | =SA}; and 
for these values of z, y, z it is also true that [f,(x) | SA‘. 

Fourth Part. Suppose finally that the coefficients a; 
b;, c; of the forms 


fi(x) =aatbytcz (i=1, 2, 3) 
are real quantities. As in Art. 26 it is seen that by 


varying all of these coefficients by quantities less than 4, 
3 
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where 6 is an arbitrarily small positive quantity, the 
functions f:(x) become the forms ¢;,(x) with determinant 
A where 
o(z)=Aw+BytCz (îi=1, 2, 3), 
A; B;, C; being rational numbers. 
From the third part above integral values may be 
assigned to x, y, 2 such that |,(x) | 54? («@=1, 2, 3). 
For such a system of values it follows also (Art. 26) that 
\fs(a) | =4? (i=1, 2, 3). 
Minkowski’s proof of the theorem for forms in n 
variables is found in Vol. II, Chapter 8 of the present 
treatise. 
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CHAPTER II 


THE GENERAL NOTION OF REALMS 
OF RATIONALITY 


ART. 28. In Art. 2 it was seen that all integers 
constituted a realm. These integers may be called 
elements of the realm and the realm may be called a 
realm of integrity.! It is evident that the operations of 
addition, subtraction and multiplication performed with 
integers upon integers give integers belonging to the 
realm in question. Hilbert? calls such a realm of 
integrity a Zahlring or Ring. 

There exists a realm which is constituted solely of the 
number ‘‘zero.”” This realm we shall once for all exclude. 

Take a quantity a which is different from zero. It is 
seen that all quantities that are had through rational 
operations upon a constitute a realm (see Abel, Vol. II, p. 
220). Such a realm was called a realm of rationality by 
Kronecker. In the word “realm” we must avoid any 
notion of space (Kronecker, Vol. II, p. 249). This 
realm of rationality, or realm as we shall usually denote 
it for brevity, was called a body of numbers (Körper 
von Zahlen, or Zahlkérper by Dedekind; see p. 435 of 
Dirichlet’s Zahlentheorie, 4° Edition). Denote the realm 
formed by rational operations upon a by (a). It is 
sometimes denoted by (a). It is evident that the 


quantity ==] appears in this realm and consequently 


1 See Kronecker, Grundziige, etc., p. 14. We shall denote this paper by 
the word Kronecker. 

2 Hilbert, Jahresbericht der deutschen math. Vereinigung, Vol. IV, p. 237. 
We shall refer to it as Hilbert, Bericht. 


37 
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also all integral or fractional numbers are found in the 
realm R(a). The realm R(a) consisting only of rational 
functions of a is closed in itself. 

The collectivity or totality of all rational numbers 
form for themselves a realm. This realm Kronecker 
(Grundzüge, p. 8) called the absolute realm of rationality. 
We denote it by #(1), or simply by Roman R. 

To get by means of an example an insight into what 
will follow, consider the plane of the complex variable 
z=x-+ty. This plane is the realm (7), where 7 is a root 
of the equation z2+1=0. If a and b are two rational 
numbers, or if, as we shall say, a and b are two numbers 
belonging to the realm (1), that is, to the realm of 
rational numbers, then a+7b is a number of the realm 
(2) and is denoted by a point on the complex plane. If 
c+ 7d is any other number of the realm *(2), any rational 
combination of a+7b and c+id is a quantity of the form 
U+iV, where U and V are numbers belonging to (1). 
Further U+iV is represented by some point on the 
complex plane or is a quantity of the realm (2). 
Observe that all real numbers lie upon the real axis on 
the plane of the complex variable. 

If all the numbers of the realm X, say, also belong to 
the realm 8, we say (Kronecker, p. 9) that Y is a divisor 
of $ or that $ is divisible by A. Every arbitrary realm 
is consequently divisible by the realm (1), that is, by 
the realm of rational numbers. A realm more general 
than the absolute realm must contain other quantities 
besides all rational numbers. If, for example, the realm 
contains an indeterminate quantity u, it contains also u?, 
ut, +++, and all integral powers of u. If ¢(u) and y(u) are 

(u) 


two such functions of u, the realm contains EA and in 


short all rational functions of u. 
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Such a realm we denote by R(u). If the realm con- 
tains two indeterminate quantities u and v, it contains 
also all rational functions of these quantities with rational 
coefficients. This realm we denote by R(u, v), ete. 

By (1) we denote the realm of integrity which con- 
tains all integers; by S(u) we denote the realm of 
integrity which contains all integral functions of u with 
rational coefficients and by $(1, u) we denote the realm 
of integrity which contains all integral functions of u 
with integral coefficients. 

It is evident that R(u) is divisible by $(u) and that 
&(u) is divisible by (1, u). 

By S(u, v) we denote the realm of integrity that 
contains all integral functions of u and v with rational 
coefficients and in the realm (1, u, v) the coefficients are 
also integers. 

If of two realms R(u, v, ---) and Ru’, v’, ---) the 
elements u, v, --- are rationally expressible through the 
elements w, v, ---, then R(u, v, ---) is a divisor of 
R(u’, v’, ---); if further the elements w’, v’, --- are also 
rationally expressible through u, v, ---, the two realms 
are identical. 

We consider any fixed realm as the basis of our 
investigation. Such a realm may be called the stock- 
realm (Stammbereich; see Kronecker, p. 7). It is the 
realm from which all other realms (and quantities) are 
produced during the investigation in question. When 
emphasis is put upon certain quantities u, v, --+ of this 
realm it is denoted by R(u, v, ---), otherwise simply by R. 
All quantities that belong to this realm are regarded as 
rational. 

` Let x be a variable that is not contained in the realm R 
and consider two integral functions of x whose coefficients 
belong to the fixed realm R. If we multiply two such 
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functions, it is evident that the coefficients of the 
product also belong to R. Reciprocally, if a function 
whose coefficients belong to R is resolvable into two other 
functions whose coefficients all belong to R, we say that 
the function is reducible, otherwise irreducible (cf. Abel, 
Works, Vol. I, p. 479) in the realm R. For example 
—4x+ 9 is irreducible in #(1); but 
—47+9 =(2—(2+V—5))(a—(2—V—5)) 

is reducible in R(V—5). 


etait etoet | 
» (ett Iye) (a4 + mes 137,41) 
is irreducible in 9t(1), reducible in R(V—5). 


EXAMPLES 


1. Show that s5—1 may be decomposed into linear factors in 


R(V—3). 
2. It was proved that 2E 
ppa 


= is irreducible in R(1), if n is a 

prime integer (Art. 12). Show that this function is reducible in 

(cos ="), It may also be observed that if a is a root, other than 
n 


unity of c?-1=0, then other roots are a, a?, +++, a’, a?=1, so 


P—] i 
that Z i = (t—a)(*#—a?)-++(a—a?™); or writing s= 1, 
t— 


p= 1(1—a)(1—a’)-++(1—a?™), 


It is seen from Ex. 2 that p, an irreducible prime in R, 
may be decomposed into p factors in R(a). We shall see 
later (Art. 105) that these factors are algebraic integers in 
Ra). 

Art. 29. To fix the ideas let us consider some of the 
theorems of Chap. I in more extended realms of ration- 
ality, the proofs here being practically the same as there. 
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Take first a function P=P(u) integral in u whose 
coefficients are rational numbers, that is, let P(w) belong 
to the realm S(u). If P(u) is irreducible in the realm 
R(1), we say it is a prime function in this realm although 
it may contain as a factor a constant. The quantity u 
may be looked upon as having definite values in the 
function P(u) and is introduced as an element in the 
realm of rationality (u). Such a quantity u may be 
called an indeterminate to distinguish it from a variable x 
which never enters as such as an element in a realm of 
rationality. 

Let g(u) and h(u) be two other functions of the 
indeterminate u which belong to the realm S(u). De- 
note them by A and B respectively. 

THEOREM: If the product A.B is divisible by the prime 
function P, one of the factors A or B is divisible by P. For 
suppose that A is not divisible by P. Then A and P are 
relatively prime; that is, they have no common divisor 
which is a function of u. For suppose they had a greatest 
common divisor, say ¢(u). Denote this divisor by D, 
where D is an integral function in u whose coefficients are 
rational numbers. It would follow that P is divisible by 
D. But since P in the realm of all rational numbers is 
irreducible, it follows either that P=D or that D is a 
constant. But since A is supposed not to be divisible by 
P, the case P=D must be excluded. If then A+B is 
divisible by P, the factor B must be divisible by P. 
Suppose further that P(u) is also a primitive function in 
¥(1, u), that is, a function with integral coefficients whose 
greatest common divisor is unity. We also assume as 
above that P(x) is irreducible in the realm R(1), and is 
called a prime function. If then A-B is divisible by P 
and if A is not divisible by P, then B/P is an integral 
function with integral coefficients provided the coefficients 
of B are integral. 
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ART. 30. Consider next an integral function in x and u, 

say 
f(z, u) =AptAit+Aoz?+---, 

where Ao, Ai, ---, are integral functions in u with 
rational coefficients. The A’s therefore belong to the 
realm $(u). Suppose as above that P(u) is irreducible 
in R(1) and further that f(z, u) is divisible by P; in 
other words, let f(x, u)/P=g(x, u) where g(x, u) is an 
integral function in z, whose coefficients belong to (u). 
We may then write 


f(a, u)/P=A,/P+A,/Px+A.2/P2?+---, 


and from the preceding article it follows that Ao/P, 
A,/P, --- are integral functions in u with rational 
coefficients. We may state this in the following theorem: 
If a function f(x, u) integral in x and u with rational 
coefficients is divisible by a prime function P(u), then all 
the coefficients of this function arranged according to 
powers of x are divisible by P(u). 

Further since any integral function in u, say Q(u), may 
be resolved into a product of prime functions, and as the 
theorem is true for all of these prime functions it is also 
true if in the place of P(u) in the statement of the thecrem 
we write Q(u). 

If we have two functions f(x, u) and g(x, u) integral in 
x, whose coefficients belong to the realm (wu), then we 
may write as in Art. 3 


f(x, u) =g(x, u)[mod. P(u)], 
if f(x, uw) —g(a, u) is divisible by P(u). 

ART. 31. Generalization of the Gaussian Lemma. 
THEOREM. Suppose that f(x, u) and g(x, u) are two given 
integral functions in zand u. If the product f(x, u)g(x, u) 
is divisible by P(u), then one of the factors is divisible by 
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P(u). The proof of this theorem is similar to the one 
given in Art. 4. 
Let 

f(a, u) = Aot Ar HA? + niy 

g(x, u) = Bot Bis tB? +- --, 
where Ao, Ai, «++, Bo, Bi, ++- belong to the realm %(u). 
We assume, of course, as in the two preceding articles, 
that P(u) is irreducible in the realm R(1). 

The theorem may be indirectly proved by showing 
that if neither of the factors is divisible by P(u), then 
their quotient is not divisible by P(u). In f(a, u) suppose 
that the coefficients Ay, Ai, ---, A,-1 are divisible by 
P(u), but that A, is not divisible by P(u); and further 
suppose that the coefficients By, Bi, ---, Bs1 are 
divisible by P(u), but that B, is not divisible by P(u). 
The coefficient of x"** in the quotient is AoB,4,+A1Bayr-1 
+---+A,B,+AryiBsit-:-+A+4sBo. In this sum all 
the summands are divisible by P(u) except A,B.. It 
follows then that the product of the two factors of f(x, u) 
and g(x, u) is not divisible by P(u). 

ART. 32. We may next introduce the notion of divisor 
for such functions. Again write 

iG u) = Ao +} Aiz +A? + GOO, 
where it is supposed that the coefficients Ao, Ai, ++- are 
integral or rational functions of u. Then as in Art. 7 a 
function t=¢(u) may always be determined such that 


F(a, u) ee Meg = Cot Cet Catt + 


where the C’s are integral functions in u ‘and have no 
common divisor other than possibly a constant. The 
function F(z, u) is said to be primitive with respect to the 
realm %(u) and ż is called the divisor of f(z, u). Itis also 
possible so to choose the divisor that the C’s are integral 
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functions in u with integral coefficients which have no 
common divisor other than unity. The corresponding 
function F(x, u) is then primitive with respect to the 
realm $(1, u). In most cases the nature of the coeff- 
ients is disregarded, and we shall therefore (cf. Kro- 
necker, Grundztige, p. 4) employ the first definition as 
that of a primitive function. We have already (Art. 29) 
disregarded the constant factor in the definition of a 
prime function. 

We have the theorem: The product of two primitive 
functions of x and u is a primitive function; and the divisor 
of the product of two primitive functions is the product of 
the divisors of these functions. These theorems are true 
for both the realms (u) and $(1, u). The following 
theorems may also be proved: If f(x, u) and g(x, u) are 
integral functions in x and u whose coefficients are rational 
numbers, if further g(x, u) is a primitive function in Ilu) 
and if Daw 3 is an integral function in x, it is also an 

? 
integral function in u (ef. Art. 7). 


From this we have further: If an integral function in x 
and u is resolvable into two factors integral in x and rational 
in u, it ts also resolvable into two factors that are integral in 
both x and u. In other words: If an integral function in x 
whose coefficients belong to the realm &(u) is resolvable into 
factors whose coefficients belong to the realm R(u), the 
function may be resolved into factors whose coefficients 
belong to the realm J(u); and further if an integral function 
in x whose coefficients belong to the realm (1, u) is 
resolvable into factors whose coefficients belong to the realm 
R(u), it is also resolvable into factors whose coefficients 
belong to the realm S(1, u). 

Let f(x, u) be an integral function in both x and u in 
which the coefficient of the highest power of z is unity and 
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let g(x, u) be an integral function in x in which the 
coefficient of the highest power of z is unity while the 
remaining coefficients are rational functions of u and 


finally suppose that fe} is an integral function of x, 


then also in g(x, u) the coefficients of x must all be 
integral functions of u (see Art. 9). Similarly, if f(z, u) 
is an integral function in x whose coefficients belong to 
(1, u) and the coefficient of the highest power of z is 
unity; if further in g(x, u) the coefficient of the highest 
power of x is unity and the other coefficients belong to 
N(u) and if ron o is an integral function of x, then also 
? 

in g(x, u) the coefficients of x belong to 3(1, u). 

Art. 33. The above theory may be extended to the 
case where there are present two indeterminates u and v. 
Let P be an integral function in u and v whose coefficients 
are rational numbers. We further assume that P cannot 
be resolved into two integral functions of u and v with 
rational coefhcients. In other words P(u, v) belongs to 
the realm &X(u, v) and considered as a function of u is 
irreducible in the realm R(v) and therefore also in (v) 
(Art. 32). The function P(u, v) is then said to be a 
prime function in the realm R(u, v). It may have as a 
factor a constant term, which is independent of both u 
and v. Let g(u, v) be a second function which may be 
denoted by A. If A is not divisible by P, then considered 
as functions of u alone A and P must be relatively prime. 
For if considered as functions of u the functions A and P 
had a greatest common divisor D, then we must have 
P=D.-E where D and Æ are integral functions of u with 
coefficients that are rational in v. But P in the realm 
R(v) is irreducible. It follows that either D =P or that 
D is a constant. But P cannot equal D, for in that case 
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A would be divisible by P which is contrary to our 
hypothesis. 


ART. 34. Suppose that A and B as above are functions 
that belong to the realm (wu, v) and let P=P(u, v) be a 
prime function. If the product A-B is divisible by P 
and if considered as functions of u, A and P are relative 
prime, it follows that B must be divisible by P or Z 
is an integral function in u. Further if P considered as a 
function of u is a primitive function with respect to the 
realm R(v) (Art. 32), it is seen that 5 is an integral func- 
tion in both u and v. Suppose that 6(u, v) =t(v)¥(u, v), 
where (v) is the divisor of (u, v). It follows that 
¥(u, v) belongs to (u, v). Then, since t(v) = ae I, where 
g(v) and gi(v) Pi integral in v without a common divisor, 
it is seen, if Bu ia H(u, v), where H(u, v) belongs to 
&X(u, v), that 

A-Bgi(v) 

g(v) ¥(u, v) 
Since g(v) is the product of prime functions, say pi(v), 
p2(v), -++, while Y(u, v) is the product of prime functions 
P,(u, v), Plu, v), «++, then (see Art. 4) A must be 
divisible by all, some or none of the prime functions 
p(v) while B is divisible by the rest of them. If further 
A-B 
g(v) 
of the prime functions P(u, v) while D is divisible by the 
rest of them. 


=H (u,v). 


=C - D, then C must be divisible by all, some or none 


ArT. 35. Consider next integral functions of z whose 
coefficients belong to (u, v). The following theorem is 
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found also to be true here: If the product of two functions 
f(a, u, v) and g(x, u, v) whose coefficients belong to ¥(u, v) is 
divisible by the prime function P(u, v) which belongs to 
(u, v) and is irreducible in R(v), then one of the functions 
is divisible by P(u, v). 

To introduce the conception of the divisor for such 

functions, write 
f(a, u, v) =A FAx tA, 

where the coefficients belong to the realm R(u, v). Then 
as in Art. 32 we may always determine a divisor t =#(u, v) 
such that 

F(a, u, v) -A h P — Bot Bet Bast + ey 
where the B’s belong to $(u, v) and have no divisor other 
than a possible constant. The function F(z, u, v) is 
primitive with respect to the realm R(u, v). If thas been 
so chosen that the B’s belong to the realm (1, u, v) and 
the integral coefficients Bo, Bi, Be, --- have no common 
divisor other than unity, then F(x, u, v) is a primitive 
function with respect to the realm (1, u, v). 

Let f be an integral function in x whose coefficients 
belong to %(u, v) and suppose that the coefficient of the 
highest power of xis unity. Further let g be an integral 
function in x whose highest coefficient is unity while the 
other coefficients belong to R(u, v). If finally f/g is an 
integral function in x whose coefficients belong to (u, v), 
then the coefficients of g belong also to (u, v). The 
same is also true if for the realm {(u, v) in the statement 
of the theorem we substitute $(1, u, v). 

It may also be shown that if an integral function in x 
whose coefficients belong to (1, u, v) may be resolved 
into factors whose coefficients belong to R(u, v), it may 
also be resolved into factors whose coefficients belong to 


RVG, Why Bc 
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ART. 36. Continuing it is seen in general that if 
P = P(u, v, ---, s) belongs to the realm X= $(u, v, ++., 8), 
and considered as a function of u is irreducible in the 
realm R(v, ---, s), it is also irreducible in the realm 
I, +--+, s) and is a prime function belonging to the 
realm R(u, v, ---,8)=R, say. The constant coefficients 
may have a common divisor other than unity. If A is 
any other function that belongs to 3 and if A considered 
as a function of u is not divisible by P, then A and P are 
relatively prime. If further A and B are two functions 
belonging to $ and if A-B+P is a function belonging 
to 3, then either A or B is divisible by P. 

If the product of two integral functions in x, say f(z) 
and g(x) whose coefficients belong to § is divisible by P, 
then either f(x) or g(x) is divisible by P; if f(x), say, is 
divisible by P, all the coefficients of x in f(x) are divisible 
lony IPE 

It is always possible to find in the realm R a divisor t 
which will render any integral function in x whose 
coefficients belong to R a primitive function. The 
product of two primitive functions of x whose coefficients 
belong to X% is a primitive function whose coefficients 
belong to $. If further f is an integral function of x 
whose coefficients belong to $ and if g is a primitive 
function of z with respect to the realm R and if f/g is an 
integral function of x whose coefficients belong to R, the 
coefficients of this quotient also belong to 3. 

It may be further shown that if an integral function in 
x whose coefficients belong to $ is resolvable into two 
factors whose coefficients belong to KR, it is also resolvable 
into two factors whose coefficients belong to 3. The 
same is true for the realm $(1, u, v, -+-, 8). 

If f is an integral function of x whose coefficients belong 
to 3, the coefficient of the highest power of x being unity, 
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and if g is an integral function in x having unity as the 
coefficient of the highest power of x; if further f+g is an 
integral function of x whose coefficients belong to R, the 
coefficients of g belong to 3. In this connection see a 
paper by Pierpont ‘‘Galois’s Theory of Algebraic Equa- 
tions,’ Annals of Mathematics, Second Series, Vol. II 
(1900-1901), pp. 22 et seq. 

ART. 37. The Greatest Common Divisor. If f(x) and 
fi(z) are integral functions of x of degrees m and n 
respectively (m=n), with coefficients belonging to the 
realm $= S(u, v, +++, 2), we may write as in Art. 14 

sf(z) =qi(x)filx) — f2), 
where s and the coefficients of q:(x) and f2(x) belong to 3. 
The greatest common divisor f,(x) may be found in the 
same way as was done for the realm {(1) in Art. 14. 
Further as in Art. 17 two integral functions of x may be 
determined say y(x) and ¢(x) whose coefficients belong 
to 3 such that 


filx) p(x) —f(x) (x) =f,(x), 
where the degree of y(x) is at most m—1, and the degree 
of (x) is at most n—1. 

ART. 38. The Reduction of a Function into Its Irre- 
ducible Factors. A table of prime numbers gives a 
ready method for the resolution of an integer into its 
prime factors. Consider first an integral function F(x) 
of degree 2n or 2n+1 in x whose coefficients belong to 
(1). Give to x such integral values x; that F (x:) #0 for 


i=0,1, 2, ---,”. These functional values are evidently 
integers. Denote their divisors by 

doi, doo, +++, dor, of F (xo), 
(1) di, di2, sma dik, of F(x), 


eso o a oeo a o ploom o o p A ald D amon 


dni, dno, S+S sy dak, of ElaN, 
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where in the first row unity and F(z) are to be included 
among the divisors, in the second row unity and F(z), 
ete. 

Further write 


f(z) =dali=0, il; 2, Lep n) 
and put 
(T) = (z — T0) (2—21) - - (£ — Tn). 
By Lagrange’s interpolation formula (Art. 18) we form 
the function f(x) which for the n+1 values £o, 41, «++, 2n 
takes the n+1 values doi, dius, «++, dai, Viz. 


US ele) 
Ke) = Fane an) 
If f(z) is a divisor of F(x), it is evident that f(z,) is a 
divisor of F(z;). 

The number of functions of the nth degree which like 
f(x) may be formed by the interpolation formula by 
taking one of the d’s out of every row of the scheme (1) are 
in number ky-k,---k,. The divisors, if any, of the nth 
degree in x of the function F(z) are contained among 
these functions and are to be found by trial. In the 
same way the divisors of the (n—1)st degree may be 
found, etc. 

Take next the problem of finding the divisors of the 
function F(z, u), which is an integral function of the 2n 
or 2n+1 degree in x and whose coefficients belong to 
31, u). We give to x respectively integral values 
Xo, X1, -* +, Zn Which are to be so chosen that the function 
is not zero for any of them. Let dji(w), djalu), +++, diņ(u) 
be the divisors of F(x;)(j=0, 1,2, ---,n). We may then 
as above by means of Lagrange’s interpolation formula 
determine J9-1,---1, functions of the nth degree in z 
whose coefficients belong to $(1, u) from which the 
divisors of the nth degree in zx, if any, of F(x, u) are to be 
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found by trial. The same process must be continued for 
the divisors, if any, of the (1—1)st degree in x of F(z, u), 
etc. 

In this manner it is evident that we may determine the 
irreducible factors of a polynomial F(z, u, v, ---, 8) 
integral in x whose coefficients belong to the realm 
od U, V, +", s). 

To resolve an integral function of z, say ọ (x, u, v, +++, 3) 
into its irreducible factors, when the coefficients are not 
integral but belong to the realm R(u, v, ---, s), we note, if 
t(u, v, +++, S) is the divisor (Art. 32) of ¢(x, u, v, ---, s), that 

ọ(z, Uy Uy **", 8) _ 

t(u, Oras s) 

where ®(z, u, v, ---, $) is integral in all its variables, with 
integral coefficients. We may further write 
glu, Usna s) 
gi(u, Ce s)’ 
where g and g, are integral in the variables with integral 
coefficients. Writing 


B(x, U, V, ree, s), 


t(u, U uaz s)= 


glu, A s) 

gilu, Die Ps 8) 

it is seen that the divisors of g, gı and ® may be derived 

as above and consequently also the divisors of ¢(z, u, v, 
aaay. 

The above method of decomposing an integral function 
into its irreducible factors is due to Kronecker (Grundzüge, 
p. 4). It is of interest in particular from a theoretical 
standpoint in that the existence of the roots is not 
presupposed. 

In practice the process of finding the factors has been 
simplified.! 


1 See for example for the case of one variable papers by Runge, Crelle’s 
Journal, Vol. 99, p. 89; Mandl, Crelle's Journal, Vol. 113, p. 252; and for the 
case of several variables, see Meyer, Math. Ann., Vol. 30, p. 30; Hancock, Ann. 
de l' Ecole Norm. Sup., 3* Série, T. XVII, p. 89. 


(z, U, V, roy 8)= B(x, u, V, ++, 8), 
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Art. 39. Let f(x) be an irreducible integral function of 
x, whose coefficients belong to a fixed realm of rationality 
R and let g(x) be an integral function whose coefficients 
belong to the same realm. We have the following 
theorem: If the equation g(x) =O has a root in common 
with the irreducible equation f(x) =0, it is divisible by f(x). 
(See Abel, Works, Vol. I, p. 480). 

To prove this theorem, let ¢(x) be the greatest common 
divisor of g(x) and f(x). It is not possible for the 
irreducible function f(x) to be divisible by (x) unless 
either ¢(z)=f(x) or $(x)=a constant. If ¢(x)=f(2), 
then g(x) is divisible by f(x) and the coefficients of the 
quotient s hla) belong to the realm R. We then 
have 

g(x) =f(x)h(z), 
where h(x) is a function integral in z. It follows that 
every root of f(z)=0 satisfies the equation g(x)=0. 
If ¢ is a constant, then f and g are prime to each other 
with respect to the realm R. In this case it is always 
possible (cf. Art. 17) to determine two integral functions 
p(x) and q(x) whose coefficients belong to Ñ such that 
p(x) f(x) +9(a)g(x) =1. 

It is evident from this that f(z) and g(x) have here no 
root in common. Hence the irreducible equation f(x) =0 
either has all its roots in common with g(x) =0 or none. 
(Abel, Vol. II, p. 230. See also Serret, Cours d’algébre 
supérieure, No. 100). 

ART. 40. If f(x) and g(x) are two integral functions of 
x, whose coefficients belong to the realm R, and if f(z) is 
irreducible in this realm, then if every root of g(x) =0 
satisfies the equation f(x) =0, it is seen that g(x) must 
to a constant factor be a power of f(z). For if f(x) and 
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g(x) have a root in common, it follows from the preceding 
article that g(x) is divisible by f(x) so that 


g(x) =}(z)gi(z), 
where gi(z) is a function integral in x whose coefficients 
belong to R. Since the roots of g:(z)=0 also satisfy 
g(x)=0, they must satisfy f(x)=0. It follows that 
gi(x) is divisible by f(x) or 


g(x) =f(x)*g2(z), 
where g(x) is integral in x with coefficients that belong 
to R. Continuing in this manner we must finally have 
g(x) equal to a power of f(x) multiplied by a constant. 

Art. 41. The following theorems follow at once: 

1. An irreducible equation can have no root in common 
with an equation of lower degree. 

2. An irreducible equation f(x)=0 cannot have a 
multiple root; for this root would also be a root of 
f'(x) =0 and f'(x) is of lower degree than f(z). 

We shall regard two irreducible functions as different, 
when they differ otherwise than by a multiplicative 
constant. 

3. Two different irreducible equations can have no 
common root. 

4. When a product of two integral functions is divisible 
by an irreducible function, one of the factors is divisible 
by this function. 

5. A reducible function may be distributed into 
irreducible factors in only one way, where all the coeff- 
cients belong to a fixed realm XR. 

For let A be a reducible function of x which by a con- 
tinued reduction into factors has the form 

A=P.P’.p"..., 
where the P’s are irreducible functions, not necessarily 
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different. If there is possible another reduction, say 


A=Q-Q'-Q".+, 

we must have 

PoP OP Oia... 
It follows that P-P’-P’’--- must be divisible by Q, and 
also by Q’, Q”, ---. Hence one of the factors P, P’, P”, 
-»+, say P is divisible by Q. But since P and Q are both 
irreducible, it follows that P=Q and similarly for all the 
other factors. It is thus seen that the sequence of the 
irreducible factors of a function may be different while 
the factors themselves must be the same. 


EXAMPLES 


1. Using the method of Mandl (Crelle, Vol. 113, p. 252) show 
that 2§+225+ 32!4323+32?+22r+1 is factorable in $(1, z). 
2. Using the same method show that 
tos 
z T attottottattattetl 
a 
is irreducible in $(1, x). The six roots of this last function are 
given by Poisson, Reéflexions sur la théorie des nombres, p. 125. 
See also Gauss, Disg. Arithm., Art. 73. 


P a 
= 0, see the method given in Weber’s 


: x 
For such equations as 


Algebra, Vol. I, § 179, and the original source as found in Legendre, 
Théorie des nombres, Vol. II, pp. 191 et seq. 
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CHAPTER II 
ALGEBRAIC REALMS OF RATIONALITY 


Art. 42. Take a fixed realm of rationality R, as the 
stock realm. Let f denote an integral algebraic function 
whose coefficients belong to the realm R. If x is a 
quantity which does not belong to this realm and which 
causes such a function as f to vanish, we say that x is an 
algebraic quantity. If, however, there is no algebraic 
equation which x satisfies, then x is a transcendental 
quantity. That there exist such quantitites was first 
shown by Liouville in a paper ‘‘Sur des classes trés- 
étendus des quantités dont la valeur n’est ni algébrique 
ni même réductible å des irrationelles algébriques”’ 
(Liouville’s Journal, Vol. 16, p. 133, Série I, 1851). 

In particular Hermite (1873) in a paper “Sur la fonction 
exponentielle” (Comp. Rend., Vol. LX XVII) has shown 
that e is not an algebraic quantity. Later Lindemann’? 
proved that the same is true of z. In the same con- 
nection see a paper by G. Cantor ‘‘ Ueber eine Eigenschaft 
des Inbegriffs aller algebraischen Zahlen,” Crelle, Bd. 77, 
p. 258 (1874). 

ART. 43. If the stock realm 92 is formed of all rational 
functions of u, v, w, ---, z, then x is an algebraic function 
of u, v, w, -+-, 2, if there exists an algebraic equation 
whose coefficients belong to this realm and which zx 


1 Lindemann, “‘ Ueber die Zahl r” (Math. Ann., Bd. XX, p. 213). See also 
Weierstrass, ‘‘Zu Lindemann's Abhandlung, ueber die Ludolp’sche Zahl,” Sitz. 
der Ber. Akad. (Dec. 1885). Papers by Hilbert, Hurwitz, and Gordan on the 
same subject are found in the 43'4 Volume of the Mathematische Annalen. See 
other references in the Encyklopædie der math. Wiss., Bd. I, p. 669; also in 
Hancock’s “Systèmes modulaires de Kronecker,” Ann. de V Ecole Normale, 
Paris, 1900; and Report on Algebraic Numbers, p. 76. 
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satisfies, provided x does not belong to this same realm. 
We say that x is an algebraic quantity which is derived 
from the realm R (any stock realm), if x satisfies an 
algebraic equation whose coefficients belong to this realm. 

All the algebraic quantities which are derived from a 
fixed stock realm clearly form another realm. 

If x is an algebraic quantity that is derived from the 
realm KR, there is an algebraic function which vanishes 
for this value of the variable. It may happen that the 
function is reducible. In this case, as we saw above, it 
may be uniquely resolved into its irreducible factors, one 
of which must be satisfied by x. Hence associated with 
every algebraic quantity x there is a definite irreducible 
equation which z satisfies. If this equation, f(z) =0 say, 
is of the nth degree, then the remaining n—1 roots x’, x”, 
---, 2 are called the algebraic quantities conjugate to 
x. This conception is relative, since it refers to the realm R. 

Art. 44. If we adjoin (cf. Galois, Oeuvres, p. 34; 
Galois, Liouville’s Journal, Vol. 11, p. 418; see also Weber’s 
Algebra, I, § 147 of the 2": Edition) the algebraic quantity 
x to the stock realm R, we have a new realm R(x), which 
in addition to containing the realm ® consists of all 
rational functions of x whose coefficients belong to R. 
(See also Dedekind, p. 455 of Dirichlet’s Zahlentheorie). 

Consider next any rational function of x, say h(x)/g(x), 
which has a definite value, so that therefore g(x) +0. 
Suppose further that z satisfies the irreducible equation 
f@® =0 of degree n and also that g(t) and f(t) have no 
roots in common. We may determine (Art. 39) two 
functions p(t) and q(t) such that 


pg) tO) = 1. 
If in this expression we write i=, we have 


p(ag(z)=1 or = A(z) /g(x) = h(x) p(2), 
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which is an integral function of z. It is therefore 
sufficient in the realm R(x) to consider only integral 
functions of the algebraic quantity x. Further suppose 
that g(t) is an integral function whose degree in x is 
greater than n, so that 


9) =fOo +h), 
where A(t) is an integral function in ¢ of degree less than n. 

Writing t=, we have g(x)=h(x). From the above it 
is seen that every rational function of x may by means of 
the equation f(x)=0 be transformed into an equation of 
degree less than n, and in such a way that we have the entire 
realm R(x), if we form the expression 

CoP et Cod? + +++ Cnt" 
and write for the c's all possible quantities of the realm R; 
and every quantity of this realm is thereby had only once. 

Otherwise by equating two such quantities, we would 
have an equation of degree less than n that was satisfied 
by zx. 

The realm N(x) is called an algebraic realm of the nth 
degree. 

Art. 45. If x satisfies an irreducible equation of the 
nth degree, the n roots of this equation were defined above 
as being conjugate to one another. We saw above that 
by adjoining x to the stock-realm R a new realm R(x) was 
derived. Similarly to the quantity x’ there corresponds 
the realm R(x’), to the quantity x” the realm R(x”), ete. 
These n realms are called conjugate realms. 

Two conjugate realms R(x) and R(x’) will have a 
number of quantities in common, for example all the 
quantities of the stock realm R. They may also be 
wholly contained the one in the other. For if 2’ is a 
rational function of x, the realm R(x’) is contained in the 
realm R(x). If not only x’ is a rational function of x 
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but also z is a rational function of x’, the two realms R(x) 
and R(x’) are identical.’ 

There are realms which are identical with all their 
conjugate realms. Such realms are called Galois or 
normal realms of rationality. They exist if all the roots 
of the equation f(t) =0 have the property that each one is 
a rational function of the other. Equations in which 
this property exist are called Galois or normal equations. 
(See Galois, Oeuvres. See also Abel, Mémoire sur une 
classe particulière d'équations, etc.; Oeuvres (Sylow and 
Lie), Vol. I, p. 478; Weber, Algebra, I, § 152 et seq.) 


Art. 46. If we compare realms of rationality with one 
another we have two important conceptions to develop: 
viz., the least common multiple and the greatest common 
divisor of realms of rationality. 

Let x be an algebraic quantity which is derived from 
the stock realm R and let y and z be two other algebraic 
quantities that are derived from R. Consider the 
realms N(x), Ny) and R(z). We understand by the 
least common multiple of these realms, the smallest realm 
which contains them all; by the greatest common divisor 
we understand the realm which consists of all quantities 
common to these realms. 


ART. 47. We shall first develop the notion of the least 
common multiple. The least common multiple of any 
number of realms is also called the product of these realms. 
Both conceptions are the same. For the realm R(x, y) 
contains the realms R(x) and R(y); or R(x) and R(y) are 
both divisors of R(x, y). The latter realm is also the 
least common multiple of the,two former. For any 


1 If & is a quantity belonging to R(x), then is 
a =c tar +e? + +++ enar 
where the c’s are rational numbers in 9t; and when for z we write the conjugate 
roots z’, z”, -+-, 30-0, we have the quantities a’, œ”, ---, a-d which are 
conjugate to a. 
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realm that contains R(x) and R(y) contains also R(x, y). 
We may therefore write #(x)R(y) =R(a, y). It is evi- 
dent if the realm R(x) contains the realm R(y) that 
R(x) Ry) =RK(z, y) =M(x), since y must be a rational 
function of z. We always have R(1) R(x) = R(x). 

If further z, y, z, ---, are algebraic quantities that are 
derived from K, then all rational functions of x, y, z, --- 
form a realm R(x, y, z, ---) which is the least common 
multiple of the realms R(x), My), MR(z), =+. 

We shall show how such a realm is equivalent to a 
realm §t(c) where the algebraic quantity o is a rational 
function of x, y, z, ++» and reciprocally the quantities 
z, Y, 2, °++ are rational functions of e. This theorem was 
first given by Abel, Précis d'une théorie des fonctions 
elliptiques. The proof given here is somewhat different. 
See also Weber’s Algebra, Vol. I, p. 459. Let x be a root 
of the irreducible equation f(x)=0 of degree m whose 
coefficients are quantities of the realm R and let y 
satisfy the irreducible equation g(x) =0 of degree n whose 
coefficients likewise belong to Jt. We wish to show that 
there is a quantity r say which belongs to the realm 
R(x, y) and is consequently a rational function of x, y; 
and reciprocally that x and y are rational functions of 7. 
When this has been proved it is evident that the realms 
R(x, y) and K(r) are identical. 

Let x, 2’, x”, ---,2"™ be the roots of f(x) =0, and let 
Y, Y’, Y”, «++, y* be those of g(x) =0. It is always 
possible to determine a rational function r= x(a, y) in 
such a way that the m-n values of 7 are all different when 
for z all the conjugate values z, 2’, s”, ---, 2 are 
written and for y the values y, y’, y”, ---, yi». The 
linear function x-+qy has this property, if the constant q 
is chosen as follows: Note that the difference z+ qy 
—(xz’+qy’) is not zero, if ger ; and observe that there 
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are m-n such values. If we give to q any other values 
and write x(x, y)=2z+¢qy, it is clear that the m-n values 
of r=x(x, y) are different, when x and y take the above 
values. 

ART. 48. We may accordingly write 

T=x(a, y), r= x(z’, y), t” =x(2", uD pao) 
where the x’s go through the above conjugate values of z, 
as do the y’s of y. Let tbe a variable quantity and form 
the product 
(t—7r)(t—7’)-+- =@(t), 

where #(¢) is an integral function of the m:n degree in é 
whose coefficients are the elementary symmetric functions 
of the 7’s. These coefficients may in turn be replaced by 
rational expressions in the coefficients of f(x) and g(x) and 
consequently belong to the realm R. To each of the 
m-n values of x(x, y) there corresponds a different value 
of + and to every r there corresponds a definite value of 
x(z, y). 

Let p = (x, y) be any rational function of x, y and write 
p=d0(2, y), p =d(2', Y), p” =0(2", y), Case as 
where the p’s are marked as the 7’s above, when the z’s 
and y’s have corresponding values in the p’s as in the 7’s. 

Next form the cai 
ut 
E ett bo, 


t—r t-r t 


which is an integral function in ¢. If we write this 
function in the form 
d(x, y) olx’, y) x 
Paste treat RO- 20 
it is seen that Y(t) is an integral function in £ whose 
coefficients are symmetric functions in the x’s and y’s 
and therefore belong to the realm R. Writing t=7r, we 


NAS rci 
WWW. I 


ALGEBRAIC REALMS OF RATIONALITY ôl 


have 

ERA, 
BSa P(r) ’ 
which is a rational function of 7 whose coefficients belong 
to the realm R. But p= (2, y) is any rational function 
of x, y. We may therefore write p=x with the result 
that x is a rational function of r. The same is true for y. 

If therefore the function x as written above gives m-n 
different values, it is seen that the realms R(T) and R(x, y) 
are identical. 

This is a sufficient, but not a necessary condition; for 
it is sufficient that k of the m-n values of x be different, 
where k is the degree of the irreducible factor h(t), say, of 
(t), which is satisfied by 7. 

ART. 49. Continuing the investigation we may take 
instead of the two quantities z and y any number of such 
quantities z, y, z, ---, which are derived from the realm 
R. Let x be defined through the irreducible equation 
f(z) =0 of degree m, while y is defined through the 
irreducible equation g(y)=0 of degree n, z through an 
irreducible equation of degree l, etc. 

The smallest realm which contains all these quantities 
is the least common multiple of these realms, the realm 
R(x, Y, zı -++). It may be shown that from this realm 
R(x, y, z, ++) anew quantity e may be derived which is a 
rational function of z, y, 2, ---, say c= (a, y, 2, ---) and 
at the same time z is a rational function of o and also y is 
a rational function of g, while z is a rational function of ø, 
etc. 

It follows then that the realms R(z, y, z, ---) and R(c) 
are identical. It is sufficient for the proof of this 
theorem so to choose o that the m-n-l--- values of o 
which are had when for 2, y, z, --- their conjugate values 
are written, are all different. Such a function can always 


p®’(r) = V(r) or 
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be determined.' For consider the linear expression 
(1) w= higit hat +++ +hrox, 
where the a’s are all different as are the h’s. Itis seen by 
permuting the a’s that there are |n=N values of w. 
The difference of any two such ws, say w; and w;, gives an 
expression of the form 
(2) wi— wy = hi (ars — as) +he(aa2i— az) 

Sie o elie Oey), 
where ai;—a1;, etc., are differences among the œs 
N(N—1) 


including zero. There are such differences 


among the ws. If we put hi=1, he=h, hg3=h?, ---, 
hi =h, then any of the differences of (2) may be equal 
for k—1 values of h, that is, for any root of the equation 
(2), when we put w;—w;=0, and consequently there are 
N(N-1) 
wae a R (k—1) 

values of k for which any two values of w may be equal. 
Any other value of h will give values of w different from 
one another. Another proof is given in the next article. 

Art. 50. We may with Weber (Algebra, Vol. I, § 43) 
let #,(z, Y, 2, °° D D(x, Y, Z, °° D #3(z, Y; @, °° D E N 
be integral functions of the variables x, y, z, --- with 
numerical coefficients, which do not all simultaneously 
vanish in any of the functions. It may be proved that 
values may be given to the variables in an infinite 
number of ways, so that none of the functions ®ı, %., 
s, --- vanishes. For, if the functions depend only upon 
one variable, there are only a finite number of values 
which cause the functions to vanish. Assuming that this 
is true for n variables, it may be proved to hold for n+1 


1 See Camille Jordan, Math. Ann., Vol. I, p. 143; Traité des substitutions, No. 
351; Cantor, Math, Ann., Vol. V, p. 133; Bachmann or Galois, Math. Ann., Vol. 
18, p. 460. 
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variables. To show this, arrange the terms with respect 
to the (n+1)*' variable t, say. Then by hypothesis, 
values may be given to the other n variables such that 
the coefficients of all the powers of ¢ shall vanish in none 
of the functions. We thus have functions of the one 
variable £ and can ascribe such values to it that none of 
the functions vanish. It is clear that we may use rational 
values of the variables in establishing the desired result. 

THEOREM. If none of the functions $1, 2, %3, 
above have a common factor, values may be given the 
variables such that one of the functions vanishes while the 
others are different from zero. 

Let the variable t be present in say ®,; and observe (see 
Art. 17, end) that functions Y; Q; may be determined 
such that 

W4;+0991= x, (a) 
where x; is independent of ¢. Determine such values of 
the other variables that the functions x; are all different 
from zero while ©, becomes a function of ¢ alone. Then 
give to ¢ such a value that @, becomes zero. It is seen 
from (a) that none of the other functions ©; can vanish 
for this value of t. 

Art. 51. If c=¢(2, y, z, ---) is a rational function of 
£, Y, Z, -+-, and if the m-n-l--- values of ¢ are all dif- 
ferent when the conjugate values are written for x, y, Z, 
---+, then reciprocally the quantities x, y, z, --- may be 
expressed as rational functions of e. The proof may be 
performed in the same way as the one above for the two 
quantities x and y. However, through a repetition of 
that process, it follows that if 


R(x, y) = Rr), 


R(x, y, 2) =R(7, J =RA), 
R(z, Y, 2, t) =ROA, i) = Ru), etc. 


then is 
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As an example, let R be the realm of all rational num- 
bers, that is, take R=R(1) and let 
z=V2 and y=v3 

be two algebraic numbers that are derived from this 
realm. A quantity r may always be found which is a 
rational function of V2 and V3 and through which V2 
and V3 may be rationally expressed. Such a function is 
for example i 

r= V2+ V3. 
It is seen that z $ 

7?=11V2+9vV3. 

It follows that 

= Ex = 

r3—97r=2V2 or ve, 

and similarly 

W3= 11 dm 7 N 
It is thus shown that 


(V2) R( V3) = R(V2, V3) = R((V2+ V3)). 
Exampie. If R(V5)R(V¥—3) =R(r), find r. 


Art. 52. Another Proof. Let a and £ be two alge- 
braic numbers which satisfy the irreducible equations 
a =a l taa ---+4,, 

B* = bib" bp -Fb 
Further let u and v be two indeterminates. It may be 
shown first that 


y=au+ßv 
is an algebraic number. For represent the r:s=n 
numbers a°ß° (p=0, 1, ---, r—1; e=0, 1, ---, s—1) in 
any sequence by w, (v=1, 2, ---, n). We assert that 
w,y may be expressed through the form 
(1) WY =L WFTW t ++ +@ynWa; 


www.rcin.org.pl 


ALGEBRAIC REALMS OF RATIONALITY 65 


where the x's are linear functions of u and v. For 
wy = 0B? (aut Br) =at! Bu +a btw. 
If p<r—1, then a*t'8" is one of the ws above; but if 
p=r— 1, then 
CA EAEE 
= (ma "+ aa- - --+4,)8", 
which is a linear function of the w’s. 
Similarly if s <s— 1, then a°6’*" is one of the w’s above; 
but if e =s—1, then 
a BTH = of 82 
= af (bip b84: +- +8), 
which is a linear function of the w’s. In every case, it is 
seen that w,y takes the form expressed through the 
relation (1). 
These equations may be written in the form 
(ziu —Y) Wi HTW +++ +417, =, 
LW + (Lo2— Y) Wet +++ +LenWn = 0, 
Deiat teed 1 GY 0, 
Since the w’s are not all zero, as at least a8~0, we must 
have 


Til — Y, Tı2, vty Lin 
X21; T22— Vy ***y Lon =0 
nl; n2; C95 Enno Y 


From this it is seen that y =au+ ov satisfies an algebraic 
equation, whose coefficients are rational functions of u 
and v. This equation is not necessarily irreducible but 
the function on the left hand side may always be resolved 
into irreducible factors, one of which, say f(t, u, v) 
becomes zero for t=y. We therefore have the identical 
equation i 


f(aut+ fa, u, v)=0. 
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If this equation is differentiated with regard to u and v 
respectively, we have 


Of lau +v, u, v) „p fleut Bo, u, v) 0 


d(au+Bv) du j 
Of(au+ pv, u, v), , Iflaut Py, u, v) _ 
Alau+ Bo) pa an =m 
é -  Of(aut py, u, v). ; è 
Since the function E a is of a finite degree in 


au-+6v whose coefficients are rational functions of u and 
v, we may always give a pair of values to u and v such that 


ðf(au+ Br, u, v) 
ô(au+ bv) 
It is then seen that a and 8 are rational functions of y. 

It has thus been shown that if œ and B are two arbitrary 
algebraic numbers, we may always determine a number y 
such that (1) y is algebraic, (2) y ts a rational function of a 
and 8 (this rational function may indeed be taken linear) 
and (8) a and B are themselves rational functions of y with 
rational coefficients. Similarly it may be proved that if 
Qj, 2, ***, Qn are n algebraic numbers, we may always 
find a number w, such that (1) w is algebraic, (2) w is a 
rational function of a1, 2, +--+, Qn (indeed w may be chosen 
a linear function of ai, a2, +++, &n with rational coefficients) 
and (3) each of the quantities a1, a2, +++, dn is a rational 
function of w with rational coefficients. 

Art. 53. Normal Realms. The following is an im- 
portant application of the theorem in Art. 49. Let R be 
the stock realm from which the algebraic quantity z is 
derived, and suppose that x satisfies the irreducible equa- 
tion f(x) =0 which is of the nth degreeinz. Further let z, 
x’, x”, -++,2%™ be the n roots of this equation and form 
the realms R(x), R(x’), ---, RiP). 

The norm of the realm R(x) is defined as the product 


#0. 
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of the realms! 
Nix), R(T), ---, Rie), 
As shown in Art. 49 we may determine a function 
o=(2, x’, <, xD), 


linear in the quantities z, x’, ---, x», which by the 
permutation of the z’s takes n! different values. These 
n! values are denoted by a, o’, c”, ---. Take next a 


variable quantity ¢ and form the product 

$0) 6) 6 iar). 
a function of the n! degree in t whose coefficients remain 
unaltered when z, x’, z”, --- are interchanged. They 
are therefore symmetric functions and belong to the 
realm 3t. Next take n! arbitrary functions formed 
like the functions above. For example, such functions 
may be had by permuting the x’s as follows: 

U= 2, 2, - > eT) 

v= o(2', T, z”, y D 

v= v(x”, a Torry oe), 
etc. Form the oes 


(A445 sah Je = = (i). 


It is seen that Y(t) is an integral function in ¢ whose 
coefficients remain unaltered when for v and o their 
values in terms of the x’s are substituted and then the 
x's permuted. They are consequently symmetric func- 
tions of the x’s and belong to the realm R. It follows at 
once that 

vb'(c) = $ (0), 
or 
F(s) 
P(o) 
1 See Abel, Vol. I, pp. 546, 547; Vol. II, pp. 231, 241, 242, 336, 337; Gauss, 


Works, Vol. I, p. 103 (1831); and Kummer, Liouv. Journ. 12, p. 187 (1844). 
4 


= 
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which is a rational function of ø. Since v is an arbitrary 
function of x, x’, ---, xd, we may write each of these 
quantities in the place of v and then from the above 
equation it is seen that each of these x’s may be expressed 
as a rational function of ¢. (See Example 6 at end of 
this chapter.) 

Consequently the norm of the realm R(x), that is 
R(x, x’, z”, ---, x), is identical with the realm R(c). 
The degree of the realm R(e) is equal to the degree of the 
irreducible equation which o satisfies. This degree is 
very important in the further discussion. It is called the 
order of the equation f(z) =0. 

It was seen above that o, o’, o”, --- were rational 
functions of z, 2’, £”, ---. Since z, x’, x”, +++ are 
rational functions of ø, it follows also that o, o’, o”, -- 
are rational functions of e. Hence the realms R(o’), 
R(o’’), ---, are identical with the realm R(c). A realm 
having this property is called normal. 

We have thus proved the theorem: The norm of a 
realm is a normal realm. (See Art. 45.) 

Art. 54. We may next develop more fully the idea of 
an algebraic realm of the nth degree. In Art. 44, such a 
realm was defined through an irreducible algebraic 
equation of the nth degree. It was seen that every 
quantity of the realm R(x) could in only one way be 
represented in the form 

bitbazr tbr? t 0a, 
where the b’s take all possible values of a fixed (stock-) 
realm of rationality. The following definitions may be 
offered: If zı, za ---, Zn are any n quantities of the 
realm R(x), they are said to be linearly independent, if it 
is not possible to determine n quantities ai, dz, ---, Qn 
of the stock-realm ® such that 

atı HaT +- * Fanta = 0; 
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and when this is the case, the n quantities £1, £2, +--+, Zn 
form an irreducible system (with respect to the realm 
R(x); Dedekind, § 164 of the Dirichlet, Zahlentheorie). 

If we take 1, z, x?, ---, x” 1 as these n quantities, it is 
seen that they are linearly independent, since z satisfies 
an irreducible equation of degree not lower than the nth. 

Tf xo, %1, Xo, +++, Zn are n+1 quantities of the realm 
R(x), it follows that they may be expressed in the form 


T= bor t+do2x HD03? + eee +Bbonx”—, 
£1 = by tbis t bit? ++» +b,,0°7, 


Oe & 6) oe @ 0.0. 0.8 ee v8.6 ida! ele, 4) 8 6 6 0) 6.8, 6) She) 6 \8 


Ln = Dar tbnettbnagx?+ ced E 


where the b’s belong to the realm R. 

The n+1 quantities x, zı, ---, Zn are linearly de- 
pendent, for it is always possible to determine n+1 
quantities ao, a1, ---, @, in such a way that 


(1) Qoto tatit: -Fanta =0. 
To show this, substitute for £o, 7, --+, £a their values 


from above and equate the coefficients of the different 
powers of x to zero. It follows that 


bo1@o+b11€1 b218 + ete +baidn = 0, 
bozao + 01201 +b2202 + To +bazan = 0, 


ee EEE. 


Don@o+Oinditbendet ---+Bnndn=0. 


We thus have n equations in n+1 unknown quantities, 
and from them we may always determine n+1 values 
for ao, @1, ** +, Gn Which are different from zero and which 
satisfy the relation (1). All these quantities belong to 
the fixed realm KR, since they are determined through 
rational operations upon the b’s. 


ArT. 55. We seek the criterion by which it may be 
determined whether n quantities zı, £2, ---, Zn are 
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linearly dependent or linearly independent. These 
quantities may be written in the form 

21= by tbe +b- -- Pomir, 

T2 = b21 +b22£ b232? + - ++ Hbont"™™, 


ee 


Tr = bni + broz +br3£?+ aed + Bane". 

The z’s are linearly dependent if n quantities a1, a2, +-+, 
a, can be found such that 

Q1X1+G2%2+---+0n%,=0. 
If in this equation we write for the x’s their values, we 
have the following relations 

biitit bza + ++ - +Hbnian = 0, 

bizdi +b2202 + +++ Hbn20n =O, 


ESASEN AUENA FEER] 


bindi + bonat - -+ - Hbnnan =Q. 
We thus have n homogeneous equations in the a’s with 
the determinant 


Din, Do a Une 
ART. 56. If the determinant D = 0, it is possible to 
find n quantities a1, a2, a3, ***, @n, Which are not all zero 
and such that the n equations 
(1) baait bat ---+Hbindn=0 (i=1,2, +++, n) 
are satisfied. For, assuming that the b’s are not all 
zero, let 


bim, bom, TEN Dam 
be a sub-determinant of D which is not zero, while all the 
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sub-determinants of higher order are zero, the extreme 
case being the determinant D itself. Bordering the 
determinant D, and developing the resulting determinant 


bit, bet, aA bmi, U1 
D Die, boo, } bmo, U2 
Di mit, Demet, op Oom Umbt 
with respect to Ui, Uz, +++, Um+i, it is seen that 
D =u, Cit uC- ar Oar L O 
where 
Cra =A 
Observe that two columns in D, become equal for 
u= bi, Uy = bis, ceo, Oat = Di,m+1 (i=1, 2, -+-, m); 
and when t=m+1, m+2, ---, n, the determinant D3 


being a sub-determinant of D, and of order higher than 
m, is by hypothesis zero. 

Accordingly, if we write 

ai= C), Q= C3, a g Ami = C myi am+2=0, Tr an =0, 
it is seen that the equations (1) are satisfied. Next 
multiply the equations (1) respectively by 1, x, 22, --- 
x” and adding, it follows that 

atit att +++ +OnFn = 0. 

With this it is seen that the z’s are linearly dependent if 
D,=0 and form a reducible system. Otherwise the a’s 
are all zero and consequently the x’s are linearly inde- 
pendent and form an irreducible system. 


? 


ART. 57. We may accordingly introduce the following 
definition of an algebraic realm of rationality. Having 
fixed a realm Ù as a stock-realm, we regard all quantities 
belonging to this realm as rational. Consider further a 
realm which contains besides the quantities that belong 
to the realm % still other quantities. This latter realm 
is said to be algebraic, if there is a number n, such that 


www.rcin.org.pl 


72 THE THEORY OF ALGEBRAIC NUMBERS 


any n+1 quantities of the realm are linearly dependent. 
The smallest number n for which this is true is called the 
degree of the realm. 

If we consider a realm of the nth degree, say Q, then in 
virtue of this new definition there exists n quantities in 
the realm which are linearly independent, among which 
therefore there is no such relation as 

Qi Fazit +++ Fann = 0, 
where the a’s belong to the fixed realm R. But if x is an 
additional quantity in Q there must be a relation 


at+ atı t tt + ---+a,%,=0, 
or, 


Let x be an arbitrary quantity of Q which realm by 
hypothesis also contains the quantities 21, £2, -+-, Tn. 
This realm must therefore contain the products 721, XZ, 
+++, Zn, SO that 


TL1 = Qili Haito t +++ Hainin, 
(1) TE = A2121 Faza F +++ Hanin, 


Pe ee ee ee 


Ln = Aniti Hant F ° +++ annTn- 


Since these n equations must exist, it is necessary that 
their determinant be zero, or 


Qi—@, Ai2, Q13, s Bin 
Qe a ae 4 a 

(x) 3 22 9] 233 p] 2n =0 
Qni; On2, Qn3, ***, nn =T 


If we develop this determinant, we have an integral 
function of the nth degree in x, whose coefficients belong 
to the realm R. 

Hence it is seen that x is an algebraic quantity that is 
derived from the realm R, and reciprocally every quantity 
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that belongs to the realm of the nth degree satisfies an 
irreducible equation whose degree is at most n. 


ART. 58. Observe next that if xi, £} ---, £m are any 
other n linearly independent quantities of the realm, we 
must have 


X1 =T uit ratat -+ e Hrant 
T2 =T Xi HT +> Frn2Tn, 
(1) AE a E a ia 


LN =P ini tVendet +++ +2 andny 


where the r’s are rational numbers and where the 
determinant 


City ig Ve OR ean 
AS 112, T22; es Tr2 


Tiny Ton, RERI Tan 
is different from zero. 
It follows in a manner similar to that in which the 
equations (1) of the preceding article were derived that 
(2) LL; =A Ti tajete+ ---+ajat, (6=1,2,-+-,n); 


and corresponding to the equation #,(z)=0, above, is 
derived the equation 


r 
Q11—2, Qiz » Qin 
, 
21 Q22— X Ge, 
&,(z) i yee REN 
+ , r 
Oni, Anz, *y mT T 


That the functions ®,(x) and (x) are identical is seen 
by multiplying them both by the determinant A. In the 
first case multiply the columns by the rows and in the 
second case, the rows by the columns. Observe in the 
first case that the general term of the resulting de- 
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terminant is 
h=n 
Cu= Zana hi ee ki 


and in the second case the general term is 
h=n 
k= Edinen AT rie 
To show that these terms are equal, note that if the 


values (1) are written in (2) we have 
k=n 


rm = = Zit Satara), 
while from the equations 
LH; = GX Faita F +++ Fainn 
it follows directly that 
k=n k=h h=n 
TLE + pac PO , 
with which it is proved that Cyz=Ci, and that (x) 
= (x). 
ART. 59. Norm; Spur. Expanding the determinant 
that defines ®,(x), it is seen that 
p(z) =a" + Arr + Aor? +--- +A, 1¢+A,=0. 
Denote the roots of this equation by z™, 2, ---, x™, 
If x is any one of these conjugate roots, by definition the 
norm of x is the product of the roots and written 
N(2) =N(2™) = N(x) = --- =N (a) = aa... g; 
while the spur of x, is written 
Sa) = r® +72) +. ty"), 
By writing x =0 in the determinant that defines ,(z), 
it is seen that 


Git, Biz, ***%, Bin 


@y prake |My Ta > | = NG), 
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while 
S(2) =Ait+deot+:+>+@nn=—A1. 
From the equations (1) of Art. 57 it is seen that S(0) =0, 
S(1)=n. If ais any rational number, 
Slax) =aS(z). 
If œ and 8 are two numbers of the realm Q, then is 
S(a+8)=S(e@)+S8(8). Observe further that 
N(0) =0, HVS) ale 
It may be proved that x=0 is the only quantity of the 
realm Q whose norm is zero. For, under the assumption 
that the determinant (1) above is zero, quantities 
ti, ta +++, ta may be found such that 
liait lait -e Hinai = (=1,2,---,2). 
Hence, multiplying the equations (1) of Art. 57 respect- 
ively by żı, ta, ---, t, and adding, it is seen that 
UE +letet--++t2,) =0. 
Since the quantities zı, 22, ---, 2, are linearly inde- 
pendent, it follows that x=0. 

If a is a rational number, N(a)=a". If yis any other 
number of Q, so that we have a second system of equations 
analogous to equations (1) of Art. 57 and (2) of Art. 58 

Yri =t Hait +++ Haint (i=1, 2, +++2), 
it is seen that 
TYL = Catit Cito t --+>+Cintn G=1, 2, +++, 0), 
where 
C= Gide t+ lilat -Hainan 
From the multiplication of determinants it is seen that 
Cpr E mr 


=i, B, ano, @ 
and that is 
N(x-y) =N(z)N(y). 
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Writing in this expression y dd it follows that 


x 
nan (4) stk (i) 


It is also seen that 


OREO] 


3 N(x) 
N =) = ASE 
5 N (y) 


ART. 60. Realms such as were defined like Q in Article 
57 are finite realms. It was seen that a finite realm 
contains only algebraic quantities. It follows also that 
no transcendental quantity can belong to such a realm. 
Regarding infinite realms we can only make negative 
statements, just as the definition of an infinite realm may 
only be expressed negatively. 

If we adjoin the root of an irreducible algebraic equa- 
tion to the stock-realm R, the realm thereby produced is 
finite. 

Reciprocally, we have all possible finite realms, if we 
adjoin to the realm Ñ the roots of all possible algebraic 
equations. 

To prove this we have only to show that in every finite 
realm X, say, there exists an algebraic quantity x of such a 
nature that the realm is completely determined through it. 

Let n be the degree of X. Ifn=1, thenisA=R1)=R 
and consequently x=1. Butifn>1, there is an algebraic 
quantity in the realm A. Let this quantity be a and 
let the degree of the irreducible equation which a 
satisfies be a. If n=a, we have all the quantities of the 
realm A by multiplying respectively the quantities 
l, a, a, +}, a* by all possible rational numbers and 
adding the products thus formed. In this case A = R(a) 


or from (i) 
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and consequently z=. But if n>a, there must be 
in Y more than a linearly independent quantities so that 
there must be at least another quantity «’ which is 
linearly independent of the a quantities 1, a, a, ---, a. 
We may however (Art. 51) always determine a quantity 6 
which is a rational function of the œ’s and a' and through 
which the a's and a may be rationally expressed. Let 
the degree of the irreducible equation which £ satisfies be 
b so that 9(8) is of degree b. It is seen that the realm 
#(8) contains the a+1 quantities 1, a, a’, >+, a! and 
e’ and since these quantities are linearly independent 
b2a+l. 

If b=n, then is X= R(8) and consequently c=6. But 
if b<n, we must continue this process until finally we 
come to a realm of degree n so that %=(2) where zx 
satisfied an irreducible equation of the nth degree. 

We have thus shown that in every finite realm there 
exists a quantity x which satisfies an irreducible equation 
whose coefficients are rational and whose degree is n; and 
through this quantity x the realm is completely determined. 


Art. 61. Primitive Quantities; Kronecker’s Gattung. 
By adjoining to the realm % the algebraic quantities a, 8, 

-+-, we saw that by a finite number of operations, we must 
come to a realm R(x) of the nth degree. There must exist 
several such quantities such as x which belong to the same 
realm. Let y be another quantity which also satisfies an 
irreducible equation of the nth degree. It is evident from 
the manner in which these quantities are derived (see 
also Art. 69) that both x and y may be rationally ex- 
pressed the one in terms of the other. Such quantities 
are called primitive quantities. A primitive quantity 
determines its realm of rationality. The collectivity of 
primitive quantities constitute what Kronecker called a, 
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“ Gattung.” Thus, associated with every realm is its 
Gattung. 

The following method may be employed to determine 
whether quantities are primitive or not. Suppose that 
x is a primitive quantity and that y=¢(x) is another 
quantity belonging to the same realm R. Let ¢ be a 
variable quantity and form the equation 

[t—¢(2) =e t-¢(@")]- - -Lt-4@™) J= 9, 
which is an integral function of the nth degree in t whose 
coefficients belong to the realm R. Writing y=¢(2), 
y=o@), y =o"), «-, YY =Gg(2"™), the above 
equation becomes 

¢—y)¢—-y)t—-y")- > (E—-y™ ) = 90), 
which is satisfied if y is written in the place of t. But if y 
is to be a primitive quantity, it must satisfy an irreducible 
equation of the nth degree. Hence the equation g(t) =0 
must be irreducible and y’, y”, ---, y7) must be the 
conjugate values of y. 

Accordingly, if the n quantities y=¢(x), y’=¢(2’), 
y"=d(v"), ---, yr =o(2) are all different, then y is a 
primitive quantity in the realm R; and the realm is com- 
pletely determined through y. 

Observe that if a realm % is determined by a quantity 
x, so that %= R(x), then z may be replaced by a rational 
function of x, say (x), provided that the conjugate 
quantities y=®(x), y’=¢(2’), «++, yr =d(a@) are 
all different, the realms R(x) and Jt(y) being in this case 
identical. 

We have here also a second proof of the theorem that 
if y belongs to the realm R(x), it is an algebraic quantity. 
For it may be rationally expressed in terms of z and from 
what we have just seen satisfies an irreducible equation 
of degree at most =n. 
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Art. 62. Basis. In Art. 54 we were able to define the 
degree of a finite realm by means of the properties of the 
realm. We saw that a realm was of the nth degree when 
there were n linearly independent quantities in this realm, 
while any n+1 quantities of this realm were linearly 
dependent, however these quantities be chosen. 

In a realm of the nth degree any system of n linearly 
independent quantities is called a basis (cf. Dedekind, p. 
468 of Dirichlet’s Zahlentheoric) of the realm. If we 
multiply the n quantities that constitute the basis by all 
possible numbers that belong to the stock realm St, we 
have through addition all possible quantities of our new 
realm and each quantity only once (see below). 

If œi, a2, +++, a, form a basis of a realm of the nth 
degree and if 7 is any arbitrary quantity of this realm, 
then (Art. 54) we may always determine n+1 rational 


numbers zo, 41, Lo, **-, Za So that 
Lon trai tH tas + - -+H Tnan =0, 
and in such a way that zo, z1, ---, 2, are not all zero. In 


particular x, is different from zero, for otherwise there 
would be a linear relation among the a’s. It follows that 
N= Yer Hyt +--+ +Yn@n; 
where the y’s are rational numbers. 
There is only one way of expressing 7 in this manner. 
For if 
n =y tyra + Fyran, 
we would have 
O= (yi—yidart (Y2—Ya)aat -< + (Yn — Ya) An; 
and consequently since the a’s are linearly independent, 
we must have 
Ypy, (v=1, 2, +++, n). 
The rational numbers yı, Yə «-:, Yn are called the 
coérdinates of n. The codrdinates of any number of a 
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realm are uniquely determined when once a definite basis 
has been established. 

If a1, a2, ---, an and bı, B2, ++, Bn are two systems of 
n numbers which belong to a fixed realm of the nth 
degree and if a1, a2, «++, a, form a basis of this realm, 
we must have 


b= Cy10@1 + Cra -+F TS naa =l, 2, bar n). 
The £’s also form a basis of the fixed realm if 


Oiee (eis tal: 


s=1,2, -e-a 
They do not form a basis if C=0; for in this case there 
exists a relation of the form (Art. 56) 
tpit tabt --++trbr=0, 
where the ?’s are rational numbers. 

The quantities a1, a2, ---, a, are called basal elements 
or elements (terms) of the basis a, a2, ---, Qn: 

ART. 63. Discriminant. We shall now give a criterion 
by which it may be determined whether a system of n 
numbers ai, @2, +--, an form a basis of a realm or not. 

Let the algebraic quantity through which the realm of 
the nth degree is determined be x and let a, a2, «++, an be 
expressed as integral functions of x (Art. 44). Then in 
the expressions of the a’s in terms of z, let x be replaced 
by each of its conjugate values (including x) r®, 2, ---, 
xz‘ and let the corresponding values of a, be 


a, ch a aa ag? (v=1, 2, +--+, n). 
We then write 
ai, a2, A 58 
W Ww 
A(qi, a2, >*t, On) = oe a = n 
a? ad, a” 
and call A(a;, a2, «++, an) the discriminant of the n 
quantities a, a2, < *-, On. 
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The following four theorems may be proved: 


(1) If ai, a2, +++, @, form a basis, then A(ai, a2, ++», 
Qn) £0; 

(2) If ay, a2, -+-, a, do not form a basis, then A(ai, a, 
++, On) =0; 

(3) If Alay, ae, -++, an) <0, then ai, a2, --+, a, form a 
basis; 


(4) If A(ay, a, +--+, an) =0, then a1, a2, +++, a, do not 
form a basis. 


These theorems are proved first for the case where the 
system aj, a, --+, Œn consist of the n quantities 1, x, 2’, 
--+,2"!, For this case we have 


AYO. T, are. T cum) = ei, r2’, wee, gin)? 


n=l Ii 
rO gO 


(a — z2) (aM — x) - - (1 —a™) X 
ze-D (x — x) (a —2) see (a —a™) x 


a Cele iy pie ele lane ale G ehete ¢.Nneqe a Bs ee we ere te elm, 


(a™ —2) (a —7).. (gM —g-), 
Observe if f(f)=0 is the irreducible equation which is 
satisfied by x, that we have 
f(t) =(t-2™)(t-2®). (4—1) 
= um 
where 


gt) = (t— 2) (t— 2) - - - (t— z) (t— r). - (=r). 
Hence 


= (i) 


P(t) = (t-2 9’) +9), 
and consequently 
f(a) = g(a) = (2 —2) (2 ~2) 
- (4 — 1D) (L — gO)... (4 — a2) 
(v=1, 2, +++, n). 
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We therefore have 
n(n 


—1) v=n 
AC T, x, anny, 2) =(—1) i MI Co: 
»=1 


Since the equation f(t)=0, through which the algebraic 
quantity x is determined, is irreducible, it has no multiple 
root (Art. 41) and consequently f’(c™) #0 and therefore 


also NEZED A0: 
p=l 


It follows that A(1, z, 2%, ---, x*-")+0. The four 
theorems stated above are seen to be true for this special 
case, as we know that 1, x, 2?, ---, z”! form a basis. 

ART. 64. Let ai, a2, +++, &n be any n quantities of a 
realm of the nth degree. They may therefore be ex- 
pressed in the form 


a, = Ayr Fant +O,30?+ e e Fant (=l, 2, +++, 1). 
Let 2, x, ---,2™ be the quantities that are conjugate 
with z (including x) and write 


= 
Bee = Oh at E ae 
(m, v=1, 2, +++, n). 


By the theorem for the multiplication of determinants, 
we have 


, n 
æi QI, , a” 
, ” fi 
Q2) Ma, , ag’ 
, ” 
On, Any ’ af 
@i1, Giz, ***, Ain ip ily soog Ál 
Q21, Q22; ***, Aon A al), 29, trey ai 
= ’ 
a-l n-1 m1 
anm Grey Sey Onn gD x g2 ; RE, ain) 
or 
= —l 
A(a, Qa, +y An) = |arelPA(1, T, DE anio D ) 
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Since A(1, z, 2?, ---, 2*-')0 and since the quantities 
Qt, @2, +++, @n form a basis, when and only when |a,,| 40, 
it is seen that a1, a2, ---, a, form a basis when and only 
when the discriminant A(ai, a2, ---, @n) #0. 

We also note the quadratic relation that exists between 
the two discriminants of any n quantities of a realm. 

The conception of a discriminant of any n numbers of 
an algebraic realm of the nth degree is a very fortunate 
generalization of the discriminant of an algebraic equa- 
tion (Art. 22). 


Art. 65. Divisors of Realms of Rationality. So far we 
have considered only multiples of algebraic realms; we 
may next consider the divisors of such realms. 

Let R be the stock-realm and let h(z)=0 be an 
irreducible equation of degree c in z whose coefficients 
belong to the realm R. Let the roots of the equation 
h(z) =0 be z, 2’, z”, ---, 2%). We consider the realm 
R(z) and an arbitrary quantity x of this realm. This 
quantity z must (Art. 44) be an integral function of z, 
say x= ¢(z), whose coefficients belong to the realm R. 

Suppose that the quantities which are had when for z 
we write its conjugate values are 

x=¢(z), 
r= (z), 
aa mrn a A ete. 
These quantities are the roots of the equation 
F(t) = (t—2)(t—2’)---(¢—a) =0, 


F(t) =t- [t-e] - to) J =0. 
This is a symmetric function of the c roots z, 2’, +-+, 
2D and consequently its coefficients may be expressed 
through those of h(z); but these coefficients belong to the 
realm N; consequently the coefficients of F(t) belong also 


or 


waht esl INy 


MAT 
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to the realm R. We may prove the following theorem: 
The function F(t) is either an irreducible function or the 
power of an irreducible function. 

If possible resolve F(t) into factors and let f(t) be one 
of the irreducible factors of degree a, which vanishes for 
t=(z) say, so that 

SL ¢(z)J=9. 
This equation has therefore with respect to the realm R 
a root in common with the irreducible equation h(z) =0. 

We consequently (Art. 39) must have f[¢(z)]=0, 
SLo(2’)]=0, flo") ]=9, -- +, f[o(e-)] =0, or f(z) =0, 
f(z’) =0, ---, f(z) =0. It is thus seen that every root 
of F(t)=0 satisfies the irreducible equation f(t) =0, so 
that therefore (the lower suffices denoting the degrees of 
their respective functions) 


F.(t)=(fa(t) J", 
where c=a-n (cf. Lagrange, Oeuvres, III, p. 355) and where 
the coefficients of both F and f belong to R. 


ART. 66. Consider the realm R(x) which is formed by 
adjoining the quantity x of the preceding article to the 
realm R. Since every quantity in the realm R(x) is a 
rational function of x and as x is a rational function of z, 
it follows that every quantity in R(x) is a rational 
function of z and therefore belongs to the realm R(2). 
Hence the realm R(x) is a divisor of the realm R(z). On 
the other hand every quantity in R(z) is not contained in 
R(x). 

If n=1 in the preceding article, then 2 satisfies an 
irreducible equation whose degree is c. Further the 
quantities 1, z, x, ---, x°! all belong to the realm R(2) 
and are linearly independent. But the realm R(z) does 
not contain more than this number of independent quan- 
tities. It follows that z may be expressed rationally in 
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terms of the powers of x, and it is seen that x and z are 
primitive quantities (Art. 61) in the realm R(z). The 
realms R(x) and R(z) are then identical. 

Art. 67. We take J as the stock-realm and consider a 
realm € of degree c. In this realm € there is a primitive 
quantity z which satisfies an irreducible equation h(z) =0 
of degree c. The realm Œ is completely determined 
through this quantity so that 

€=R(z). 
Suppose next that the realm Y is a divisor of the realm 
Ç, the realm A being of degree a. If x is a primitive 
quantity in X it satisfies an irreducible equation f(¢) =0 
of degree a. Since x also belongs to the realm G, it is 
seen that z is an integral function of z, say x=¢(z). It 
was shown in Art. 68 that c=a-n, where n is an integer. 
From this it follows that if % is a divisor of ©, then a, 
the degree of A, is a divisor of c, the degree of ©. It is 
evident that there are realms which have no divisors 
save R. This is evidently true when c is a prime integer. 

Art. 68. If Xis a divisor of ©, then the c quantities 
o(z), p(z), ---, d(2¢Y), as shown above, may be dis- 
tributed into a groups, there being n equal quantities in 
each group, namely (writing these same quantities in a 
somewhat different notation) 


z= (2) = (21) =O(22) = +++ =h(Zn-1), 

x’ =$(2’) = (21) =¢(@) = ++ =o(Z4); 

ZOD = (200) =p (2) = + = 6), 
Observe that the function ¢(f)—x vanishes for the n 
values of =z, 21, +*+, Zn-1- It is seen that the functions 


g(t, x) = (t—2)(t—21) - - -(¢—2n-1) 
and A(t) have the common root t=z. And from this it 
follows that ¿=z satisfies the irreducible equation h(t) =0 
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of degree c in the realm R, while in the realm R(x) it 
satisfies an equation of degree n=“. 


It may be shown as follows that every symmetric 
function of z, 21, «++, Zn,-1 is a rational function of z. 
For, let S(t, t, ---, tr1) be any symmetric function in 
in ti, 0 OER er and write 

T=S(2, 41, °°, Zn—1)s 
T = Se, is: Wiens 


Ter =S@°>?; a”; aes Farid 
Observe that f(t) = (t—x)(t— zx’) - -(t—2-) is an irre- 
ducible function in R bi form the expression 


fol t+ aan a Ssl- V(t). 


It is clear that the coefficients of Y(t) belong to R, while 


ere, is a rational function in x. 

f'(x) 

THEOREM. Waith respect to the realm % the function 
g(t, x) above, is irreducible. For suppose that g(t, 2) were 
resolvable into factors and let the irreducible factor that 
contains the root z be G(t, x). Then, since x= ¢(z), it 
follows that G[z, ¢(z) ]=0. The coefficients of G[z, (z)] 
belong to the realm R. Hence this function vanishes for 
the other roots of the irreducible equation h(z) =0 (Art. 
41). It follows that 


G[z, $(z) ]=0, GLa, $(21) }=0, eae) GLen-1, $(Zn—1) ]=0 
and consequently G(t, x) vanishes for the same values of 
t as g(t, x); and, since G(t, x) is by hypothesis a divisor of 
g(t, x), it is seen that g(t, x) is irreducible in the realm %. 

Hence also the degree of Œ with respect to A is c/a, if 
with respect to the realm § it is c. 
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Art. 69. Let y be a second quantity belonging to the 
realm ©, and form the realm S6=Rt(y). Corresponding 
to this divisor of the realm © suppose that there is a 
second distribution of the c quantities into a systems of 
n quantities. 


y=¥(z) =y¥(21) a ce =wW(Zn-1); 
y= 92’) = (21) = +++ = (en-1), 
YP = yh) =y (f) = = (29). 


It may be shown that y is a rational function of x; for let 
t be any variable. Form the function 


[+ LA ts N\o. 


t=g'" t—2o-)) 
This expression is the same as 


¥(z) 1L y(zı) + A -+ V(Zn—1) 


OME E E) 

ve) . We), , Wels) 
LOX I 6@) 0) T= 6) 

wie), We) , vais? 

Hee 1-e@) 1 Tey 


which is an integral function in t whose coefficients belong 
to the realm R. Denote it by S(é). 
If in the above equation we put t=2, we have 
r b _ S(2) 
yf'(z)=S(x) or Y= aay? 
and consequently y belongs to the realm M(x). It follows 
that the realm R(y) is a divisor of the realm R(x). 

In the above discussion it is not necessary that the 
quantities y, yY’, Y”, ---, yo be all different; but if they 
are, the two realms A=R(x) and B=R(y) are identical, 
the quantities x and y being primitive quantities in them. 
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Art. 70. We have seen that if the degree a of a 
divisor-realm % is less than c the degree of the realm G, 
then to this divisor there corresponds a distribution of the 
c quantities into n equal groups of a different quantities 
or into a different systems of n equal quantities. Such a 
distribution corresponds to each divisor. There is, how- 
ever, only a finite number of distributions of c quantities 
into asystems of n quantities. Possibly to many of these 
distributions there will correspond no divisors; to each 
divisor, however, there will correspond one and only one 
distribution. From this we conclude that an algebraic 
realm has only a finite number of divisors. 

Reciprocally, it may be shown that if a realm contains 
only a finite number of divisors, it is an algebraic realm. 
For consider any realm € taken with respect to a stock- 
realm R. Let z be a quantity of the realm ©, and form 
the realm KR(z) which consists of all rational functions 
of z. Besides z the realm © contains also z?. Hence 
also the realm ¥(z?) is a divisor of ©. In the same way 
© contains also the realms R(z*), R(z‘), ---. It is thus 
seen that € contains an infinite number of divisors. But 
in virtue of our hypothesis, there can be only a finite 
number of such divisors. Hence some of the realms 
H(z*) must be equal, say 
(1) R(z?) = R(29), where p<q. 

The realm R(z1) consists of all rational function of 2? 
of the form 

aota +a’ + + + Hage 
where the a’s and 6’s belong to the realm R. Since z” 
belongs in virtue of (1) to the realm %(z?) it is seen that 
z?” must be expressible in the above form, so that 


baz? + bz? +94 bogP tte... +b,2? ttt =at azt + -e e Haza. 
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This being an algebraic equation in z, which is not 
identically satisfied, since none of the exponents on either 
side of the equation are equal, it follows that z is an 
algebraic quantity. 

If then à is any quantity that belongs to the realm G, 
then is \ an algebraic quantity, with which we may form 
the realm RA). Let X be another algebraic quantity 
of © which is not contained in RA). Since © contains 
the two realms RA) and RA), it contains also their 
product, that is RA): RA’) = RA, 1) =R(u), say. Con- 
tinuing in this manner, if yw’ is an algebraic quantity 
different from u which is also found in © we form the 
realm 2(v) = #(u)R(u’) which is a divisor of the realm €. 
Since € contains only a finite number of divisors, by 
continuing this process, we must finally come to an 
algebraic quantity 2, such that €=R(v). From this 
it follows that € is a finite or algebraic realm. 


Art. 71. Let Œ be a realm of degree c and let z be a 
primitive quantity of this realm so that €=R(z). 
Further let 2 be a divisor-realm of degree a and let x be 
a primitive quantity in this realm so that X= R(x). 
Since x belongs to A and as M is a divisor of Ç, it is seen 
that x is a quantity in © so that x =¢(z), where ¢ denotes 
an integral function. The quantity z satisfies an irre- 
ducible equation of degree c. Let the other roots of this 
equation be 2’, z”, ---, 2°" so that the a quantities 
conjugate with (and including) z are to be found among 
olz), p(z), «++, (z8), each repeated n times (Art. 65). 


ART. 72. We shall now see again how a realm is 
reduced if we consider instead of the realm KR, a more 
general realm S=(y) as the realm of rationality. Let 
the irreducible equation in R which z satisfies be F.(u) =0 
of degree a. Next consider the realm B= R(y) of degree 
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b and let the least common multiple of X and B be 
C=R(z) of degree c; that is A-B=C€. Since GB is a 
divisor of € we have y=y¥(z), where y denotes a rational 
function whose coefficients belong to R. We may also 
express € in the form €=%(az, y) (Art. 47). It follows 
that all quantities in Œ are rational functions of x and y, 
so that z= x(x, y), where x denotes a rational function. 

With respect to the realm B= R(y), z satisfies an irre- 
c 


b 


realm is of degree ; (see Art. 68). 


ducible equation of degree = and © with respect to this 


Due to the equations x=¢(z) and z= x(x, y), it is seen 
that x is a rational function of z and that z is a rational 
function of x (taken with respect to the realm 8). Let 
the irreducible equation which z satisfies with respect to 
the realm % be (see Art. 68, end), 


Ge(u, y) =0. 
b 


Note in this connection also that {= 5. If then R is 


taken as the realm of rationality, then A is of degree a, 
but if % is the realm of rationality, then A is of degree 
a= and we may represent all the quantities of Y in 
the form 
Bot Bis +B? 4- - -+Bu it, 

where the B’s are all quantities of the realm B= R(y). 

ART. 73. Lemma. Let $ be a finite realm and y a 
primitive quantity in it, and let y’ be a quantity con- 
jugate with y. Further let F(u, y) and G(u, y) be two 
functions whose coefficients belong to 8%. 

THEOREM: If F(u, y) is divisible by G(u, y), then is 
F(u, y’) divisible by G(u, y’). For if F(u, y) is divisible 
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by G(u, y), we must have F(u, y)=G(u, y)H(u, y), 
where the coefficients of H(u, y) also belong to the realm 
%. In the equation 
the coefficient of any power of u in this difference is a 
function of y, say ®(y), and since these coefficients are 
identically zero, it is seen that (t) becomes zero for t= y. 
Hence also (t) becomes zero for the conjugate values of 
y (Art. 41; cf. Abel, Vol. II, p. 231). 
It follows at once that 

F(u, y)=G(u, y)H(u, y’). 
Further if F(u, y) is irreducible in the realm R(y), then 
also F(u, y’) is irreducible. For if 

F(u, y’) =G(u, y )H (u, y'), 
then we must have 

F(u, y)=G(u, y)H (u, y). 


We saw that in the realm Ñ = 5, that is, when & is taken 


as the realm of rationality,’ the quantity x satisfied an 

c 

b’ 

the quantity z satisfied an irreducible equation Falu) =0 

of degree a. Since both equations are satisfied by x and 

since G.(u, y)=0 is irreducible in the more extended 
b 


equation of degree +, say G(u, y) =0; and in the realm ®, 


realm, it follows that F«(u) is divisible by G.(u, y). 
b 


From the lemma just proved it follows that Falu) is 
also divisible by G.(u, y’), since Fa(u) remains unchanged 


when in it we interchange y and y’. Similarly it is seen 
that F(u) is divisible by G(u, y”), =, Glu, y®@”). 
Each of these functions contains therefore at least one 


1 See Camille Jordan, Trait des substitutions, p. 269; Hélder, Math. Ann., 
Bd. 34, p. 47. 
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of the roots of F,(u)=0. But the coefficients of the 
product of the G’s belong to the realm R. It follows then 
that the product of the G’s is a power of F(u) and indeed 


the £ 
e = power 


ART. 74. Let X and Y be two finite realms of degrees a 
and b, with respect to R, and let © be the product of 
these realms of degree c. If % is taken as the realm of 

c 


rationality then $ is of degree kea while if $ is taken 


as the realm of rationality, then A is of degree 5 =a’, 


Hence c=ab’=ba’ or 
(1) a_b. 


This result may be expressed in the following manner: 
Take R as the stock-realm of rationality and let x and y 
be two quantities that belong to the realm € = R(2), x satisfy- 
ing an irreducible equation of degree ain R and y satisfying 
an irreducible equation of degree b in R. Then there are 
also in R(z) equations in which x appears with coefficients 
that are functions of y and vice versa. Let the one in which 
x appears to the lowest degree be of degree a’ in x while 
the one in which y appears to the lowest degree be of degree 
b’ in y; then among the numbers a, a’, b, b’ we have the 
relation (1). 

A special case is when x and y are rationally expressed 
the one in terms of the other; in this case we have 


a’=1=0’. 
Art. 75. The Greatest Common Divisor. If 2 and B 
are two arbitrary realms of degrees a and b they will in 


general have certain quantities in common. All these 
quantities that are common to the two realms form 
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another realm ©, the greatest common divisor of the 
realms % and X. If é is a primitive quantity in D so 
that D=R(ċ), it is evident that ¢ is a rational function of 
x and of y, say 
t=¢(z) and t=y(y). 

Further since R(t) is the greatest common divisor of the 
realms Y and %, any quantity t common to these realms 
is a rational function of t. 

We start then with two realms Y= R(x) and B=K(y) 
of degrees a and b with respect to R. We form their 
product €C=R(xz, y)=R(z) of degree c and we let their 
greatest common divisor be D=M(t) of degree d. The 
quantity x satisfies an irreducible equation Falu) =0 of 
degree a taken with respect to the realm § while it 
satisfies the irreducible equation G.(u, y) =0 taken with 

b 


regard to the realm %. 

If next we take the realm D as the realm of rational- 
ity it is seen that x satisfies an irreducible equation 
H.(u, t)=0 of degree a/d (Art. 68). The coefficients of 

d 


this equation belong to D and since D is a divisor of 8, 
they also belong to the realm %. Consequently with 
respect to the realm % the quantity x satisfies the equa- 
tion H.(u)=0. But we just saw that with respect to 


the realm $ the quantity x satisfies the irreducible equa- 
tion G.(u)=0. Hence G.(u) considered as a function of 
b b 
a 


u, must be a divisor of H.(u)=0. It follows that c=; 


a 


or cd Sab. 

ART. 76. Under certain conditions cd=ab and conse- 
quently H(u)=G(u). This is always the case if 2 or $ 
is a Galois or normal realm. If for example % is a normal 
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realm, then the conjugate quantities with z, that is, 2’, 
z”, --+, 2), which are the roots of F.(u) =0, are ra- 
tionally expressible in terms of x. Since G(u) is a divisor 
of F(u), it contains a certain number of the a factors of 
F(u), say 
Glu) =(u—2)(u—2’)---(u—a2™), where k=a-1. 
The coefficients of G(u) belong to the realm %, but since 
they are rational functions of x, they also belong to the 
realm N. Hence also they belong to the realm D which 
is the greatest common divisor of A and H. But in A 
the quantity x satisfies the irreducible equation H (u) = 
It follows (Art. 39) that G is divisible by H. But since 
H is divisible by G, it follows that 

G=H and ab=cd. 


It may be proved as follows that instead of assuming A 
to be a Galois realm in the above statement, it is sufficient 
to assume that x is a Galois realm. 

In Ñ the quantity x satisfies the irreducible equation 

F(u) =(u—2)(u—2')---(u—2) 
and in ® it satisfies the irreducible equation 
H(u, t) =(u—2z)(u—2’)-- iggy, 

If ai a Galois realm, the roots of H (u) are all rationally 
expressible in terms of z. Further since G(u) is a divisor 
of H(u), it follows that the coefficients of G(u) are rational 
functions of x and therefore belong to the realm A. But 
in the equation G(u) =0 the coefficients are quantities in 
the realm %; consequently they belong to the realm Ð. 
In D, however, the function H(z) is irreducible and since 
x satisfies G(uw) =0 and also H(u) =0 (the coefficients of 
both equations being rational in the realm D), it follows 
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that G(u) is divisible by H(u) and consequently as above 
H(u) =G(u) or ab=cd. 

Art. 77. The Relative Equality of Two Realms. Asan 
example of what has been given above we may introduce 
as a new conception that of the relative equality of two 
realms. Let N be a fixed stock-realm and with respect 
to this realm consider the realm Y in which the quantity 
x is a primitive quantity satisfying an irreducible equa- 
tion Falu) =0 of degree a so that X =R(x). Hence every 
quantity of the realm % is expressible in the form (Art. 
44) 

got getgaet ---+g.410, 
where the g’s are rational quantities of the realm X. 

If 2’ is another realm taken with respect to a new 
stock-realm R’ and if x is a primitive quantity of Y’ so 
that W =R (x) and if the quantity x satisfies the same 
irreducible equation F’,(u)=0 with respect to R’ as it 
did with respect to R, then we may say that the two 

/ 
realms ` and à are relatively equal. The coefficients 
of the equation F(u) =0 belong to both realms R and R’ 
and consequently to the greatest common divisor of 
these two realms. Every quantity in % and W may be 
expressed in the form 


Potgittgsr?+ +++ +g9,12", 
where the coefficients belong to the greatest common 
divisor of the realms Ñ and W. 


9 
It is seen that if cd =ab, the realms K and Bs are rela- 


tively equal; for in k the quantity x is a primitive 
quantity which satisfies the irreducible equation Ha(u) =0 
d 
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and in S the quantity x is likewise a primitive quan- 
tity which satisfies the irreducible equation G.(u, y) =0. 
7 


And from above G(u) =H (u). 

ART. 78. Consider again (Art. 68) the four realms X, 
H, C, D. We saw that if B =R(y) is taken as the realm 
of rationality, the quantity x satisfies the irreducible 
equation G.(u, y)=0. The realm D being a divisor of %, 


it is evident (Art. 68), if =y(y), that we have the follow- 
ing system 


t =o(y) =y) = ++ =W(Ym—1), 
t =y) =y) = +++ =Y), 
KE EEEE E =o(yn-r), 
where 
b=m-d. 


Since ® is a divisor of M, it follows also that (see Art. 73) 
F.(u) =H.(u, y) Halu, y’): Halu, y). 
a a 7 


If further ab=cd, then from Art. 76 we have 
H(u, t)=G(u, y), 

and consequently also 

F,(u) =G(u, y)G(u, y’) es -G(u, Oe 
Hence if we suppose that % is a normal realm, then since 
G(u, y) is irreducible in the realm R(y), as are also 
G(u, y), Glu, y), «++, Glu, ys) (Art. 73), it is seen 
that the function F(u) irreducible in # has the above 
factors irreducible in R(y). 

Art. 79. We may next consider the norm of several 
realms. If x is the root of an irreducible equation, and 
if x’, x”, --- are the quantities conjugate to z, we define 
the product z-x'-x”- --- as the norm of any one of the 
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quantities z, 2’, £”, --:, x) and write this product 
=N(xr)=N(z')=---. From zis derived the realm (2); 
from z’ the realm R(x’); etc. These realms we called 
conjugate realms (Art. 45) and their product we called 
the norm (Art. 53) of the realm R(x) so that 
Riz) Rie’): - Rie) =R(w, a’, ---, eo) = NER) 
=N[R(e) J =--- =N RE d) 
THEOREM I. The norm of the product of several realms 
is equal to the product of their norms. Suppose we have 
given the two realms R(x) and R(y). The product of 
these realms, that is R(x) R(y)=R(z, y) forms a new 
realm, say, R(z), where z satisfies an irreducible equation 
of degree c. We wish to prove that 
R(z, y 2, ia ED) 
=R(z, x; T, aen E y’, o erat) yee). 
This equality may be proved by showing that each of 
the realms is divisible by the other. 
From the equality of the realms 
R(2) = R(T, y), 
we have 
z= x(x, y), xr=¢(2), y=y(z), 
where all the functions are rational in their arguments, 
the coefficients belonging to the stock-realm R. It is 
evident since «=¢(z), that R(x) is a divisor of R(z); 
and, if we form 


¢(z’), E Dy iE ETD 
these quantities are conjugate to x, each one being 
repeated c/a times. In the same way the quantities 


y(z’), v(2"), ceed V) 
are the quantities conjugate to y, each one being repeated 
1 Gauss, Werke, I, p. 103 (1831); Kummer, Journ. d. Math., Vol. 12, p. 187. 
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c/b times. We have at once 
R(x, r’, ++, OY, y, y’, ++, yO?) 

Sve ee), oe = ae), ae), 
from which it is seen that every rational function of the 
realm R(x, x’, ---, zd, y, y’, «++, YD) is a rational 
function of the realm R(z, 2’, ---, 2—") and consequently 
the first realm is a divisor of the second; or as it may be 
expressed symbolically 
(1) R(x, iG Tees y” j -) <R(z, en Sa) gm 
On the other hand, since 

z= (2, y), we have 


2= xLo(z), ¥(z) ], 
where in the latter expression the coefficients belong to 
the realm R. It follows that 


z= xez), ¥(2’)], 
and consequently 
z= x(2', y'). 
It is thus shown that 2’ is a rational function of x’ and y’ 
and similarly z” is a rational function of z” and y”, ete. 
It follows that z, 2’, z”, ++», 2) belong to the realm 
R(x, z, ---, LY, Y, Y, ---, yO) and consequently 
(2) R(z, a SeT a=) <N, T Beg Hy U a SE 
From the inequalities (1) and (2) results the equality 
R(x, x’, “oy Uy UG ae D) = RZ, Bs eae) gn). 
THEOREM II. The norm of the divisor of a realm is a 
divisor of its norm. Let €=R(z) be a realm of degree c 
and let z’, z”, ---, 2” be the quantities that are con- 
jugate to z, so that 
R(z, 2’, «++, 2) is the norm of G. 
Further suppose that %=(x) is a divisor of © where 
the degree of Y is a and denote by z, 2’, ---, x" the 
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quantities that are conjugate to x so that R(2’, t”, 5, 
x") is the norm of R(x). Since Y is a divisor of Ç, 
every quantity in Y is also contained in ©, and conse- 
quently «=¢(z) where ¢ denotes a rational function. 
The conjugate quantities are ee), Sake) eae 
p these quantities x’, 2’, --- are quantities of Riz, 
--) which is the norm ‘af (x) =A, while 2’, 2” 
r to the norm of #(z2)=€. Hence every quanta 
belonging to the norm of z is also to be found in the norm 
of z, so that the norm of 2 is a divisor of the norm of G. 

ART. 80. We defined the realm A = R(x) as a normal or 
Galois realm (Art. 45), if R(x) =R(x) =--- =R(ae-); 
that is, if the realm R(x) is equal to its norm. 

THEOREM III. The least common multiple and the 
greatest common divisor of two normal realms are normal 
realms. Let U=#(x) and Y = R(y) be two normal realms, 
where x’, x”, ---, e@- are the quantities conjugate to x 
and the quantities y’, y”, ---, y®- are the quantities 
conjugate to y. Further suppose that €= R(x, y) = R(z) 
is the least common multiple of 2 and $ so that 

t=¢(z), y=¥(z) and z= x(a, y), 

$, y and x denoting rational functions. ‘The quantities 
p(z), (2’), «++, d(z"-Y) are coniugate to x, each repeated 
c/a times; while y (2), Y’ (2), ---, W(z-) are conjugate to 
y, each repeated c/b times. o z= x(x, y), it follows 
(see preceding article) that z'= x(x’, y’), so that 2’ is a 
rational function of x’ and y’. But since v’ is a rational 
function of x while y’ is a rational function of y, and as 
x and y are both rational functions of z, it is seen that 2’ 
is a rational function of z. Similarly it is seen that z” 
is a rational function of z, ete. It follows that Œ is a 
normal realm. 

Next let the greatest common divisor of two normal 
realms Y and Y be D= M(t), so that t=¢(z) and t=y(y), 

5 
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where ¢ and y denote rational functions. Further every 
quantity that may be rationally expressed in terms of x 
and also in terms of y is found in the realm Ð and con- 
sequently is a rational function of t. 

Let the quantities that are conjugate to t be t’=¢(z’), 
U =¢(x"), ---; and correspondingly let 


t=), t’=y(y"), 

It is seen that ¢’ is a rational function of x’, and conse- 
quently also of x, since x’ is a rational function of z; 
similarly ¢’ is a rational function of y; and being a rational 
function of both x and y, it follows that ¢’ is a rational 
function of t. Similarly it may be shown that t”, t”, =. 
are rational functions of t, and consequently D is a normal 
realm. 

Art. 81. Let Ç be a normal realm and consider all 
divisors of this realm; of these divisors select those which 
are also normal realms. Let ©’ and ©” be two such realms. 
Suppose further that it is possible to find a divisor Ñ of 
© which is contained in ©’ and in which ©” is contained. 
If X, ©’ and ©” are different from one another %& is said 
to lie between GC’ and ©” or 

CEDIES 
And this means that ©’ is divisible by A and X by ©”. 
Realms which have besides themselves and Ñ no other 
normal divisors are called simple realms.' 

Suppose that € is not a simple realm and that it has 
the normal divisor ©;. Suppose also that there is a 
normal divisor between © and ©; and denote this divisor 
by Cı. We next see whether between Œ and ©, there 
lies a normal divisor. Suppose that this is not the case, 
but suppose that between ©, and C; there lies the normal 
divisor ©. We further assume that between ©; and ©; 

1 Camille Jordan, Math. Ann., Vol. I, p. 142, and Traité des substitutions, p. 41. 
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C; and G3; ©; and K there lie no other common divisors. 
We say that the realms 

©, Gi, ©, C3, N 
form a connected chain of normal divisors. 

In order then that the above realms form a connected 

chain of normal divisors, it is necessary that 
C>Gi>C,>C;> MR, 

and that between two successive divisors no other normal 

divisor appears. 

ART. 82. It may next be shown that such a repre- 
sentation of a connected chain of normal divisors is 
unique and completely determined if the sequence of the 
divisors is not considered. Suppose that we have found 
in any manner the connected chain of normal divisors 

©, Gi, Ce, --+, Cz, R 
and suppose that the degrees of 
COG., G 
Cr ©,’ C? HAN 


are 

eS ec E F 

ce ce c? ? al 
Suppose further that we have found in another manner 
the connected chain of normal divisors Ç, ©, ©, ---, Gi, 
N and suppose that the degrees of 

C G G G 

ç? E? FH ? R 
are 

cee E MO 

6; Cs a Gat. 
We shall show that the numbers c, Cı, Co, «++, Cy are 
identical with the numbers c, ci, C2, +++, Ch if the sequence 


is neglected. By assuming the truth of the theorem for 
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the divisors of © which are of lower degree than ©, we 
may show it to be true also for the series including GC. 

Take the two connected chains of normal divisors 

OU th, 2-5 OR 

C, P, Bı, MECA) J 
in which the Ws and %’s are different. We shall show 
that the realms of both series are relatively equal (Art. 
TT) to one another. 

Let D be the greatest common divisor of Y and B. 
Let d, a, b be the degrees of these respective realms. It 
was seen in Art. 80, end, that D is a normal realm. As 
there is no divisor between Œ and % and none between 
€ and &, it is evident that Ç is the least common multiple 
of A and Y (Art. 47) so that C=Y%-B. We may show 
that ©, AXA, D and C, V, D form connected chains. To 
prove this we need only show that if there were a normal 
divisor between A and D, then there would be also one 
between € and 9%; and if there were one between % and 
D there would be one between € and N. Suppose that 
X’ is a normal divisor between % and D and let ©’ be 
the least common multiple of W and 8. We assert Ç’ 
lies between € and $. For it is clear that ©’ is a normal 
realm that is a divisor of € and a multiple of B. We 
have then only to show that @’ is equal to neither © nor 
to $. The greatest common divisor of W and % is 9, 
for D is the greatest common divisor of X and Y and 
further X’ is a divisor of A while D is a divisor of W 
and $. 

If c’ is the degree of ©’ and a’ that of W’, it follows since 
the realms are normal realms (Art. 76), that 

c'd=a'b and C=O. 
We thus have 
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Since a>a’, it follows that c>c’ and therefore €>. 
Further X’ is different Ð, it being >. It follows that 
A’ is not a divisor of Y; and since W’ is a divisor of €’, it 
follows that ©’ is different from H. Hence if between A 
and D there were to lie a normal realm, there would also 
be one between € and % and vice versa. Hence G, A, D 
is a connected chain as is also ©, 8, D. 

Art, 83. Consider next the following four chains of 
normal divisors: 


GG, We) BD, 3) Ni 
(256, M, A ak, ---, Ft 
(3) ©, B, Bi, Be, «°°, R 
(4) Ç, B, D, D’, ag R 


Since € = 91% we have ab=cd and hence also 


and 


(Arts. 75 and 76). Hence if we take the series (1) and (4) 


€ AD 

ie SY D” GOR 

€E S T 

P g D” e. 
it is seen that these series are identical, only the first two 
terms are interchanged. It is also seen that (1) and (2) 
are identical by hypothesis, since they have the terms 
€, A in common and the theorem is supposed to be true 
from A to R. Similarly (3) and (4) are identical, and 
consequently also (2) and (3) are equal, since the quo- 
tients in both series are neglecting the sequence relatively 
equal. 


3] 
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Art. 84. With the material which has been formu- 
lated, we are now able to state‘the following theorem. We 
know that the root of an algebraic equation is expressed 
through its coefficients andinvolvesthe extraction of roots. 

THEOREM. Suppose that we have an irrational quantity 
which has been found through the extraction of roots: let 
rational functions be formed of this quantity, the coefficients 
belonging to a fixed realm. Then form another quantity by 
extraction of roots of these functions. Further form rational 
functions of this new quantity, etc. The root expression so 
formed satisfies an algebraic equation. Form the norm © 
of this equation. The numbers 5 a, ---, that are there- 

1 2 
with determined, are powers of prime numbers, if © is the 
norm of a solvable realm. Reciprocally, if a a +++, are 
powers of prime numbers, then © is the norm of a solvable 
realm.’ For the truth of the theorem it is not necessary 
that the chain of normal divisors be a continuous one. 
The necessary and sufficient condition that the quantities 
of a realm be expressible through the extraction of roots 
C Cy 
Cr Cr 
numbers. Galois stated the theorem for prime numbers 
(but not for powers of these numbers), viz., that such 
an equation could be solved through the extraction of 
roots and that the roots could be expressed rationally in 
terms of one another.? Jordan observed that the num- 


Tat ; , 
bers —, n +++, are invariant. It may also be observed 
2 


is that the integers +++ be the powers of prime 


that the associated realms themselves are invariant. 


1 See for example Frobenius, Crelle, Vol. 100. Sylow, Math. Ann., Vol. V, p. 
589. Hdlder, Math. Ann., Vol. 34, p. 47. 

2 Camille Jordan, Journ. de Math. (2) T. 12, p. 111. Camille Jordan, Journal 
del’ Heole Poly., Vol. 38, p. 190 (1861). Abel, Oeuvres, II, p. 222 and pp. 233, 256, 
260, 262, 266, 270, 279. 
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Art. 85. Realms of Rationality That Are Associated 
with the Cubic Equation. Write the general cubic in the 
form 

u—piz?+ pot —p3=0, 
and denote its roots by Zo, %1, z2 Let the quantities 
Pı, P2, P3, w, Where w is a cube root of unity constitute a 
stock-realm R. To this realm adjoin the quantity zo 
and denote the realm R(zo) by A, which is evidently of 
the third degree. The conjugate realms are R(zı) and 
N(x). Form the normal realm (Art. 53) 


R (Lo) R(T) R(z2) =R(Ho, Ti, z2) = R(T0, 41) =C, 
say. Consider next the linear expression 
Z2=Xo t wzi + wt, 


and note that the six values that this function may take 
when 2%, 11, £2 are permuted, are 


2 =X) H wti t we, wz =z, Hwt: + wto, 
(1) we = 2+ wto H wn, 
z =tio wt H wre, Wz = 22+ wti H w?To 


we" = zı + wxo+ Ooty 


Since zz’ = pi—3pz, it is seen that the z’ may be expressed 
rationally in terms of z, since w is an element of the stock- 
realm. The same is true of all six of the above values. 
It follows! that z is a primitive quantity of the realm G, 
so that C= R(z). 

Consider next the third powers of the six quantities in 
(1). It is seen that only zè and z” are different. These 
quantities z? and z’ belong therefore to a quadratic 
realm. Further note that the square root of the dis- 
criminant is a two-valued function of the third degree in 


1 Lagrange, III, 403 writes: “ Voila, si je ne me trompe, les vrais principes de la 
résolution des équations et l'analyse la plus propre à y conduire; tout se réduit, 
comme on Voit, à une espèce de calcul des combinations, par lequel on trouve a 
priori les résultats auxquels on doit s'attendre.” 
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z, the two values being VD and —~D, where 
(2) D=(29—2)?(41—2»)*(x2—2q)*. For itis seen that 
VD = + (9-21) (t1—22)(%2—20), 
z= 4(2p}—qpip2t+27p3) +3/2V—3vD; 

and the interchange of x; and zə in (1) and (2) changes z 
to 2’ and VD to —VD. And it is evident that one of 
these quantities may be expressed rationally in terms of 
the other. It follows that the realm of the sixth degree 
contains the realm, say 6=%(VD), which is a normal 
realm of the second degree. It further contains the 
realm %=(x%), which is not a normal realm. Hence 
the realm € is the least common multiple of the realms 
A and B. Let Ð be the greatest common divisor of 
these two realms. From Art. 76 it is evident that the 
relation cd=ab exists among the degrees of the four 
realms X, B, ©, D, so that 


If the realm € is considered with respect to the realm 9, 
it is seen that € is of the third degree and may be written 
C=R(xo, £1) =R(ao, VD). Further since © is a normal 
realm, the quantities zı, x. may be exrpessed rationally 
through zo and VD. 
To verify this, observe that 
VD = (z1— £0) (£2 — £0) (£2 — 21), 
F(z) = (£z — zo) (£ — 21) (£ — 12), 
F' (zo) = (£o — 21) (£o — z2). 
It is seen that 


H — r% EN 
ean CY 
and since x.+2%1=pi1—®2o, it results that 
vD 
2 — — Sas 
t = pı tot EN 
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and 
on = -r UN 
L= Pi 0 F(a) 
In the same way it may be shown that 
y VD ND . 
2%2=pPi—21 F(a,’ ete 
VD VD 
Ate = Barn tape 2 1— Tay “(ay J 


In Art. 81 a connected chain of normal divisors was 
defined. Such a case is present here, namely, € of the 
sixth degree, 8 of the second degree, X of the third 
degree and KR of the first degree. Their quotients offer 
the prime integers 3 and 2; and to this is due the fact 
that the cubic may be solved through the extraction of 
roots. Thus it is seen that if the radical VD be con- 
sidered among the quantities regarded as known, it is 
possible in the realm of 9(VD) to express any root of a 
cubic as a rational function of any other root and known 
quantities. (See Serret, Algébre supérieure, Vol. II, p. 
406). Similar results were derived by the author for 
the roots of the biquadratic. See examples and refer- 
ences at the end of the chapter. 

ART. 86. Realms of Rationality Connected with the 
Biquadratic. Write the biquadratic in the form 

F(x) =axz'+4bz'+6c2?+4dz+e=0 
and denote its roots by zo, zı, %2, 23. Next form the 
normal realm 
M (Lo) R (1) Mas) R(z) =R(Lo, i, La, £3) 
= R(Lo, Tı, T2) =Ç, 

say. This is a realm of the 24th degree, since the four 
roots may be permuted in 24 ways. In the Theory of 
Equations (see for example Burnside and Panton, Fourth 
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Edition, 1899, Art. 61), it is seen that 


axo+b = Vp — vg- vr, ax,+b= —Vp+vq—vr, 
axyz+b=—Vp—Vgt vr,  az;+b=vV4p+v4q+vr, 


where p, q, r are the roots of Euler’s cubic 
P+3HE+ (su n a )-F=0. 


It is evident that x, 21, 2, ; may be expressed rationally 
in terms of Vp, Vg, W, and vice versa; and consequently 
it follows that 
= R(zo, Ti, x2) =NR(vVp, vq, Nr). 

From this it is also seen that € contains the realm of all 
rational quantities in p, q, 7, and that is the realm 
Rp, q, r)=B, where $ like € is a normal realm being 
equal to R(p)R(q)R(r), the quantities p, q, r being the 
roots of a cubic. It was seen in the preceding article that 
% in its turn contained the normal realm of the second 
degree R(VD) =, say; while Y contains the stock-realm 
R of the first degree. The quotients of the degrees of 
these realms are == 25, Sia ==2, which are powers of 
prime integers. 

It follows from Art. 84 that the associated equations 
are solvable. If further the realm € is considered with 
respect to the realm %, then €/% is of the fourth degree 
and xo is a primitive quantity in it. It results that the 
other roots x1, £2, x may be rationally expressed in terms 
of To, P,Q, T 

EXAMPLES 
Th Ii 
aty+b= Vp+ Vg+ Vr=o and ar+b= Vp—Vq- Vr= Ii 
show that the rational relations 

T!+T%o+3H (T?+To+ 6p) +G(30+5T) —2p(T?+2To —6p)=0, 

o{-+0°7+3H 0?+oT+6p)+G(38T+5c) —2p(o?+20T —6p)=0 
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exist, where p, q, r are the roots of the equation 
eT C 
ersne+ (sr), 29, 


and that is: ¢ may be expressed rationally in T and vice versa. 
2. Show that the following integral relations exist: 
0= T[8p3+ 12H p?+G?]+-4p’o?+ 2G po?+- (24H p+ G")o+6Gp(2p+-H) 
with another equation having T and a interchanged and five other 
similar pairs of relations. 


3. Write ALe 
8p?+ 12Hp?-+G? 
where A is the discriminant of the biquadratic, and show that Ao, Au, 
and A» are integral functions of H, G? and J. 

4, Write 

@akAT= Cwi+Cio?+Co+C3; GatAc=CyT3+C,T?+C2T+C3 

and show that Co, Ci, C2, C3 are integral functions of p with coefficients 
that are integral functions in H, G°, J. 

5. Show that if the equations 8+12H?+G?=0 and the Euler 


2I\ @ 
Cubic #+-3H?+ sm- )i-Z=0 (where G0) have a common 


root, the original biquadratic has a double root. 
For solutions of Examples 1-5, see Am. Math. Monthly, Vol. XXVI, 
pp. 292-5, where they were given for the first time by the author. 
6. In Art. 53 let z, 2’, x” be roots of 2?+Az+B=0. Write 
o= 224-82! +a", 0o =2xr' 432+", 0o" =22"4+32' +2, o" =22+32"+2', 
o4=22'+32" +2, 69 =22"4 3242’, 
Further write ¢(t)= (¢—a)(t—o’)-++-(t—o). Calculate z from the 
z z! x" g" FAGY g® 
formula o t] . 


t—o t—o t—0o"" t—o® 
+ 


= Å+ Ap +A», 


z T à 
PEFP BITJA . | Finally de- 


termine z” as a rational function of g; also determine g’ and g” as 
rational functions of ø. 


Similarly determine x’ from ¢(t) 
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ALGEBRAIC INTEGERS 


ArT. 87. A quantity x is by definition an algebraic 

number if it satisfies an irreducible algebraic equation 

bat” +agtmat- +> +antt+an=0, 

where dı, do, ---, @n are integral or fractional numbers 
that belong to a fixed realm of rationality 1 ; and z is by 
definition an algebraic integer if the quantities ar, as, ---, 
a, are all integers in the fixed realm. This conception is 
true also for the case of rational integers, for here n=1 
and the equation which z satisfies is :—a=0. 

If x is an algebraic integer, all the conjugate quantities 
to x are algebraic integers. 

The product of these quantities was called (Art. 59) the 
norm of x [written N(x) ]. The sum of these quantities 
may be called the spur? of x [written S(z)]. It is 
evident that the spur and norm of an algebraic integer 
are rational integers; for in the above equation 

S(x) = —-a, and N(x) =(—1)"a,. 

If an algebraic quantity satisfies a reducible or an irre- 
ducible algebraic equation, in which the coefficient of the 
highest power =1, while the remaining coefficients are all 
integers belonging to a fixed realm, the algebraic quantity is 
integral. 

For, if the equation is reducible, it may always be 


1 Those who are reading this subject for the first time may consult with 
advantage a paper by L. J. Mordell; ‘‘ An introductory account of the arithmet- 
ical theory of algebraic numbers, etc.” Bulletin of the Am. Math. Society, Vol. 
29, p. 445. 

? Dedekind, § 167 of the Dirichlet Zahlentheorie; see also Dedekind-Weber, 
Crelle, Vol. 92, p. 188. 


110 
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resolved into irreducible factors in which the coefficient 
of the highest power of the variable =1, and the other 
coefficients are all integral (Art. 10). One of these 
irreducible factors must be satisfied by the algebraic 
quantity, which is consequently an algebraic integer. 
This may also be shown as follows: If 
h(x) =a" ee" + Cot" FF + Hent + Cn, 
where the c’s are integers, and if h(x) =f(x)-g(a) where 


f(a) =a Ta 4 Sy ty AA 
ao ao 


ao ao 
and 
mat Oye Ota. Oemty Oe 
g(x) =x +5 +7 +-+ b, ate 
the integers ao, dı, +, ar and the integers bo, bi, «++, Ds 


having no common divisor, save unity, then is a) = 1 =bg. 
For 
Aodoh (x) = (aor Hart! + +--+ a,) (box? + biz" "+ -+--+0,). 
If p is a prime integer that divides aobo, then (Art. 4) it 
must divide one of the factors on the right hand side. 
But the coefficients of neither of these factors have a 
common divisor other than unity. 

Making an application of this to the special case that x 
is a rational number, we have the theorem: 

Every rational root of an algebraic equation, in which the 
coefficient of the highest power of x=1 and the remaining 
coefficients integers, is integral. 


For if z= (where r and s are relatively prime) is a 
root of the equation 
star +20" + + + + Hanat + On =O, 
where the a’s are integers, then 
re +aysr™! + ays??? + + ++ +Gn18" r Hans” = 0. 
It follows that s must be =1; otherwise if p is a prime 
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integer that divides s, it must also divide r, contrary to 
the assumption that r and s are relatively prime. (See 
also Art. 10.) 

Algebraic numbers that are not integral are called 
fractional algebraic numbers.) 

ART. 88. That the algebraic integers are reproduced 
by the operations of addition, subtraction and multi- 
plication is seen from the theorems below. 

THEOREM I. The sum of two algebraic integers is an 
algebraic integer. 

Let a and £ be integers which satisfy the equations 


a’ =a,07 1+a,a"?+.---+a,, 
bt =b,6*!+b.622+ mutes ae) 


where the a’s and b’s are integers belonging to a fixed 
realm R. In the sequel, unless otherwise stated, this 
realm N is taken as the realm of natural numbers; 
and we shall denote it by R (see Art. 28). Further let 


B=atB 
and form the n=r-s numbers 
aB? (p=0, 1, -++,r—1;  o=0,1, «++, s—1), 
which denote in any sequence by 
Wi, Wey ***, Wr 
It is evident that 
LW, (v=1, 2, +++, 2) 
may be written in the form (Art. 52): 
BW, =Q WF AWF +++ FAnn w=, 2, +++, 2), 


where an, a, ***, Am are integers (including zero) of R. 


1 Dedekind, § 173 of the Dirichlet Zehlentheorie. Also see J. König, Ein- 
leitung in die allgemeine Theorie der algebraischen Grössen, Teubner, Leipzig, 
1903. 
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Through the elimination of wi, we, ---, Wa, we have 


Qi1—-, Qiz see, Ain 
Qa1, Q22 — M, 2 **5 Gon 


Anl; Gnd) ARR Qan— H 


from which it is seen that u satisfies an algebraic equation 
in which the coefficient of the highest power =1, the 
other coefficients being integers in R. 

In the realm (7) for example, that is, in the plane of 
the complex variable, algebraic integers are of the form 
x+iy where x and y are natural integers including zero. 
Such integers offer easy illustrations of the theorem 
just proved, as also of the following theorems. 

Another Proof. Write 


al) = ATi- (a +8°)) 


and observe that the coefficients of this polynomial are 
symmetric functions of the conjugate numbers a®, a), 
++, a as also of BM, «++, BM. 

THEOREM II. The difference of two algebraic integers is 
an algebraic integer. 

This may be proved in an analogous manner as Theo- 
rem I. 

THEOREM III. The product of two algebraic integers 
is an algebraic integer. 

Let a and 8 be two algebraic integers defined as above 
and let nw=a6. Further denote the numbers 


aP? (p=0,1, -++,7-1; ¢ =0, 1, +++, s—1) 
in any sequence by Wi, we, -:-, Wa. It is evident that 


LW, =CyrWi teC.2Wet++s+enWa =l, 2, ---, 2), 
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where the c’s are integers (including zero) of R. The 
proof is in the same form now as in Theorem I. 

If a is an algebraic integer and a a rational integer, 
then aa is an algebraic integer; for a must satisfy an 
algebraic equation 

a” =a,a"!+a20"2+ -Fan 
where the a’s are rational integers. It is also evident 
that 

(aw)" =aa:(laa) ! +aa laa)" 2+ + ++ +a"dn, 

where the coefficients are also rational integers. Simi- 
larly it may be proved that any algebraic number 
multiplied by a suitably chosen rational integer gives an 
algebraic integer. (Art. 93). It follows further that 
every function integral in any number of algebraic 
integers with integral (rational in R) coefficients is an 
algebraic integer. (Further see Art. 162). 

There is still a fourth operation through which algebraic 
integers may be reproduced: 

THEOREM IV. If u satisfies an algebraic equation in 
which the coefficient of the highest power =1, the other 
coefficients being algebraic integers, then u is an algebraic 
integer. 

For let 

B™ = on™ ap” ?+ +++ +Om, 


where ai, a2, ---, @m are algebraic integers which satisfy 
the equations, say 

Q" = Ga,” '-+-a,20," 7+ rae Fam (v=1, 2, =, m), 
the quantities a,ı, Q, **', Qm being integers in R. 
Further denote in any sequence the m-r-re:+-Tm=n 
quantities 


x 
LATAS: + + ain 


ee ay 


(E oon aih a e E) 
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by wi, We, +++, Wn. It is evident as above that 
uW = daw +d,w: + aie +dyWn (v=1, 2, rE n), 
where dn, d,o, "+*+, dm are integers (including zero) of R. 


From now on the proof is the same as in Theorem I. 

COROLLARY. It follows at once that if u is an algebraic 
integer, then u” is also an algebraic integer. For write 
z="; then is 1-2*—y"=0 and from above x is an 
algebraic integer. If further yu” is a rational integer and 
if z is a rational root of x”—pu”=0, then is x a rational 
integer. (See last article). 


EXAMPLE. If @ is a root of 23-+2?+2+1=0 and 6 a root of 
x?—2x—1=0, determine the equations which have as roots æ +8, 


a—B, aß. 


If 6 is a root different from zero of the equation 

r” +B "4+ Boa"? + ---+B,17+B,=0, 

whose roots are rational numbers, then clearly 

Py Bey, | sed hy 
G) ti (3) BE uN ti 

It follows that 1/8 satisfies the equation 
es: Ula i 
T Hog al. terete =0 


n 


and is an algebraic number. It is clear, if we put 


5a that a+y, ay, ete., are algebraic numbers as in 


Art. 88. Hence, any expression formed of algebraic 
numbers and rational integers in a rational manner is an 
algebraic number. 


ART. 89. Definitions. If a and 6 are two algebraic 
numbers (integral or fractional), then «œ is said to be 
divisible by 8, if a/6 is an algebraic integer. 
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The spur} and the norm of an algebraic quantity may 
be defined relatively with regard to an algebraic realm 
R(x) in which the given algebraic quantity is found. 
Let x be a root of the irreducible equation f(t)=0 of 
degree a and let the conjugate roots be z™, 1, ---, 
x), If then a is a quantity that belongs to the 
realm N(x), then is a= (x) where ¢ is a rational function 
with coefficients that belong to the stock realm R. 
Relative to the realm R(x) the spur and norm of a may 
be defined through the relations (see also Art. 59) 

Sla) = ofa) + ole) +e) +--+ o(ae), 
N (a) = ¢(z)- 9(2™) - - p(x). 
If a and £ are two algebraic quantities that belong to 
R(x), then 
N(a-8) =N(a)N() 


a\ _ N(a), 
v(5)-3@) 
Since the norm of an algebraic integer is a rational integer, 
it follows that if a is divisible by 8, N(a) is divisible by 
N(g). The inverse of this theorem is not true: that an 
algebraic quantity x be integral, it is not only necessary 
that its norm be a rational integer, but also all the 
elementary symmetric functions of the conjugate quanti- 
ties (of which it is one) must be integral. 

As in the case of division for rational numbers the two 
following elementary theorems are true also of algebraic 
numbers: 

THEOREM I. If avs divisible by 8, and B by y, then is a 
divisible by y. 

For if a/8 and B/y are two algebraic integers, then the 
product (see Theorem II in Art. 88) of two such integers 

1 See Art. 59. 


and 
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is an algebraic integer; it follows that ; ce that is, = is 
an algebraic integer. i h 
THEOREM II. Jf œ and B are both divisible by x, then 
at+ßn is divisible by x, where £ and n are algebraic integers. 
B 
K 
B 


other, are four algebraic integers, “.¢ and È-n are alge- 
K 


K 
B at+ßn 
K K 


For since © and £ on the one hand, and = and 7 on the 
K 


braic integers, and also “¢+n, i.e., is an alge. 
K 


braic integer. 

The Theorem II may be generalized as follows: If 
the algebraic numbers, a, 8, y, --- are all divisible by x 
and if £, n, ¢, --- are algebraic integers, then also 

EE DE : 
K 
is an algebraic integer. 

ART. 90. Algebraic Units. An algebraic integer e is 

called a unit if 1 is divisible by «. Hence if «is a unit, 


both e and L are algebraic integers. This definition cor- 


responds to the definition of the rational unit 1. In the 

realm R(i) for example, the units are +1 and +i. 
Every algebraic integer is divisible by any algebraic 

unit. For if a is an algebraic integer and e an algebraic 


; : te ae i: 
unit, then since — is an algebraic integer, a-— is an alge- 
€ € 


braic integer. If of two algebraic numbers (integers or 
fractions) a and £, the one is divisible by the other, then 
each of the quotients is an algebraic unit. For put 
B/a=e and a/8 =e’, where «e and e’ are algebraic integers; 


then is 8/a-a/B = ee’ =1, so that ims and aaa con- 
€ € 
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sequently 1 is divisible by e and also by e’, or e and e’ are 
algebraic units. 

A criterion by which it may be determined whether an 
algebraic integer is a unit, is as follows. If eis an alge- 
braic integer, it satisfies an irreducible algebraic equation 


6" +e1e" 4 oe” 7+ - -- + 6,16 +6, =0, 
where the e’s are rational integers. Writing pa this 
€ 


equation, we have 


1+ ei Her” + -ene Hene" =0, 
or 


n | Cn—1_ m- e 1 
et Aa a S N 
En En Cn 


This equation is also irreducible and in order that e’ be 
an algebraic integer the coefficients in the last equation 
must be rational integers. Further since l/e, is a 
rational integer, it follows that e,=+1. Hence a 
necessary condition that e be an algebraic unit is that en, 
[t.e. N(e) | be =+1. Here it is immaterial whether the 
norm is restricted (Art. 89) to a definite realm of ration- 
ality or not. For when restricted to a definite realm 
N(e) is a power of N(e) where N(e) is the product of the 
algebraic integers conjugate to e (including e). (Art. 65). 
The necessary condition, viz., N(e) = +1 is also a sufficient 
condition that «e be an algebraic unit. 

For if a is an algebraic integer, then N (a) is divisible by 
œ. To prove this note that if the irreducible equation 
which a satisfies, is 


a+ Gia" * dan"? +- -ha, =0; 
where @, as, -+-, an are rational integers, then 


N(a)=(—1)"a, =(—-1)" Ma" tara" + e +4n-101) 
= (—1)"*a(a"+ aya"? + Sas +a,-1); 
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N (a) 


and consequently —— is an algebraic integer; or N (a) is 
Qa 

divisible by a. Hence if e is an algebraic integer and 

N(e)=-+1, then is £ an algebraic integer and conse- 
€ 


quently «is an algebraic unit. We have thus proved the 
theorem: 

The necessary and sufficient condition that an algebraic 
integer e be a unit, is that N(e)= 41. 

ART. 91. A system of units is reproduced through 
the operations of multiplication and division; for we have 
the two following theorems: 

THEOREM I. The product of two units is a unit. 

THEorEM II. The quotient of two units is a unit. 

For if e and e’ are two algebraic units, then ¢ and e’, as 
also 1/e and 1/e’ are algebraic integers; hence also ee’ and 


+ are algebraic integers and consequently ee’ is an 

€€ 

algebraic unit. 
Further nS 


/ 


€ 
ay 


ei T 
and ¢’-—=— are algebraic integers, so 
€ € € 


A 


that £ is an algebraic unit. 
€ 


If œ is an algebraic number and e a unit, then a is 
divisible by ae and also ae is divisible by a. Two such 
numbers which only differ through a multiplicative unit, 
of which the one is divisible by the other are called 
associate numbers. The one may be said to be an 
associate of the other. If a is divisible by £, then every 
associate number of a is divisible by every associate 


number of $. For if : is an algebraic integer, then also 


QE . . . . . : 
Be is an integer if «e and e’ are algebraic units. Hence in 
£ 
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the case of division any algebraic number may be replaced 
by one of its associate numbers. 

The power of a unit with positive or negative exponent 
is always a unit, since the system of units is reproduced 
through multiplication and division; in fact, if e is an 


algebraic integer, then e” is a unit. Forif «and ‘(-2) 
€ 


are algebraic integers, then also (Art. 88) ¢’/* and e”: are 
algebraic integers, so that e’ is an algebraic unit. 


ART. 92. Congruences. If a, 8, x are three arbitrary 
algebraic numbers, we write a= (mod. x), if a—8 is 
divisible by x. From this definition we have the 
theorems as in the usual Theory of Numbers: 

THEOREM I. Jf a= (mod. x), then is also B=a 
(mod. x). 

THEOREM II. Jf two numbers are congruent to a third 
(mod. x), they are congruent to each other. 


For if a=8 (mod. x) and B=y (mod. x), then 


DR 


a 


K 


© 


a 


a i are algebraic integers and consequently 
K K 


py les 
K 
braic integer and a= y (mod. x). 
TueoreM III. Jf a= (mod. «) and a’ =’ (mod. x), 
then is also aa’ =B+8’ (mod. x). 
a—B a Eg 
K 


and 


a 


is an algebraic integer; that is, Y is an alge- 


For since and are algebraic integers, then 


also 


a—B a’—p’_a-ta’—(6+6') 
K K K 


is integral. The analogous theorem for the multipli- 
cation of congruences is not true, neither is it true for 
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rational (fractional) numbers. For example, we have 


10=1 (mod. 3) 
and 
295 
| (mod. 3); 
but 
290 ,5 
“a a (mod. 3). 


If, however, a, 8, a’, 8’ are integers (rational or algebraic) 

and « arbitrary (rational or algebraic) and if a=a’ (mod. 
Lb Wr A CEEE, 212 

x) and 6=8' (mod. x), then are Mead and dv i in- 
K K 

tegers, so that 


aB—a'B, a’B—a'B! aB — a'h 
K K K 
is integral, or a8 =a’f’ (mod. x). 

If we wish to proceed as in The Theory of Rational 
Integers, we must first define a prime algebraic integer. 
If we define an algebraic integer as being prime when it 
can not be decomposed into two integers without one of 
these factors being a unit, we shall find that there is no 
integer which has this (see Arts. 28, 88, Corollary, 112) 
property. This difficulty may be overcome if we limit 
the algebraic integers to a fixed realm of rationality (Art. 
112). 


ALGEBRAIC INTEGERS OF A FIXED REALM 


ART. 93. Suppose we have a definite realm of ration- 
ality, say Q=R(ə) of the nth degree. The algebraic 
quantity ə which determines the realm satisfies an 
irreducible equation (Art. 60) of the nth degree, say 
f(x) =0. 

If a and 8 are two algebraic integers of this realm, 
then since a and £ are both rational functions of ə, it 
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follows also that »=a+6 is a rational function of 3 and 
can be expressed in the form (Art. 44) 
w=Cote,d+e.0?+ EN Hen UT, 

where the c’s are rational numbers. Hence u belongs to 
the realm R(x); and, as we saw in (Art. 88) u is an 
algebraic integer. It follows that the realm (yu) is a 
divisor of N(x) and (Art. 67) the degree of the irreducible 
equation which u satisfies is a divisor of n. Hence the 
algebraic integers of Q are reproduced by addition. In 
the same way it is seen that they are reproduced by 
subtraction and multiplication. 

In a similar manner as in Chapter III where all quanti- 
ties of a definite realm were expressed through a basis, we 
shall now express all the integers of the realm Q through a 
basis. 

We may first show that the basis of a finite realm 2 
may be so chosen that it consists only of algebraic 
integers: 

If ə is any algebraic number, it satisfies a certain 
algebraic equation of the form (Art. 87) 

aod" Fa, 9" + +++ + On 18+ On=0, 

where do, a1, ++, an are rational integers. If we multiply 
this equation by aj! and write aot =n, it follows that 
n" + ain” +azaon"? + + +++ dando *=0, 
where the coefficients are rational integers, the coefficient 
of the highest power being =1. Hence 7 is an algebraic 
integer. We have thus shown that every fractional 
algebraic number ə may be expressed in the form 7/ao 
where 7 is an algebraic integer and ao a rational integer; or 
it is always possible to determine a rational integer ao 
such that ao? is an algebraic integer, 2 being any algebraic 
number. 

If then bı, Bz, ---, Bn form a basis of the realm Q, we 
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may always determine n rational integers, ki, ke, «--, kn, 
such that 181, kəz, ---, Knn are algebraic integers. 
Further since these n integers are linearly independent, 
they also form a basis of 2. Denote these n integers by 
01, Qe, *'', Q It is evident that the discriminant 
A(ay, @, +++, Qn) is a rational integer. For this dis- 
criminant is an integral function of the a’s and of the 
quantities that are conjugate to the œ’s which are also 
algebraic integers; the discriminant is therefore integral. 
In Chapter II, Art. 22, end, we saw that the discriminant 
is also rational; hence it is a rational integer. Further 
since a1, œz, +++, Œn form a basis, 
Alar, On en a,) #0. 

If in the linear form a x%;+a.%.+-++-+ant%, we write 
for the x’s all possible systems of rational numbers, we 
have all the quantities of the realm Q (Art. 57). Among 
these numbers are found all the algebraic integers of ©. 
If for 2, %2, ++, Za we write only rational integers, we 
have only algebraic integers of Q, although not necessarily 
all the integers of this realm. If all the integers of Q are 
not had in this manner, there is an algebraic integer, say 
p, such that 

p Tæ F 1202+ sii Frias 
r 
where ri, Ta ++, Tn, r are rational integers without a 
greatest common divisor and r>1. If r is not a prime 
integer, it is divisible by a prime integer, p say, so that 
r=pq, where p>1 and q is an integer. It follows that 
Tai +T2a@2+ +++ +Tndn 
p 
is an algebraic integer in Q2. Hence, if the expression 
1% tH ata +- +Hantn offers an algebraic integer for 
rational fractional values of the v’s, there is a system of 


== 
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fractional values of the x’s in which the common denomi- 
nator is p and for which the linear form azı + azz: 
+-+-+an%, represents an algebraic integer o of 2. As 
the integers 71, T2, ---, Ta are not all divisible by p, 
suppose that ri, is relatively prime to p. Two integers 
s and t may always be determined such that 


ris—pt=1. 
It follows that 
E E e ar TEGO p, 
p 
say, is an algebraic integer in Q. 
We thus have 
1 = p1 — S22 — ` + * — ST adn. 


It is evident that the n quantities 81, a2, a3, -++, an form a 
basis of 0; for if there were a linear relation among them, 
there would exist a linear relation among the a’s, when 
for £, its value in terms of the a’s was written. 

The realm Q of the nth degree contains a primitive 
quantity, say 3, such that (Art. 61) all quantities of Q 
may be expressed linearly through 1, 3, 8, ---, 3". 
Let the n quantities conjugate with # be 8, 3”, =, 
o™, of which one is 3. Represent next the quantities 
Bo, 1, ***, @, through 2. When this has been done the 
equation 

a1 — pBit+sreoe.+ +++ +s, =0 
is an identical relation in ə and consequently also in the 
quantities conjugate to ð. We thus have the n relations 


aP = ppP — srra® — sraa — ++ -—srpag? (A=1, 2, +++, n). 


From the theorem in determinants that the determinant 
remains unaltered if to one column the elements of 
another column multiplied by a constant factor are 
added, it follows that 
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l r + 
Qi Ay » On pi, Q2; » On 
” 1 ” i 7 
Oi, 2, » On PBi, 2, » Xn |, 
Se eb Oe Scete 6 in: eo TSG BA we 6 le te Roeke! @ eee 6 6 'e 65 6 OGD , 
(n) (n) oy (n) (n (n 
Qi, Az, °*’; An peP, a9 ag” 


and consequently Alai, a2, +++, an) = p?A(B1, a2, +++; An). 
From this formula it is seen that 81, a2, a3, +--+, an forma 
basis; for A(a;, a2, +++, œn) is different from zero due to 
the fact that ai, a, -:+, œn form a basis. It is also 
evident, since p>1, that 
|A(B1, ay as Qn) | < |A(aa, Q2 En On) |. 

Hence if there are any algebraic integers of 2 which may 
be expressed through riaitreae.t:--+7na, when the 
r’s are rational (fractional) numbers, then it is always 
possible to determine a basis consisting of another set of 
algebraic integers, and such that the discriminant is less 
than |A(ai, a2, «++, an). 

If further the linear form ri8i+72a2+ ---+7,0, repre- 
sents algebraic integers of Q for a system of fractional 
values of the r’s, by proceeding in the same manner we 
may derive another basis consisting of algebraic integers 
and such that the discriminant is less than |A((i, a, 

-+, an)|}. By this process the absolute value of the 
discriminant which is a rational integer becomes smaller 
and smaller. We must therefore finally come to a basis 
wi, w2, ***, Wn Which consists of algebraic integers and is 
such that the linear form 2%1w1+2%.wet-+-+2%nw, no 
longer represents an algebraic integer for a system of 
fractional values of the x’s. This special basis is called 
the basis of all algebraic integers of the realm Q. It has 
the following three properties: (1) The quantities w1, w2, 

++, Wn are all algebraic integers. (2) Its discriminant 
#0. (3) If in tiw tws +- --+zrwn all possible sys- 
tems of integral rational values are written for the 2’s, 
we have all the algebraic integers of Q (and only these). 
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This last property which is the fundamental charac- 
teristic of the basis of all algebraic integers of Q may also 
be formulated as follows: The basis of all algebraic 
integers of Q consisting of wı, we, +++, Wn is such that an 
algebraic integer of Q which is expressed through this basis in 
the form xywi+2ewe+---+2,0, ts only divisible by a 
rational integer k when the integral rational coérdinates 
(Art. 62), 21, T2, «++, Zn are all divisible by k. 

ArT. 94. Let wi, we, +++, wn be a basis of all the 
integers of Q and let a1, œz, «++, a, be an arbitrary basis of 
Q. We have 

Oy = AyW1+AyqWe+ o Hamn =l, 2, +++, 2), 
where an, G,2, **', Am are rational numbers. We again 
suppose that all the quantities of 2 are expressed through 
ð, where # is defined as in the preceding article. When 
for 3 we write its conjugate values, we obtain the n 
equations 

ay? = Aro? + daw? +--+ +ayawy? (%, k=l, 2, ++) 0). 
From these relations we have, due to the theorem for the 
multiplication of determinants, 


t) | 


| af’ () 


a Jane! a | aw? ie 
and consequently if A = |a, |, 

Ala, Gay a = A*A(wr, Way "7 ty Wn). 
It follows from this last expression that all discriminants 
of 2 must have the same sign. If as we have supposed, 
the a’s are linearly independent, then A must be different 
from zero (Art. 55); if however, the o’s were linearly 
dependent, then A must be zero. 

If further the a’s are all algebraic integers, then the 
quantities a,, are all rational integers, as is therefore also 
A. 

If the a’s, like the w’s, form a basis of all algebraic 
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integers of Q, then is 


Alwi Ws, e, Wn) = APAC, ae, +++, An). 
It follows that A?A’?=1 or A? = A”=1, and consequently 
Ala, A2, tty On) =A(w, We, **", Wn). 


Thus we see that the discriminants of the different bases 
of all algebraic integers of 2 are equal. We note then 
that the discriminant of the basis of all integers of Q is 
independent of what basis of all the integers of Q has been 
chosen. It is the most important invariant of the realm 
Q. We may call it the basal invariant (Grundzahl) of Q. 
It was denoted by D or A(Q) by Dedekind (see p. 538 of 
the Dirichlet Zahlentheorte, Fourth Edition). 

There are, of course, an infinite number of systems of n 
algebraic integers of Q whose discriminant = D, and these 
systems of n integers form bases of all integers of Q. 
The basal invariant D is in absolute value a minimum 
among all the discriminants (different from zero) of any 
n integers of 2. The basis wı, wz, --+, wn is sometimes 
called a minimal basis of 9. We have the discriminant of 
all other bases of © consisting of n algebraic integers if D 
is multiplied by certain positive integers A? which are 
different from zero. 


If a1, a, +++, @, is an arbitrary basis of Q and if 
K= + |a,,|, then is 
A(ae4, i, * * Ss Qn) = KA (w, Gp, s Wn). 


The number K is called the index of the basis a1, a2, ---, 
an. It follows that the discriminant of a basis is equal to 
the product of the square of its index by D. If the 
index of n algebraic integers, a1, a2, «++, æn is equal to 1 
and consequently also |a,x| =-+1, these integers form a 
basis of all integers of 2. For if we solve the n equations 


A, = A101 FH anw t - ` eF Oin@n (v=1, 2, ---, 0), 
with respect to wi, w2, ***, Wn, then, since |a,|=-1, it 
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follows that each of the w’s is a linear function of the a’s 
with rational integral coefficients. Hence if all the 
integers of Q can be expressed linearly in terms of the 
ws with rational integral coefficients, they can also be 
expressed linearly in terms of the a’s with rational 
integral coefficients. 

If as a special case, a basis consists of 1, 3, 8?, ---, 37}, 
where ə satisfies an irreducible equation of the nth 
degree, f(t) =0, say, then is 

n(n—1) 

AC, 3, 0, +> +50") =(—1) ? -Nf'(d) =K°D 
with respect to the realm 2=(8). Here A(1, ð, 8, 
+++, #1) is called the discriminant of the number ə [and 
written A(#) ], or the discriminant of the equation f(t) =0, 
while K is called the index of the number ə or the index 
of the equation f(t) =0. 


ART. 95. THEOREM. If a1, a2, «++, @n are n algebraic 
C101 + C202 + +++ +CnOn 
c 
integer, where c, C1, C2, +++, Cn are rational integers without a 
common divisor, then is the index of the discriminant of the 

a's divisible by c. 

We have A(ay, a2, +++, @n) = K?D, where K is a rational 
integer, since by hypothesis the a’s are integral and 
K=+|a,|, and the quantities a, are rational integers 
defined through the n equations 


integers and if is also an algebraic 


æ, = 0,101 Farw + ene DS th. (ih, (v=1, 2, een). 
It follows that 


v=n 


v=n 
2( C) = È (C101 + Cadet ++ FCnam) Wy. 
fos 2 


If the left hand side of this expression is divisible by c, 
then since the coefficients of the linear form z1wı + 22w2 
+.-+--+2,w, must all be divisible by c (see end of Art. 93), 
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each of the n expressions €,@,;+C20,2+ - + © +€nd,. must be 
divisible by c. If in the determinant |a, | we denote the 
first minor of any element a,, by A,,x, it is seen that the 
expression 


p: 


(1) ZI (cia, F C20, F + +» F Cnam) Aye} 


is divisible by c. But this expression is 


y=n 


aLindate Z anAnt: +n EnA vk 


v=" 


Each of these summations is zero except cz aA, 
v=1 


which is equal to c,A, where A=K. Since k may take 
the values 1, 2, ---, n, it is seen that the quantities c,A, 
CoA, +++, c,A and also cA are divisible by c. 
But since the integers c1, ¢:, ---+, Ca, € have no common 
divisor, we may always determine n+1 integers kı, ko, 
+, kn, k, such that 
kici tkc + ooo +kicatke= ils 
It follows also that 
cikit czAkı+ ee +c,Ak,tcAk=A, 


and as ¢,A, A, ---, ¢,A, cA are all divisible by c, it 
follows also that A is divisible by c. This proves the 
theorem since A =K. 


Art. 96. Hilbert, Bericht, § 3, calls the product 
5(a) = (a— a") (a— a") - - (a — ad) 
the different of the number a. 
Writing 
J(2)=(xz—a)(z—a'). ++ (x-—a), 


it is seen that 
ae Ea i 
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And it is further seen that, 
t=n n(n—1) 


nw] =a). 


Observe that if œ is an algebraic integer, its norm and 
discriminant are rational integers, while 6(a) is an 
algebraic integer. Observe further that if # is a number 
that determines the realm N(2), then ô( 4) and A(#) are 
both different from zero, and inversely (Arts. 61 and 63). 

Another proof?! that in a realm of the nth degree there 
are always n algebraic integers wi, w2, +--+, Wn, such that 
every other integer w of the realm may be expressed in 
the form 


© = iwm H aTw2F +++ +LaWn, 
where the 2’s are rational integers is as follows: 

Proof. Let abe an algebraic integer which determines 
the realm so that Q0=t(@). Then every number w of the 
realm may be expressed in the form (Art. 54) 

w=T1+rat---+rra™, 
where the r’s are rational numbers, and the conjugate 
values are 
w =r trea’ +--+ rna TL, 
WD =r pra D... +r, (aD, 
Solving these equations in determinant form, it is seen 
that 


Fa |1, a A Paa, AREN 
f |1, a, Cr , >| 
|1, a, >, tts 1, a, ar idles AN] 
(it a, GPTL 
Ai 
aiy (i=1, 2, ---, 7), 


1 The kernel of this proof is found in Lagrange, “ Réflexions sur la résolution 
algébrique des êquations,” Oeuvres, III, §100. See also Kronecker, Crelle, Vol. 
91, p. 307; Jordan, Traité des substitutions, p. 262; Netto, Substitutionentheorie, 
Chapter V; Hilbert, Bericht, § 3. 
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where d=A(aqa) is a rational integer and A; being clearly 
integral (and =dr;), is rationally integral. 
It is thus seen that every integer of the realm may be 
put in the form 
Ast Asetes tA ot 
d ? 
where d=A(qa) is the discriminant of a and where the A’s 
are rational integers. 
Suppose that all the integers of the realm are collected 
in the n groups Gi, G2, ---,G,. In the first group Gi: let 
1 
all the integers of the form cy be collected, where 
i=1, 2, --+. As all rational integers appear in the 
realm, it is seen that Ci;=id, i=1, 2, ---; and we may 
accordingly write as the first basal element w,=1. 
In the second group G2, write all integers of the realm 
of the form 


(2) 
w= Cr Cet Cie (i=1, 2, ---). 
Let the greatest common a of the integers CY 
(i=1, 2, ---) be CP. We may accordingly write 


Lew Q= c9, 
where c$ are rational integers. 
Since } c89% are integers of the realm, it is seen that 
as a second basal element we may take 
CP+CPa 
d ? 
which is an integer of the realm and C® is reduced 
(mod. d). 
In the group G; put all integers of the form 
CR+HCRa+ORa? 


w = 


GE A oh 


6 CMATYCINY 


ABINET MAT 
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Let CY be the greatest common divisor of C3? (¢=1, 2, 
--). Since integers c$? may be determined such that 
~cHCH =CY and since Lee wx is an integer of the 


realm, we may take as a third basal element 
_CP+CPa+CPa? 
cnn S, 
where Cf <C?, use having been made of w: and where 
Cf is reduced, mod. d. 
Continuing this process, we form the basal elements 
_CPS-CPat +: > +-CR ial "4+ CPa** 
d ’ 
where Cf is the greatest common divisor of all the 
integers C ({=1, 2, ---), and where 


CP, < CET; CPs < CE, , (SIG 2, m). 
The integers w, we, **', Wn are the basal elements 


required in the theorem. For, if w is any integer of the 
realm, it may be written in the form indicated above. 
Observe that A, is divisible by C®, so that, say An =QnCa. 
It follows that 
AP+APa+-+-+Aria*™ 
OiU = ee 
d 
where A®, is an integer divisible by C$- and where 
AP, APY, ---, AM, are rational integers. Writing 
AP i —Ga_iCree, it is seen that 
AP+APat -+++AP sa" 

w— nAn —Qn—1Wn—1 S DEn TA E 7.” 
where AP, AP, ---, A®, are rational integers and 
A®, is divisible by Op, Proceeding in this manner it 
is seen that 


O— nOn — Fn—10n-1— * * ° — Y2W2— G11 =0, 


as asserted in the theorem. 


www.rcin.org.pl 


ALGEBRAIC INTEGERS 133 


QUADRATIC REALMS 


Arr. 97. Before going farther into the general theory, 
it may be well to apply certain of the principles already 
developed to some of the simpler realms, in particular to 
the quadratic and cubic realms. If Q is a quadratic 
realm, there exists in it a quantity 4 which satisfies an 
irreducible quadratic equation of the form 
(1) av’?+b3+c=0, 

a, b, c, being rational integers without a common divisor. 
It follows that 

CENO aie 

Ẹ 2a 

In this expression write b? — 4ac = k?d, where the integer d 
does not contain any square factor. We then have 


0 


_ —b+kvd 
s= 
2a 
or 
NE 2a0 +b. 
k 


The quantity d is different from 0 or 1, otherwise the 
equation would be reducible. Note that the realms 
R(vd) and N= Rs) are equivalent. It may be observed 
also that every quantity of the realm has the form 
bo thio (Art. 44). It is seen that 1 and vd are two 
numbers of the realm Q and are linearly independent. 
For if they were linearly dependent it would follow that 
r1+a2Vd =0, 
where x, and 22 are rational numbers. But this relation 
can exist only when x;=0=2,. It follows also that 1 and 
Vd form a basis of Q and that all numbers of this realm 


may be expressed through 2,;-+2,Vd where z, and z, are 
rational numbers. 
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We further have 
Le la 
vd, — vd 


A(1, Vd) =4d. 
It must be determined next whether 1 and vd form a 
basis of all the integers of Q. Write 

A(1, Vd) =4d = DK?, 

where D is the basal invariant of Q and K the index of 
the basis 1, Vd. Since d contains no square factor and 
K is a positive rational integer, it follows that K=1 or 
= 2, 

In the first case where K =1, D=4d, the form 2,+2.Vd 
represents for integral rational values of zı and 2, all the 
algebraic integers of 9, and 1, Vd form a basis of all the 
algebraic integers of this realm. 

In the second case where K =2, there must be algebraic 
integers in Q which are expressed through the form 
xı+z:Vd where x, and zz are rational (fractional) num- 
a+yvd 

z 


|- —2Vad, 


or 


bers. Let such an integer be , where zx, y, z are 


rational integers without a common divisor. Since (Art. 
95) K is divisible by z, it follows here that z=2. 
Further write 

x=2t’+t and y=2u' +u, 
where ¢ and u are either =0 or =1. It results that 
zty ztyNi yyy tu, 


z 2 
Since Aral must be an algebraic integer, and as 
t’+u'Vd is integral, it follows that oe va must be an 


algebraic integer. 
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ART. 98. As the case t=0=u must be excluded, since 
then x, y, z would have the greatest common divisor 2, 
the three following cases arise: 

Oust, B=O2 (Q)ta=0,0—e S w=. 
t-+uvd _ 1 

2 
Neither of these numbers cee an algebraic integer, we 
have left only the third case. Hence when K=2, 
1+~vd 1+Vd 

2 2 


In the first case 5 and i in the second case =—- 


vla 


=n, say, is an algebraic integer; and if 


is an algebraic integer, then inversely K must =2; for if 
K =1, there would be no algebraic integer with fractional 
codrdinates. The irreducible equation which 7 satisfies is 


(2n—-1)?=d or n Ama seh, 


Hence if K is equal to 2, then ot must be a rational in- 


teger and consequently d=1 (mod. 4). Inversely if 
d=1 (mod. 4), then K=2 and 7 is an algebraic integer. 
Notice that 


a(t, a 


i, 1 2 
=|1+Vd 1—Vd|= 
Bh aa 
Summary. Since d does not contain a square factor, 
d40 (mod. 4). If d=2 or =3 (mod. 4) then is K =1, and 


D=4d. Hence when K=1, P= d=? or 3 (mod. 4), and 


consequently D=8 or 12 (mod. 16). From this we see 
that not every arbitrary integer can be the basal invariant 
of a quadratic realm. An odd integer can have this 
property only when it is =1 (mod. 4) and an even integer 
only when it =8 or 12 (mod. 16). Further note, since 
D=4d, that an odd integer can occur only to the first 
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power as a factor of D since by hypothesis d is divisible by 
no integer squared; while 2 can occur only to the second 
or third power as a factor of D. Similarly in the case of 
realms of higher degree, every integer can not be a basal 
invariant. 

It is thus seen that when K=1, then 1, Vd form a 
basis of all the algebraic integers of 2 and when K =2, 
then 1, 1-+vd 


form such a basis. In the first case the 
algebraic integers of 2 may be expressed in the form 


zı+zVd, that is in the form ep Ne, where x; and zz 


are rational integers. While in ae second case all 
integers of © are expressible in the form ryt 
where x and y are rational integers. 

It is evident that in general all the integers of Q may be 


t+uvD 
2 


expressed in the form where ¢ and u are rational 


integers which must however satisfy the condition = Du? 
(mod. 4). For if ane 


necessary and sufficient that the coefficients of the 
irreducible equation which it satisfies, be rational integers, 
with unity as the coefficient of the first term; that is, the 
coefficients of 


(2-42) (2-2) - EAA pior = -0 
2 2 
p= 


is an algebraic integer, it is 


2 
must be a 


must be rational integers. Hence 
rational integer, or ¿= Du? (mod. 4). 
Art. 99. The Units of a Quadratic Realm. It is clear 


(Art. 90) that an integer t+uvD 


5 as defined above can 
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only be an algebraic unit when its norm =+1. It 
follows that 


| _t+uvD t-uwVD _@—Du?_ 
a( o 8 adam a ae i 
or 
e— Du? = +4. (i) 
We note that all the units of Q whose norm = —], are had 


through the multiplication of one of these units by all 
possible units of Q whose norm is +1. If we limit the 
discussion to those units of Q whose norm = +1, they 
tt+uvD 

2 

integers that satisfy the equation of Pell ! 
?— Du? = +4. 

As is evident, the equation (i) for a negative D which 
~~ —3 or Æ —4, has only the two solutions t= +2, u=0. 
We consequently have in this case the two units +1. 

If D= — 4, Pell’s equation has the four solutions 

t=0, u=+1, 
t= 2, u=0; 
and correspondingly we have the four units 


must have the form , where ¢ and w are rational 


+1; +i, 
which are had by taking the powers of the one unit, +17. 
If D= —3 the six solutions of Pell’s equation are 
u=0, t= +2; 


t= +1, u=41; 
t=—l1, u=+1; 


1See Dirichlet’s Zahlentheorie, § 141. For an excellent history of Pell’s 
equation, see Chapt. XII, Vol. II of the History of the Theory of Numbers by 
Prof. L. E. Dickson. 

See also ‘‘Report’’ of H. J. S. Smith, Collected Works, Vol. I, p. 191, where the 
theorem is attributed to Lord Brouncker. In the latter connection see Wallis’s 
Algebra, Chapts. 98 and 99. The Canon Pellianus of Degen Havniae, 1817, 
contains a table for values of D less than 1000. See also Cayley, Crelle, Vol. 53, * 
p. 369. 
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and the units are 
+1+iv8. —1+4iv3 
2 i ai 
which are all had by taking the positive powers of 
1—iv3 
2 
If D is positive, Pell’s equation ! has an infinite number 
of solutions, and then there exist in the quadratic realm Q 
an infinite number of units (see Art. 91). These, 
however, may be expressed in the form 
ttuvD _ (= pe 
EB ee 
2 2 
where n takes all positive and negative integral values 
and where T, U are the least solution of Pell’s equation in 


which U#0. The quantity ae is called the fun- 


damental unit. 


aale 


(a primitive sixth root of unity). 


EXAMPLES 
1. Show that —4 is the basal invariant of R(i), where i= YEST, 
2. Show that 1+7 and 3+2:7 constitute a basis of all integers in 
R(z), as do also 1, i. 
—1+4iv3 
2 


3. Show that 1, are the elements of a minimal basis of 


x(V—3), the basal invariant being —3. 

4, Show that 1 and 7v3 do not form a basis of all integers in 
n(v—3). 

5. Show that 1 and iV5 form a basis of all integers in R(V—5) 
and that the basal invariant is —20. 

6. Determine algebraic realms whose basal invariants are 8, 12, 
Ros B —5. 

7. Show that the fundamental unit of x (V11) is 10+3V11, and 
that of R(V22) is 197+-42V22. 


1 See Chrystal's Algebra, Part II, p. 450; H. J. S. Smith, Collected Papers, 
Vol. I, p. 192, 
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1+v21 


8. Show that a minimal basis of #(V21) is 1 ; 


and that 


, 


the fundamental unit is 2+ 


14921, 
2 


v73 


9. Show that a minimal basis of R(V73) is 1, an 


14+V73_ 
2 


, and that 


the fundamental unit is 943 +250 


10. Show that 44-17 is the fundamental unit in the realm 
R(V17). 


Cusic REALMS 


Art. 100. Lemma I. Ina determinant of the nth order, 
if the first row consists of the n integers ai, Qiz, +++; Gin 
whose greatest common divisor is d, integral elements of the 
other rows may be determined so that the determinant =d. 

If a and b are two integers whose greatest common 
divisor is d, it is possible to determine two other integers x 
and y such that ay—br =d, or 


a, b 
z, yY 


=d. 


The lemma is thus proved for the case n=2. On the 
assumption that the theorem to be demonstrated is 
true for the case n — 1, it may be proved as follows for the 
case n. 

Let d be the greatest common divisor of an, diz, =+, 
a,, and let a’ be the greatest common divisor of a11, av, 

"+, Qin—1 SO that d is the greatest common divisor of d’ 
and @1,n- 

By hypothesis we may so determine the elements 
Q21; Q22, ` * *, A2, n—1; a1, °° *,Q3,n—15 °° * 5 An—1,1) °° °y An—1,n—1; 
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that 


a21, Q22; e.e, Q2,n—1 aak 


Qn—1,1) Gn—1,2) ***;, An—1,n-1 


If z and y are two integers to be determined later, we have 


Qi, Q12, oe Chl aly Gin 
a21; Q22; Ga Coin—1y 0 
Q31; Q32; piper eT | 3 n—1) 0 


Ce 


Qn—1,1) On—1,2) ATR On—1,n-1) 0 


a11 a12 Qi,n—1 
t-r ws, AA ES d > Y 


= yd! +a) -d"( 1). 


Hence the determinant is equal to yd’—2a1,,, where the 
x and y are integers which may be so determined that 
yd’ — xain =d. 

Lemma II. In every finite realm Q it is always possible 
to determine a basis of all integers of Q such that 1 is an 
element of this basis. 

From a basis of all integers of Q other bases of all 
integers of Q may be derived as follows: 

Let wi, w2, ***, Wn be a basis of all integers of Q, and 
further write 


Q, = 4,101 +4,202+ ne Fanin (v=1, 2, soy); 
where a,,, are rational integers. The integers a1, a2, +-:, 
an form a basis of all integers of Q (Art. 94) if |a,|=-+1. 
Further the integer 1 may be expressed in the form 

1= birwi tH bwt a POMAGA 
where the greatest common divisor of the b’s is unity. 
Hence by the preceding lemma we may so determine 
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n—1 other integers Bo, -+-, Bn, Say 


By = buwi + bpw + +++ + Bunn (u=2, +++, n), 
such that |b,,|=1. It follows that 1, B2, Bs, ---, Bn 
form a basis of all integers of Q. 

Lemma III. If in a finite realm Q there are r algebraic 
integers œi, œz, +++, a, through which no algebraic integer 
(including zero) may be expressed with fractional coördi- 
nates, then a basis of all the algebraic integers of Q may be 
determined, which includes these r integers (rn) as 
elements. 

Since the number zero cannot be expressed through 
Q1, G2, ** +, a, with fractional coefficients, these r numbers 
ar Q, +++, a, must be linearly independent. If r=n, 
the theory is proved of itself in accord with the definition 
of the basis of all the algebraic integers of 2. If, however, 
r<n, then there is a number a/,; which is independent of 
a1, &2, --+, a; if further r+1 <n, then there is a number 
a42 in Q, which is independent of a1, a2, - ++, a, af41, ete. 
In this manner n numbers ai, a2, «++, Qn alpi O42, °° *5 
a, are derived, which form a basis of Q, and we may 
further assume (Art. 93) that a7%41, ---, a, are algebraic 
integers. If these integers form a basis of all integers 
of Q, the theorem is proved. If, however, they do not 
form such a basis, there is an algebraic integer in Q which 
has, say, the form 


jamath F aire Herrar +H Criar H SASA +Cnon 
C ? 
where c1, C2, -+ +, Cn, € are rational integers which have no 


common divisor. If c=p-q, where p is a prime integer, 
then is also 


ga SALE +++ T OAA 
p 
an algebraic integer in Q. Further the integers c,+1, 
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Cr42, ‘**, Cn Cannot all be divisible by p; for in this case 
there would result 
Cn _ Ciar t e Fia; 
i = FAAN a) 

Pp 
which contrary to the hypothesis, is an algebraic integer. 


Suppose that cn, say, is not divisible by p; we may then 
determine two rational integers s and ¢ such that 


Cr4i r Cr+2 , 
E a a 22 Ra 


sc, —tp=1. 


Make use of this relation and form a new basis of 2 
consisting of the integers which are had if we retain a1, 
a2, +++, a1 and replace a, through another integer as 
was done in Art. 93. The absolute value of the dis- 
criminant of the new basis is smaller than that of the 
original basis. By repetition of this process, the integers 
1, Q2, +, a, being retained while alı, ---a, are 
replaced by other integers, we must finally come to a 
basis of all the integer of Q. 


ART. 101. Basis of All Integers.! Let the cubic realm 
be defined through the algebraic integer ð, where # is a 
root of the irreducible equation of the third degree 

Gt) = +a tHatt a; = 0, 


in which the a’s are rational integers, and let Q=%R(4) be 
this realm. It is seen (Art. 44) that every algebraic 
number of Q is of the form a=a+b8+c8? where a, b, c 
are rational numbers in R. Denote the conjugate roots 
of 2 by 3’ and 4”. If then we write 
a=atbis+cs’, 
a’=at+bs'+co", 
a’=a+be”’+ceo"", 


1 See Sommer, Einfuhrung in die Theorie der algebraischen Zahlkorper, p. 257; 
and also Woronoj, Fortschr. der math. Wissens., Vol. 25, 1894. 
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it is seen that 


a, 8, &| la, 3, & | /1, 9, # 
a’, 0, 3” a’, ov, 87 |-11, 0’, 3” 
ai al oe", ol” a eal oe", ol”? 1, o", 3!” i A 
UR gy RES a A(8)’ 
toe ee 1, ee? 
1 gy! gy” 1 3" gl”? 
? ? , ? 
where the discriminant A(?) is a rational integer. There 
are similar values for the rational numbers b= 
T= ay If a=a+bd+c# is an algebraic integer in Q, 


then is A a rational integer, as are also B and C. It is 
thus seen that the algebraic integers of 2 are expressed in 
the form (see also Art. 96) 

_A+BI4Cw 

an? 
where A, B, C and A=A(8) are rational integers. 


Writing 
ge ALBITCH 44 B94 0,02 Art Bett Co? 


A A 
where A», Bo, C2 are the residues (mod. A), it is seen that 
there are only a finite number (<A) of different integers 
Cə. As is also an integer in Q, it may be written in the 
form 


pe OHO + Ad? 
A 
If, mod. A, the system of residues corresponding to 
Cz are C2, Ch, C2, «++, A, we are able to find a system of 
integers Ce, C2, C2, =", €, Such that 
€2C2+0,C2+ ---+cA=d,, 
where dz is the greatest common divisor of C2, Ch, ---, A. 


If further the corresponding algebraic integers œ are 
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multiplied by cz, c2, ---, it is seen through the addition of 
the resulting quantities that there exists an algebraic 
integer, say ws, in Q, such that 


_ Ag tbod+de9? 
isc ep we wi 
where d» is a divisor of A, besides being a divisor of the 
coefficient of 3? of every algebraic integer in Q, when this 
integer is expressed in the form of a above. 
If C.=d.C2, it is evident that a—C.2w; gives rise to an 
algebraic integer 6 of the form 


_AstB3d, 
A 
Thus corresponding to every integer of the form a there 
is an integer of the form 8. By proceeding with the 8’s 
in the same way as was done above with the a’s, it is 
possible to derive an algebraic integer 
aı+dıð 
wat, 
where dı is a divisor of A, and also of the coefficient of 3 
of every algebraic integer of Q which has been reduced to 
the form 8. If Bs=d,B3, then 
As—a,B3. 
A 
Since the left hand side of this expression is an algebraic 
integer in Q, the right hand side must also be an integer in 


Q and consequently Arras is a rational integer. 


p 


bB— Bw: = 


Since 1 is an integer in every algebraic realm Q (see 
Art. 100), it is evident that the algebraic integers 
i utd is _ a tb? +d? 

2 A a = A ? 


w= I, 
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form a basis of all integers in Q; in fact (see Art. 100), 
every algebraic integer of 2 may be expressed linearly 
through wi, wz, ws with rational integral coefficients. 

The rational integers dı and d: are divisors of A, while 
the rational integers aı, a2, b2 are reduced, mod. A. It 
will be seen below that w: and ws admit of further simpli- 
fication. 

In Art. 94, we denoted by D the discriminant A(1, w, 
w) which is the basal invariant of Q. 

If o is any algebraic integer in Q, we may always 
write 

l= 01101 + A12W2 +4136, 

o = 02101 + 02202 +2303, 

o? = 3101 + 3202+ A333, 
where ai, @i2, «++, 33 are rational integers. If the 
discriminant 
411, Gis, Qis 
Gai, Geo, Aas 
M31, G32, Gas 
then (Art. 94), 1, c, o? form a basis of all integers in Q. 
If this condition holds true for ə, the quantity that 
defines 2, then 1, ð, ə? is a basis of all integers of Q. 
Further note that 


=+1, 


did} 
Alw, W2; ws) = ou 
where A (see above) is A(1, 3, 3?)=A(8). Again note 
2 42 
that d, and dz are divisors of A and that —— di id, is a rational 


integer =A(a1, we, w3)=D. The prime ae that 
enter to an odd degree as factors of A(#) are evidently 
factors of D. 


ART. 102. Numerical Computation of the Basis of All 
Integers. We may write A(4) in the form 


A( 8) = g5". - -qpipy: +p’, 
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where the q's are prime numbers, the e’s rational integers, 
the p’s prime numbers not necessarily different from the 
q’s and the f’s are any of the integers 1, 2, 3, 4, 5. 

Note that s n 
which is a rational integer. Further dı is a divisor of 
A(). Hence dı must be of the form 

dı=kgi"g3": < -q™ pipi: P, 
k= shg}"g}* 3 ia, 
where the X’s have the values either 0 or 1; or 
dy = kk, 


if 
ki=qiq 3a. srg tps p 
It is seen that wz may be written 
ay +d, H, ay +kqiq3 ais q™ pips rare pd 


w = 


A(#) A(8) 
so that 
weg tgs: . Q= Ce: 5) q? +ko, 
or 
Cirt: P NOS 5 i POET 
w210? q ni by 
1 


Note that bı is an integer, since the left hand side of the 
expression is integral. Further note that the left hand 
side of the expression is divisible by the rational integer k, 
and consequently also bı is divisible by k. 
It follows that we may write w in the form 

_ bi+kes 

iä qqs- . q? 
where bı as well as qîq?- --q‘ is divisible by k. We may 
further write 


b+ o 
w = d 3 
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where the rational integer b is as yet undetermined and 
d= igi: - -q", 
where 
Time l, T2 Sea, tee, rae. 
It follows that d must occur at least to the sixth power in 
A(). If then A(4) does not contain any prime factors to 
at least the sixth power, then is d=1. 
Write A(4) in the form d?5 where ô contains d to at 
least the fourth power. We then have 
tog = at be + deo? 
d?ô 
and 
2 _6?+2b8+ 9? 
Se. a 3 
Note that d, is a divisor of d?ô and that d occurs to the 
sixth power in A(ə). It is evident that any factor 
common to d, and d is also common to ô. Hence if d; is 
not already a divisor of ô, it is always possible to determine 
rational integers x, y such that 
zd: +yô = bo, 
where ô» is the greatest common divisor of ô and dz. 
Writing ô= 6159, it is seen that 
ast+b3d+b20? | 
0615, 
If we refer to the manner in which w; was derived as an 
element of the basis, it is clear that w may be substituted 
in its place; for 2w3+yw3 is clearly one of the algebraic 
integers of Q. Noting that wł is an integer in Q, it may 
be written in the form 
w3=U+vwW2+ wos, (i) 
where u, v, w are rational integers. Expressing both 
sides of this formula as an identity in ə, we note, by 
equating the coefficients of like powers of 2, that 


w= ði 


@ 


w = tw +H yor = 
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while a; and b; are both divisible by ôs» We may 
therefore write as the third basal element 
ira c+c,0-+ 3 
a, ° 
where c and c;(=2b—vd) are rational integers. Since wz 
is an algebraic integer in Q, it satisfies the equation 


DFO, biad, CrO 
¢ mmg d NG d )=o 


or, observing the equation which defines 3, 
3b—a 3b?—2a;b+a2, b'—a,b?+a.b—a 
p- np ae ae ee 
As each of the coefficients must be integral, it is seen 
that b must satisfy the three congruences 
3b —a,=0 (mod. d) 
3b? —2aıb+a:=0 (mod. d?) $. (ii) 
b? — a,b? +a:b —a3;=0 (mod. d?) 
Write the first of these congruences in the form 
3b—ai=gd 
(g an integer) and the second 
3b? — 2a b +a: = gid’. 


a,b —aAa,= d(gid— bg) , 


aıb—a:=0 (mod. d). 
From the third congruence in (ii) it follows that 
b?—a;=0 (mod. d). 
Due to the first of the congruences (ii) we may write 
we in any of the following forms: 


0. 


We have 


and therefore 


h POTO a1—2b4+8, a:—2b+0d+8_a:—a1+0 
Ee Bao? d aha 
where cı = 2b — vd. 
Note that 3b—a is an integer and write formula (i) in 
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the form 
w2— 3b— ay 
fy ee 
where k is an arbitrary integer; and that is, 


(=t) -3270 pe poppe Ghee outs 


d 
on ie 
d?ôı 
By equating the coefficients of # in this expression, it is 
seen that 


——v—-k= @1+0a2+db103, 


+61 (ili) 


2a,—38c,=vd 

or 
a,—6b+30d = vd. 

Hence b must satisfy integrally the equation 

3b—a, = 0d. 
By equating the constant terms in (iii), it is seen that 

c? — aci +a? — ac — (8b —¢,) dv = d?(wi +k) +e. 
If the second of the congruences (ii) is written in the 
form 
az +30? — 2aıb = 791, 

where g, is an integer, and if to cı is given its value 

Cı = 2b = vd 
and if we note that 

3b —a,=0d, a,—c,=), 
it is clear that 
— acıta = (+g +w tk) +e. 

The integer k may be so determined that the coefficient 


of d? vanishes leaving 
c= — acia. 
If then A is written for cı, the three basal elements may 
be written 
—A+a,+2 _ A?—aA+a,+Ads+ 9? 
a eS dô, 4 


wi=1, Ww = 
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where a, Qs, a; are the integral coefficients of the equation 
G(t) =#+4,?+a,t+a;=0, 
of which # is a root; while the integers A, d, must further 
satisfy the congruences (ii), namely 
3(A —a,)+a,=0 (mod. d) 
3(A —a,)?+2a,(A —a;) +a,=0 (mod. d?) 
(A —a;)?+a,(A —a;)?+a2(A —a;)+a3;=0 (mod. d’). 
Note that 6, is further restricted in that the right 
hand side of the following expressions must be integral, 


namely: 
(het. jie [3(A — a) +a; G(s) 


, n 
wwz F ww F wzw = maaa 
1 


where s = Á — a, and that 


where s=4A—a,. And finally observe that dë and ôî are 
divisors of A(0). 

ART. 103. If Qis a cubic realm, the basis of the system 
of all algebraic integers of Q consists of 3 algebraic 
integers of Q, of which one may be taken =1. Suppose 
that 

1, a, B 
constitute a basis of all the integers of Q, so that conse- 
quently all such integers may be expressed in the form 
xz+ya+z28, where zx, y, z are rational integers. Further 
since af is an algebraic integer of ©, it may be expressed in 
the form 
aß =a8t+be+c, 

where a, b and c, are rational integers. It follows that 

(a—a)(8—b) =ab+c.=c, 
say. Write 

a-a=a, B-—b=Ai. 
It may be proved that 1, a;, 6, also form a basis of all 
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algebraic integers of Q; for 1, a, 8 may be linearly ex- 
pressed through 1, ai, 8: with rational integral coefficients, 
and inversely 1, a:, 81 may be linearly expressed through 
1, a, B with rational integral exponents in the form: 

1=1, 1=1, 

a=1-a+a1, a,=—1-a-+a, 

B=1-b+6:: By= —1-b+8. 
It follows that every integer in Q of the form x+ay+ z 
may be expressed through the form 2’+a.y’+ 6,2’ and 
inversely, where x, y, 2; x’, y’, z’ are rational integers. 

It has thus been shown that in every cubic realm there 
is a basis of all integers of Q, of which the one =1 and the 
product of the other two is a rational integer (=ab+c1). 

Let 1, a, 8 be such a basis of all integers of 2 where 

aß =c, 
c being a rational integer; and further let 
œ =a'a+aßb—a", 
6B? =ba+b’B—b”, 
where a’, a, a”, b, b’, b”, c are rational integers. That 
these seven integers are not independent may be seen by 
computing a8 in two different ways: on the one hand 
aß = a(aB) =ac, 
and on the other 
a8 = (a’a+aB—a"’)B=a'ob+af?—a"'B 
=a'c+a(ba+b’B—b’’) —a’’B 
=aba+(ab’—a’’)B+a’c—ab”. 
It follows that 
aba-+ (ab' —a’’)8+a'c—ab” =ac. 
Since 1, a, 6 are a basis of Q, there can be no linear 
relation among them. Hence the relation just written 
must be an identity. We therefore have: 
ab=c, ab' —a" =0, a'c—ab” =0. 
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Since c=ab=a, it follows that a#~0 We therefore 
have from the three relations just written the following: 
c=ab =a, b”’ =a’b. 

Besides these three relations among the seven rational 
constants there are no others; for however we may start, 
we always derive the three equations written above. 

From these relations there result 
aB=ab, a=a'a+ap—ab’, 6?=ba+b’B—ba’, 
from which follow at once the formulas 
a(a—a’) =a(8—b’), 
B(6—b’) =b(a—a’). 
The cubic equations which 1, a, 8 satisfy are (Art. 67) 
either irreducible or the third power of a linear equation 
with rational integral coefficients. It is clear that 1 
satisfies the cubic equation 
(x—1)?=0 
and further 
a =a'a?+aaB—ab‘a, 
or 
a? —a’o?+ ab'a—a*b=0; 
and similarly 
B — b’B?-+ba’B—b?a =0. 
These are the cubic equations which 1, a, § satisfy. 
If we use the symbol S(x) to denote the spur of x, it 
follows from the three equations just written that 
S(1) =3, S(a) =a’, S(8) =b', 
NODS N (a) =a, N (6) =ba. 
If a’, œ” are the conjugate quantities with a, it follows 
from the equation 
a? = a/a+aB—ab’ 
that 
a” =a’a'+ap’—ab’ 
and 
a!” =a'a" +aß" —ab', 
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where 8’ and 6” are the quantities that are conjugate 
with 6. 
Adding the three equations just written, we have 
S(a?) =a’S(a) +aS8(g) —ab’S(1) 
=a’a'+ab’—3ab’ 


=a" —2ab’. 
We also have at once from the two equations 
6B?=ba-+b’B—a’b, aß =ab, 


S (82) =b" —2ba’ and S(aß) =3ab. 

ART. 104. We may next determine the discriminant of 
the cubic realm Q. We have seen (Arts. 63 and 94) that 
if w, wo, +--+, œn is a basis of all the integers of a realm of 
the nth degree and if w, w!, ---, w” are the quantities 
that are conjugate with w, (including w,), then the dis- 
criminant of w, we, ---, Wn, 1S 

D=A(a, wa, ++ +n) = lw! |? 0, w=, 2, «++, n). 
If we square the determinant on the right hand side, we 
have 
S(wi), S(a1, w2), a S(o1, wn) 
D= S(ws, w1), S(2), ++, S(w2, Wn) r 


gerose T Ana G's e an N oo TS 


S (wn, w), Sian, w2), ves S(wn) 
We therefore have for the cubic realm for which 1, a, £ is 
a basis of all integers 


S(1), Sa), S(B) 3, a’ b' 
D;= |S(a), Sla), Slab) | = |a’, a"—2ab’, 3ab 
S(6), S(Ba), S(6’) b’, 3ab, bbe: 


= a"b” — 270b? —4ab” —4ba”" + 18aa’bb’. 
Hence also here (see Art. 98), for the case of the cubic 
realms we cannot take any arbitrary rational integer as 
the discriminant, since as already noted the integers 
a, b, a’, b’ cannot be arbitrarily chosen. 
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Note. It may be observed that were the determinant D=0, it 
would be possible to determine n rational numbers 2, £2, ***, tn 
such that 

218 (W01) +228 (ww2) +--+ +2,8(@w,)=0 (1=1, 2, ---, n). 
And that is 
S[wi(riw1t220e+ aii +2ntn) |= 0, 


or 
S(w,7)=0 Gi=1, 2, +++, n), 
where 
T eiw t Taw ++ S Dann: 
If 


p= pieitpmwet--* +Ppnwn 
is an arbitrary number of the realm, then is 
pT= Zip tH twp H" e FH Enwp, 
and therefore S(pr)=0 for every number p of the realm. How- 


ever, writing p= A it would follow that S(1)=0, which is not true. 
T 


Accordingly the discriminant of the basal elements w1, wa, ***, Wn 
cannot be zero. (See Art. 63.) 


EXAMPLES 


1. If w is an arbitrary integer of the cubic realm Q, which may 


therefore be written in the form az+fy-+-z, where z, y, z are rational 
integers, and if w’, w” are the two integers that are conjugate to w, 
derive the following relation: 


(wo! —0") (w" w) lo —w’)= VD¢(2, Y), 


where 


is 


olz, y)=ar +a ry +b'ry+by?. 


r —_ ~14iv3 
2. If p is a primitive cube root of unity, viz. p= ee then 


(wt per’ Hew (w+ pw! + pw") = A+ Bry + Cy=y (a, y), 


where 
A=a"—3ab’, 
B=a'b' —8ab, 
C= 6" —3ba’. 
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W(x, y) is the Hessian (covariant) of p(z, y), viz., 


peste fe 
YC, y) A (22) Ox? ze] 


Pp Pp 

_ 1} dxdy’ x? 

4/8 ay 
ðy? dyda 


3. Show that 
(w+ pw! Hew Hlo tpw + pw’ P= x(x, y), 


where x(x, y) is the functional determinant (Jacobian) of p(z, y) 
and y(x, y), viz., 


ôy oy 
dx’ Oy ð ð 
x(x, y)= Yi ade epee 
dg dg Ox Oy Oy Ox 
Ox’ dy 
4. Show that 
oD D ðD oD 
-2 = ys 3 ty +3 yt —— 9, 
Xe, N= E Ute ag! 


5. Show that among the functions p(x, y), W(x, y) and x(x, y) the 
following relation exists 


+27D¢'= 4, 
upon which relation the solution of a cubic depends. The functions 
X, ~, Y are covariants, while D (the discriminant) is the only 
invariant of the cubic realm. 


CycLotomic (DIvISION-OF-THE-CIRCLE) REALMS 

ART. 105. The so-called cyclotomic (division-of-the- 
circle) realms offer a further example of the general theory 
of algebraic realms. Such realms are defined through a 
root (1) of the equation 

s”=1. 

The discussion will be limited here to the case where m 
is a prime integer #2. It is evident that ə satisfies the 
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equation 
SO= a = (rim tim tte +1 =0. 


The quantity ə is an e integer, in fact an algebraic 
unit since N(4) = It follows that 


f(t) = = (t— a) (t— 0) (t- e): (1—0), 
If we write t=1, it is seen that 
JA =m=(1— 8) (1—8). (G — g"). 


The quotient of any two of the factors on the right-hand 
side is an algebraic unit. 


For consider first the quotient rel, Bo eos; 


m—1). Wenote that lt 0+e4 . ise he 


algebraic integer. Further it may be shown that 2 = z 


is an algebraic integer; for, since r and m are relatively 
prime to each other, two other integers, r’ and m’ may be 
determined such that 
rr'+mm' =1. 
It follows that 
v= grr tm! — grr’. gm’ — oe, 


rte" +yr+.-- HoT, 


which is an esi integer. It is thus seen (Art. 90) 


1 
that 1 


-To= 1,2, ---,m—1) are algebraic units. And, 


since the quotient of two units is a unit, it follows that 


IE 
Law, Lor 

= =i M4, 0 =i 
pase TE (r,s 1, ? »™m ) 
l=—¢ 
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are algebraic units. It is also evident from above that 
ae ree. Skew 

1-% to 1-3 
Since the quotients on the right are units and the 
product of several units is a unit, we have, if we put 
l— =p, 


m= (1— 9)” 


Tame, 
e being an algebraic unit. From this it is seen that 
N(m) = N(u")N(€) =N (u)"N (e). 

If ə satisfies an irreducible equation of the nth degree, 
where n=m-—1, then the realm R( 8) is of the nth degree, 
so that 

N(m) =m" 


N (e) = 1. 


and 


It follows that 
m= ŁN (pL. 
As m is a prime integer, N (u) must be some power of m, 
say 
N(u)= m', 
where lis an integer. We then have 
m= +m), 
so that 
n=I(m—1). 
Since nz m-—1, it follows that 
n=m—1. 
It is thus proved again (cf. Art. 12) that the equation 
{(@) =0 is irreducible and that the realm §(#) is of the 
m—1 degree. 
ART. 106. The Discriminant. The m—1 quantities 


that are conjugate with 3 are: 3, 37, ---, 3”, and the 
m—1 quantities that are conjugate with u are: 1— ð, 
1—8, ---, 1—87., It follows that 


NE) = (Lo i) 


www.rcin.org.pl 


158 THE THEORY OF ALGEBRAIC NUMBERS 


or 
N(u) =m, 

where »=1—¥#. It is also seen that 
p= 1-284 9?, 


w=1—-39+438?— 93, 
ete. And it may be further noted that every linear form 
of ie, By B’, T, that is, 
Lot tiu ttu? t > +++ em." , 
where the x’s are rational integers, may, owing to the 
above relations be expressed through a linear form of 
0°, 3, 9, +, 7—2 with rational integral coefficients; and 
inversely the quantities 1, ð, 0?, ---, 9"? may be ex- 
pressed with rational integral coefficients through 1, p, 
u’, +--+, u. Owing to the fact that the two systems of 
numbers #°, 31, 97, ---, 97? and u’, wl, yw, «++, u”? may 
be expressed linearly and with integral rational coeffi- 
cients the one through the other, it follows that (Arts. 22 
and 63) 
(m—1)(m—2) 


A(l, H, Be, ered um) = 
£0, OP, ee e(—1) EENS O, 
From the identical equation 
m—1l=¢=1)f@), 
we have through differentiation 
mim =f(t)+(¢—D O, 
so that for t= 3 
mo" =f( 3) +e -D a) =(8—1) (0). 
We therefore have 
Nimo D =N(8 -DNHL 
Since 
N(8)=1, N(m) =m", 
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and 
N(d—1) =(8—1)(8?-1)---(8™ 1-1) 
=(—1)""1(1— 8)(1— 8?) - (1 — 9”) 
=N(1—ə)=N(u)=m, 
it follows that 
N{f'(3)} =m, 


and consequently 


(m—1)(m—2) m—1 
AI, z, z +, u =(=) 2 m”? = {(—1)”-2} 2 m” 
m—1 
s: ( — 1) ? m=. 


Art. 107. Tarorem. The quantities 1, m, u, +++, 
zp” form a basis of all the integers of the cyclotomic realm 
of the (m—1)st degree. 

To show this let us first prove two lemmas. 

(1) If the rational integer r is divisible by u, it is also 
divisible by m. 

For if r is divisible by u, then N(r) is divisible by N (p), 
that is, 7”! is divisible by m; but as m is a prime integer, 
it follows that r is divisible by m. 

(2) If the algebraic integer 

C= Lop tim tH tak H +++ H Emu, 
where Xo, £1, L2, ***, Lm—2 are rational integers, is divisible 
by m, each of the integers £o, £1, +++, £m—2 18 divisible by m. 
Since 
m=en™, 
it follows, if œ is divisible by m, that œ must also be 
divisible by u; and hence also that 2) must be divisible 
byu. Butif the rational integer xp is divisible by u, from 
the last lemma it follows that it must also be divisible by 
m. If then the integer a is divisible by m, then also 


Tye top? t Smo? 
must be divisible by m. The expression is further 
divisible by »? and consequently the rational integer xı 
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is divisible by u, and therefore also by m. Repeating 
this process it is seen that all the integers £o, zı, -+-, m—s 
are divisible by m. 

To show that the integers 1, u, uê, -< u”? form a basis 
of all integers of their realm of rationality, suppose that 
this were not the case and that there was an integer of 
the cyclotomic realm that could be expressed through the 
quantities just written linearly with rational (but not 
integral) coefficients, in the form 

Cot cinte? t -Femna 

C ? 
where Cp, C1, ***, Cm—2, C% 1 are rational integers without a 
greatest common divisor. From the theorem (Art. 95) 


—1 


it follows that A(1, u, «++, u”, that is (—1) ? m™? is 
divisible by c. It follows that c is a power of m. 

If then cot+ciy+cop?+ + +++Cm—2u™? is divisible by c, 
it must also be divisible by m, and consequently from 
lemma (2), Co, C1, ***, Gm—2 must be each divisible by m, 
which contradicts the hypothesis that the integers co, ¢1, 

<", Cm—-2, € had no common divisor. It is thus shown 
that 1, u, ---, u" form a basis of the cyclotomic realm, 
and that the basal invariant is 


m—1 
D=A(L, w+ +n" 7) =(—-1) 7 mrt. 
Note. For examples see a paper by the author, “ Trigono- 


metric Realms of Rationality,” Rendiconti del circolo matematico 
di Palermo (1925), Vol. 49, pp. 147-183. 
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CHAPTER V 


THE MODULS OF DEDEKIND. DIVISIBILITY. 
GENERALIZED NOTIONS OF DIVISION 


ART. 108. The problem of resolving uniquely an 
integral function or a rational integer into prime factors 
was made dependent upon Euclid’s Algorithm (Art. 14 
and Art. 24). This Algorithm, as we shall show below, is 
applicable to the realms R(i) and R(w), where i=V—1 
—1+V-3 

2 


and w= =e but it is not applicable to realms 


in general as we shall also see. 

Consider first the realm of rationality R(t) where 
= —1, and let £=2+17y be a fractional number of this 
realm, at least one of the rational numbers x or y being 
fractional. Next note that it is always possible to find an 
algebraic integer »=m-+ni, where m and n are rational 
integers, such that the norm of —y, that is (x—m)? 
+(y—n)? is not greater than 4, for we need only choose m 
and n such that the absolute values of x—m and y—n are 
not greater than 3. 

As usual we shall denote algebraic integers by Greek 
letters. 

If then a and a; are two integers in R(z), a: being 
different from zero, it is possible to determine the integer 
p such that 


aia Qe 
Pend cee ACL oe 
ay Qa, Qi 
where 
@_ | _N (as) 1, 
n| = “| N(aı) 2 
161 
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It follows that 
a= uait a, N (a) <N (a). 


If œ is not zero, we may in the same way determine the 
algebraic integer uı such that 


1 = æ + a3, N (as) <N (a2). 


(See Smith’s Report, p. 72.) Since the norms are rational 
integers, each being less than the preceding, it is evi- 
dent that after a finite number of steps the norm must 
be zero. The following system of equations is thus 
presented. 

a= paita 

a = Ma Haz 


Ah—2 = Uh—2Qh—1 + Ah 

O&h—1 = Hh—1h. 
Observing the last of these equations, note that all the 
integers &œr-ı; &a—2 °**, @3, Q2 &ı a, and in particular a, 
and a are divisible by ar; and reciprocally starting with 
the first of these equations it is seen that every common 
divisor of a and a, is a divisor of all the following a's, and 
in particular of a,. Every other integer that has this 
property must be an associate (Art. 91) of ær. In the 
realm $t(7) we may say that æ (and each of its associate 
numbers) is the greatest common divisor of a and a. In 
this realm an integer is factorable when it is the product of 
several integers in R(t) of which none is a unit. When 
an integer is not decomposable into such factors, it may be 
called a prime integer in (2). 

From the system of equations above it is seen that if 6 
is the greatest common divisor of two integers a and £8 in 
R(i), two other integers x and à in N(i) may always be 
found such that 

ka -+AB=6, 
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and in particular if a and £ are relatively prime (having no 
divisors in common except units), the equation 

Ka + As=1 
can be satisfied through integers « and A in R(i). In 
general it 7s seen, as in the case of rational integers (Art. 
24), that an integer in R(1) may always and in only one way 
be decomposed into its prime factors. 

A somewhat different exposition of the above method 
is the following: 

Let a and 6 be two integers of R(t), say a=a,+byi, 
B=a,+ 621, and such that N(a)=N(g). Through simple 
division it is seen that 
a _ of" _ pret 

B N(8) N (6y 
where y is an integer in R(i) and r and s are rational 
integers such that 


Ir] =2N (6), [s| 52N (8). 
It follows that a=ß8y+po where po is integral, since 
a—y is integral in R(i). Further it is seen that 


re es ae 
N (00) = Fray ENO. 


Similarly it is seen that 


B=poritp1 where N(p1) =3N (p0), 


and the process may be continued with the same cor 
clusion as above. 

It may be shown (see for example Weber’s Algebro 
2-4 Edition, Vol. I, p. 634 and p. 635) first, that ever: 
prime integer p (rational in R(1) of the form 4n+1 may 
be expressed as the sum of the squares of two integers 
For example 13 =3?+2?, 29=5?+27. It may be showr 
secondly, that no prime integer q of the form 4n+3 can be 


expressed as the sum of two such squares. 
7 
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Since a? +b? = (a+tb)(a— ib), it is clear that the prime 
integers p of the first category are not prime numbers 
in the realm Ri). To this category belongs also 
2=(1+7)(1—2). 

The four units of #R(¢) are +1, +7; and the four 
numbers a+7ib, —a—7ib, —b+at, b—ai are associates and 
play a rôle in R(t) analogous to that played by two 
numbers with opposite sign in #(1). On the other hand 
primes q of the second category remain primes in (2). 
Thus the primes in #(7) consist of the real primes q and 
the factors of the primes p.' Reid in his Elements of 
the Theory of Algebraic Numbers has given a very com- 
plete and instructive discussion of the numbers of the 
realm R(t). 

EXAMPLES 

1. Show that the following are complex prime integers in R(t): 
1+72, 1427, 3427, 1447, 5427, 14+62, 11441, 7+10:, 1+14:, 
1146i, 94-41, 13+2i. 

2. Determine for the realm (7?) all the complex prime integers 
whose norms lie between 350 and 400. 


For tables of Complex Primes see Kummer in Liou- 
villes Journal, Vol. 12, p. 206; Reuschle, Berlin 
Monatsber., 1859, pp. 488, 694, and 1860, pp. 150 and 714; 
also Cayley, Crelle, Vol. 55, p. 192 and 56, p. 186. 

ART. 109. The Realm 9t(w) =9t(V—3). The numbers 
of this realm are of the form y=x+wy, integral or 
fractional when x and y are rational integers or fractions, 
respectively. They have norms 

N(y) =(a+oy)(a+o’y) = 2? — ryty? 

_2a—ytyV—3 2e—y—yV—3 _ (2r-y) +3% 
2 2 4 


1 See Gauss, “Theoria residuorum biquadraticorum, commentatio secunda,” 
Werke, Vol. II, p. 95. Dedekind, ‘‘Sur la théorie des nombres algébriques,” 
Bulletin de Sc. Math., 1° Series, Vol. XI and 2"? Series, Vol. I. 
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Units in this realm are (Art. 99) +1, +w, +a? and 
therefore, since 1+w+w?=0, 


(tty),  +(wr+o’y)=+[—-y+(r—-y)o], 
+ (cw +y) = + (uy —2 —2w) 
are associated integers. If ris any fractional number of 


R(w), an integer u may be derived as in the preceding 
article such that 


N(r—y) =? —ayt+y Zi; 
and as in the preceding article, it is seen that the Euclid 


Algorithm is applicable and that factorization is a unique 
process. 


EXAMPLES 


1. If p is a prime integer of the form 3k+1, show that it may be 
expressed in the form a? —ab +b? and that 4p is of the form A?+27B?, 
where a, b, A, B, are integers. (See Weber’s Algebra, Vol. I, 
§ 180). 

2. If p has the form of the preceding example, show that 

B yee 
p= | 7 +308 | | 2 =" -3a | 


3. Show that in 9#(¥—3) the following are prime integers: 
1—w, 1+3w, 4+3w, 5+6w, 14+3w, 114+9w, 13+15w, 16 +9w. 


ART. 110. That the unique factorization theorem 
which is true for the realm ®(z) and R(w) is not true in 
general even in the quadratic realms, may be surmised if 
an examination is made of the more general quadratic 
realm (Vm), where Vm is a root of the equation 
ca) — 

If m=2 (mod. 4) or m=3 (mod. 4), it was seen in 
Art. 97 that 1, Ym constitute a basis of all integers of 
the realm 9(vm); if however m=1 (mod. 4) then 1, 
—1+Vm 

2 


constitute such a basis. 
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ART. 111. If œ and 8 are integers in R(Vm) it is 
evident that we may write, 


ae ap’ r+sym 
B NO IENGO)” 
when m1 (mod. 4) or 
a=By+Ppo. 


And we may again take 


|r| =3|N(8)| and |s| =3|N(6)|, 


It follows that 
IN(oo)| =|" |), 


from which it is seen that for m1 (mod. 4), N(p9) << N(8) 
only when m=2, 3, —1, —2. 
In the second case when m=1 (mod. 4), it is seen that 
nats z=} tris Tis, 
and the condition |rı|=41N(6)|, |s:|=3|N(8)|, is 
sufficient to make |N (po) | =|N(8)|, only when m= —3, 
Sia. 

When the Euclid Algorithm ceases to be applicable, it 
is clearly not permissible to assume a priori the results of 
theorems that depend on this algorithm. 

To show that the methods hitherto employed do not 
lead to a unique decomposition into prime factors of all 
algebraic integers, take the integers of the realm #(V—5). 
Since —5=3 (mod. 4), such integers are of the form 
z+yv—5, where x and y are rational integers. If 
a+bvV—5 is a unit in this realm, its norm must be +1, 


1 So great a mathematician as Cauchy attempted to prove the false theorem 
that the norm of the remainder derived by dividing one complex number by 
another can always be made less than the norm of the divisor. 
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and that is 
N(a+bV—5)=+1, 

or 

a@ +50 = +1. 
This relation can be satisfied only when a=+1. It 
follows that +1 and —1 are the only units in this realm. 

It is observed that 21=3-7; 21=(4+V—5)(4—V—5), 
and also 21=(1+2vV— -50-275 5), where 3, 7, 
4+V—5, 4—V—5, 1+2V—5, 1—2V—5 are irreducible 
integers in RVE 5) and aie all different from one 
another. If, for example, 3 were factorable in this 
realm, then is na =a, 
3=(x+yv—5)(aityiv—5), 
where x, y, zı, yi are rational integers. 
By equating the real and the imaginary members of 

this expression, it is seen that 

3 =241—5yyi, 

O=2yi1 +21, 
which equations can be satisfied integrally only when 

z=+1, zı= +3, y=0=y1 


or 
r= +3, m=+1, y=0=41. 
It follows that 3, neglecting the unit factors +1, is 
irreducible in (V—5). 
It is further seen that the above factors of 21 are 
essentially different. For put 
4+V¥—5=(1+2V—5)(2+yvV—5), 
where x and y must be rational integers. 
Equating the real and imaginary parts, it is seen that 
4=x—10y, L= 2a ys 
equations which can not be satisfied integrally. 
Similarly it may be proved that all of the six factors o£ 
21, namely 3, 7, 4+V—5, 4—V—5, 1+2V—5, 1-2V—5 
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are different and irreducible in the realm R(V— 5). 
Further examples in this realm are 
9=3-3=(2+V—5)(2—V—5), 
6=2.3=(1+V—5)\(1—V—5), 


ete. 

In the real realm R(V10) it is seen that the algebraic 
integers are of the form «+yv10, where z and y are 
rational integers, since 10=2 (mod. 4), and the basis of 
this realm consists of the integers 1, v10. 

If we put Py 

e=x+yv10, 
and 
N(e) =2?—10y?= —1, 
it is seen (Art. 99) that 
r= +3, y=, 
so that = 
—1=(—3+10)(—3—vi0), 
(—1)?= (19-610) (19+6V10), 
ete., the units being e=(—3+ẸvV10)°, e any rational 
integer. 

In this realm it is again seen that the integer 6 may be 

factored in the two essentially different ways 
6=2-3=(4+V10)(4—V10). 
However the two factors of 6, namely (16-+5¥10)(16 
—5v10) are not essentially different from (4+V10)(4 
— 10); for it is seen that (4+.V10)é, that is 
(4+-10)(19 —6V10) = 16 —5vi0, 
while ae T = 
(4—v10)(19+6V10) = 16+5V10. 

Thus it is seen that the fundamental theorem in the 
theory of rational integers, namely that such integers 
are uniquely factorable into products of prime factors, is 
no longer true of the algebraic integers of quadratic 
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realms; nor is this theorem true of the integers of the 
cubic, biquadratic, and the higher realms. 

This leads us necessarily to something that must take 
the place of prime factors in their respective realms when 
it comes to the consideration of the unique factorization 
of algebraic integers into such factors. Thus we are 
brought to the study of ideals which are special kinds of 
moduls, the general treatment of which is now given. 
With Dedekind we make these moduls fundamental in 
this generalized theory of numbers. 

ArT. 112. An algebraic integer of a realm Q might be 
defined as factorable, if there exist two algebraic integers 
a and 8 which are not units and which are such that 

w= ap. 
Then clearly every algebraic integer is factorable, since 
we always have 
w= Vw: Vo, 

and Vw (Art. 88, end) is an algebraic integer which is 
different froma unit. For if Vw is a unit, then also w is a 
unit which case is naturally excluded. This troublesome 
condition that every algebraic integer is factorable may 
be obviated if in the definition of the resolution into 
factors the discussion is limited to a definite realm. 
Accordingly the following definition may be offered: 

An algebraic integer w of Q is resolvable into factors if 
there exist in Q two integers a and B that are different from 
units and are such that w= aß. 

This definition corresponds to that of the resolution of 
a rational integer into its factors; for if w=a 8, then is 

N(w) =N(a)N (6). 
Thus it is shown that the resolution of w into the product 
of two algebraic integers a and 8 corresponds to that of 
the rational integer N(w) into the product of the two 
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rational integers N(a) and N(8), of which neither =1. 
In the case of this definition an algebraic integer cannot 
be resolved into an infinite number of factors; and 
further there are integers which are irreducible, this 
being clearly the case of such an algebraic integer whose 
norm is a rational prime integer. An example is found 
in Art. 108. Although we have thus obviated one 
troublesome condition in the definition of divisibility, we 
still meet with another: 

The factorization of a composite algebraic integer is not 
unique, but may be performed in different ways. 

For example (as is discussed in Art. 205), it is seen that 
in the realm 9(V—5), 
21=3-7=(44+V—5)(4-V—5) =(14 2V—5)(1—2V-5), 
where the factors are all different algebraic integers. It 
is thus seen that an algebraic integer in Q=#(V—5) may 
be resolved in several different ways with irresolvable 
factors. In accord, then, with the last definition of 
divisibility, an algebraic integer may be resolved into a 
finite number of irreducible factors, but in several 
different ways. This is owing to the fact that in the 
theory of algebraic integers the theorem is not true that 
if a product is divisible by an irreducible integer, one of the 
factors of this product is divisible by that integer. 

Examp.e. Observe that in the realm R(V—7), 

2=2-4=2-2-2=(1+V—7)(1—-V—7); 
and show that 2"(n>2) is factorable in products of complex 
factors. 

Art. 113. The troublesome condition just mentioned 
was in part overcome by Kummer (‘‘Zur Theorie der 
komplexen Zahlen,” Crelle, 35), who recognized the fact 
that prime numbers are not the extreme elements. To 
introduce this theory of Kummer, the conception of 
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divisibility must be extended. Let us return for a 
moment to the realm of rational numbers. Suppose that 
a and b are two rational fractional or integral numbers. 
Note that the linear form 


ax-+-by, 


for integral values of x and y, represents all those rational 
numbers that are divisible by the greatest common 
divisor of aandb. We may therefore define any number v 
as divisible by the complex of numbers a and b, say [a, b], if 
it is possible to determine two rational integers x and y such 
that 
v=axtby. 

This is an extension of the usual conception of divisibility 
in that v is divisible by a, if v=az where z is an integer. 
This extension is clearly superfluous, so long as we 
remain in the usual realm of rational numbers; for 
evidently every number that is divisible by the complex 
La, b] is, so long as a and b are rational numbers, divisible 
by the greatest common divisor d, say, of a and b, and 
every number that is divisible by d is divisible by [a, b]. 
We may therefore write 


La, b] = [a], 


az+by = dz, 
where x, y, 2 are rational integers. For evidently 
corresponding to any two integral values of z, y, there is 
an integral value of z, and reciprocally corresponding to 
every integral value of z, there are two integral values of 
x and y. Hence the conception of divisibility by the 
complex [a, b ]is, so long as a and b are rational numbers, 
identical with the conception of divisibility by d. It is 
otherwise if we pass to the realm of algebraic numbers. 
Accordingly the following definition is introduced: The 


or 
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integral or fractional algebraic number ^ is said to be 
divisible by the complex [ a, B8] consisting of the two algebraic 
numbers a and B, if there exist two algebraic integers £ and 
n such that 

A =at + bn. 
This conception is no longer superfluous: for suppose that 
ô is a third algebraic number through which « and 8 are 


both divisible, say == yı and f= y where yı and yz are 


algebraic integers. It is evident that every number that 
is divisible by [«, 6] is divisible by ô, for if 

T=akot+Bno, 
where £o and 7 are algebraic integers, then also 


T= Yio tH Y0, 
so that 


Sa vigot Y2N0, 

which is an algebraic integer. However, every number 
that is divisible by ô is not divisible by [a, 8]; for if this 
were true then ô itself must be divisible by [a, 8] and 
hence expressible in the form 


6=aii+8m, 
where £, and 7 are algebraic integers. Hence 6 would be 
divisible by every common divisor of œ and 8, so that ô 
would be the greatest common divisor of these numbers in 
the sense that is usual in the theory of the rational 
numbers. But such a greatest common divisor of two 
algebraic numbers exists only so long as we remain in the 
infinite realm of all algebraic numbers. We have on the 
other hand just seen in the discussion of the resolvability 
of an algebraic integer into its irreducible factors, that 
this investigation must be restricted to a definite realm. 
Hence with such a restriction the conception of the 
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greatest common divisor of two algebraic numbers does 
not in general exist (Art. 111). On this account the 
conception of the divisibility through the complex 
Læ, 8] consisting of two algebraic integers a, 8 is no 
longer superfluous. It becomes necessary when the 
restriction is made that all quantities belong to a definite 
finite realm. 

ART. 114. The Moduls Defined. The above consider- 
ations and definitions are also true of such complexes as 
La, B, y, -+ ] which consist of more than two algebraic 
numbers. The algebraic number N is said to be divisible 
by the complex of algebraic numbers of the realm Q, say 
[a, B, y, -++], of it is possible to determine algebraic 
integers £, n, ¢, «++ in Q such that 


A=aE+By+yb+- +. 


Through these definitions the theory of linear forms 
at+8n+yt +. -- is introduced, the variables £, 7, ¢, --- 
being algebraic integers, while the coefficients a, 8, Y, ---, 
are integral or fractional algebraic numbers. All the 
quantities introduced belong to a definite realm of 
rationality, say Q. We shall next limit the investigation 
by restricting the variables £, ņ, ¢, +=- of the linear form, 
in that they are allowed to take only rational integral 
values, while the coefficients are any arbitrary algebraic 
numbers of the fixed realm Q. 

The collectivity of all algebraic numbers which are 
expressed through the linear form az+f6y+yz+---, 


where x, y, Zz, +-+, are rational integers is called! a 
modul. It is denoted by the symbol [a, 8, y,---]. The 
quantities a, B, y, --: are the elements of the modul. A 


1 See Dedekind, § 165 of the 2” edition of Dirichlet’s Zahlentheorie. In 
the derivation of this word, following the Germans, I use the stem of the 
Latin word Modulus. See further Encyklopaedie der math. Wissenschaften, 
Vol. I, p. 307. 
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number is said to be divisible by a modul [a, 6, y, --- ], 
if \ is a number of this modul, that is, if \ is contained in 
this modul, and that is, if rational integers z, y, 2, =. 
may be determined such that 


Ne ont Byt yet. 


Here we have encountered something which at first may 
appear as a “ confusion of language ” in that the con- 
ception of “ divisibility ” and of “ being contained 
in,” which heretofore have been opposed are now identical. 

Art. 115. The conception of modul may be made 
more general, if we are freed from the conception of the 
linear form. Having this in view, note that if X and )’ 
are two numbers that are divisible by the modul [a, 8, 
y, --:]| then also A+)’ is divisible by this modul; for, if 


A=axr+By+tyze+->-, 
and 
N=ax’+ By’ + yz’ +++, 
then is 
AEN = a(tt2’)+B(yty’)+--- 
=an"’+ By" + sey 
where z”, y”, --- are rational integers. 

Accordingly the following definition of a modul may be 
offered: A modul is a system of numbers, such that the 
difference of any two numbers of the system is again a 
number of the system. (Report on Algebraic Numbers, p. 
91.) 

It is seen from this definition of a modul that every 
realm of rationality is a modul,! but reciprocally every 
modul is not a realm of rationality. For a realm of 
rationality Q= 2(), say, consists of all rational functions 


1 Excepting the modul that consists of the one element 0, which is once for 
all excluded, the simplest modul is the realm of rational integers. This modul 
may be denoted by 3. 
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of ð, and the difference of two rational functions is a 
rational function. 

The moduls are represented by small German letters. 
A number a is said to be divisible by the modul a, if a 
belongs to the modula. The number 0 forms for itself a 
modul, and is the only modul that consists of a finite 
number of numbers. This modul we exclude from 
further consideration. All other moduls consist of an 
infinite number of numbers and are reproduced not only 
through the operation of subtraction but also through the 
operation of addition. For if there appears in a modul 
any number a(0), then by the definition of a modul 
there appears also in this modul the number a—a=0; 
from which it is seen that the number 0 belongs to every 
modul. If then @ is divisible by the modul a, then also 
a—a—a=-—a is also divisible by a. If further a is 
divisible by a and also @ is divisible by a, using the 
definition just given of a modul, then also — is divisible 
by a and consequently a—(— 8) is divisible by a; that is, 
a+ is divisible by a. 

It follows that if a is divisible by the modul a then az is 
divisible by a, where x takes all rational integral values. 
There are two possibilities: either the quantities repre- 
sented by az constitute all the quantities of the modul a, 
or there are also other numbers that are divisible by a. 
In the latter case, if 8 is a number divisible by a, and not 
found among the numbers az, then also the numbers 
ax+ fy, where x and y take all possible rational integral 
values, are divisible bya. It may happen that these are 
all the numbers divisible by a; if not, suppose that y is 
divisible by a and is not found among the numbers 
ar+ By, then also the numbers ax +ß8y +yz, where x, y, z 
take all possible rational integral values, are divisible by 
the modul a, ete. 
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This process may continue indefinitely, or it may 
cease. In the latter case we come to a linear form 
ax+By+---+nw such that az+6y+---+nw for inte- 
gral rational values of the variables 2, y, - - -, w represents 
all the numbers that are divisible by the modul a, and 
reciprocally every number that is divisible by the modul 
a may be expressed through the form 


ax+py+---+nw, 


where x, y, ---, w, are rational integers. In the latter 
case the modul a agrees with the definition given above 
of the modul [a, 8, +-+, 4]. Such a modul is said to be 
finite and is called a modul of finite order. The system 
of numbers a, 8, ---, 7 is called the basis of the finite 
modul, and the number of these elements is called the 
order (or rank) of the modul. 

The representation of all numbers of a modul a 
through a basis is clearly not unique, since the basis of 
a modul may be chosen in an infinite number of different 
ways (Art. 93). 


ART. 116. It was seen above that a realm of rationality 
(excepting the one which consists only of the number 0) 
is a modul, and from what was just given it is evident 
that the order of such a modul is in general not finite. 
For it is evident that the numbers 3, 3, 3, 7, --- cannot 
be represented by a finite modul although they belong 
to the realm 9i(1). We shall have little to do in the 
sequel with moduls whose orders are not finite. 

DEFINITION. A modul b is said to be divisible by the 
modul a if every number that is divisible by b is divisible 
also by a. 

If we apply this definition of divisibility to that of one 
modul by another modul, both of order unity, we have 
the theorem: 
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If the rational number b is divisible by the rational 
number a, then also [b] is divisible by [a]. 
For any number bx where z is a rational integer may be 


written a-2n= ay where y is a rational integer; for ex- 


ample: [6] is divisible by [3]; [4] is divisible by [44]. 

If @ is divisible by the modul a, then every number ax 
where x is a rational integer is divisible by a; if a and 8 
are both divisible by a, then also every number of the 
form az+ fy, where x and y are rational integers, is 
divisible by a, that is, [a, 8] is divisible by a, etc. Pro- 
ceeding in this manner we reach the same conclusion that 
was given in the preceding article. 

The following definition at once presents itself: 

Two moduls a and b are said to be equal (a=b), if a is 
divisible by b and at the same time b is divisible by a. 

From this definition are had at once the theorems: 


(1) Every modul is equal to itself; 
(2) «f a=b, then b= a, 
(3) tf a=b, and b=c, then also a=c. 


If b is divisible by a, we say the modul a is a divisor of the 
modul b and that the modul b is a multiple of the modul 
a; if b is divisible by a, but a is not divisible by b, we say 
that a is a pure divisor of b and that b is a pure multiple of 
a. The sign b>a, which has hitherto not been defined 
for moduls, denotes that the modul b is divisible by the 
modul a (including equality). From this definition 
follows the important theorem: 
If c>b and b>a, then is also c>a. 


ART. 117. The Least Common Multiple of Moduls. If 
fis a modul which is divisible by both the moduls a and b, 
we say that f is a common multiple of a and b; in this case 
all numbers of f appear also in both a and b. It may be 
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possible that the moduls a and b have still other numbers 
in common. All numbers that belong to both a and b 
form a modul; for if » and yw’ are two numbers which are 
divisible by both a and b, then since a and b are moduls, 
u—p’ is divisible by both a and b. The modul m which 
consists of all the numbers that are divisible by both a 
and b, is called the least common multiple of the moduls a 
and b and is denoted! by a—b or b—a. Since this 
relation has nothing to do with the difference of the two 
moduls, we say a dash b and not a minus b. Since the 
modul m=a—b=b—a consists of all numbers which are 
divisible by both a and b, wehavem>aandm>b. Note 
that the aggregate of numbers in m is less than that in 
either a or b unless one of these moduls is m. If further f 
is a common multiple of a and b, that is, a modul which is 
divisible both by a and b, then is f > m; hence we say m is 
the least common multiple of a and b. 

The modul m=a—b=b—a is therefore characterized 
by the two properties, (1) m is a common multiple of a and 
b, viz., m>a and m>b; (2) every common multiple t of a 
and b is divisible by m. 

We have at once a—a=q; if further a>b, then is 
a—b=c. 

The above definition of the least common multiple of 
two moduls may be at once extended to three or more 
moduls; if a, b, c are three moduls, then all numbers 
which are divisible by a as well as by b and c form a 
modul m which we call the least common multiple of the 
three moduls a, b and c. We then have m>a, m>b, 
m>c. If fis any modul such that f>a, >b, t>c, then is 
Eat 


1 See Dedekind’s Festschrift: Ueber die Anzahl, etc. (Braunschweig, 1877). 
See also Dedekind, Supplement XI of Dirichlet, Vorlesungen über Zahlentheorie, 
Fourth Edition. Reference to this supplement will be made by the word 
Dedekind. 
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We have further 
m=(a—b) —c=a—(6—c) =(a—c) —5, 
and consequently the sign a—b—c may be used for m. If 
a>b5, then the least common multiple of a, b, cis a—b—c 
=E 

If a and b are two moduls whose least common multiple 
is m, and if further a, and b, are two moduls whose least 
common multiple is mı and if a>a, and b>b,, then is 
m>m. For if » is an arbitrary number divisible by m, 
then since m is divisible by a and a by a, it follows that u 
is divisible by a,; and since m >b and b> hy, it follows also 
that u is divisible by bı. Hence every number that is 
divisible by m is also divisible by both a; and bı, and such 
a number is consequently also divisible by mı, so that 
m>m. 

If a and b are two rational numbers and m their least 
common multiple, then is 

[m]=[(a]—[b], 

for since the rational number m is divisible by a and by b, 
then every number that is divisible by [m ] is divisible by 
both [a] and [b]; that is, [m] is a common multiple of 
[ajand[b]. On the other hand [m ] is the least common 
multiple of [a] and [b]; for if [k ] is an arbitrary common 
multiple of [a] and [b], so that [k]>[a] and [k]>[b], 
then k is a common multiple of a and b and consequently 
divisible by m. But if k is divisible by m, then is 
[k]>[m], so that [m] is the least common multiple of 
[a] and [b]. 

ArT. 118. The Greatest Common Divisor of Moduls. 
If a, b, Ë are three different moduls and if a>f and also 
b>f, then the modul f is called a common divisor of a 
and b. Of the three moduls f consists of the greatest 
number of numbers; for f is constituted not only of all 
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the numbers which constitute a, but of those also that 
constitute b and there may be in addition other numbers 
that are divisible by f and which are not divisible by 
either a or b; that is, all numbers of the form e+ where 
a is divisible by a and where 8 is divisible by b, are 
divisible by f, and in addition there may be other numbers 
that are divisible by f which are not of the form a+8. 
All numbers of the form a+, where a is any number 
divisible by a, and £ is any number divisible by b, form 
a modul; for if 6 and 6’ belong to the complex of numbers 
a+ 8 so that, say, 6=a+ 8 and 5’=a’'+ 6’, then ô— ô’ 
=(a—a’)+(8—8’) belongs to the same complex, since 
clearly a—a’ is divisible by a and 6—8’ is divisible by b. 
This modul which is constituted of all numbers of the 
form a+ 8 we call the greatest common divisor of the two 
moduls a and b. We denote it by a+b. If f isa modul 
through which both a and b are divisible, that is, a 
common divisor of a and b, then a+b>f; for if œ is 
divisible by a and £ by b, then a and £ are both divisible 
by É, consequently since f is a modul, it follows (Art. 116) 
that the sum a+ is divisible by f. Hence any arbitrary 
number which has the form e+, and which in conse- 
quence is divisible by a+b, is divisible by f, so that 
a+b>f. 

The greatest common divisor of a and b, say b=a+b is 
characterized by the two properties: 

(1) bis a common divisor of aand b, so thata>bdand b>ò. 

(2) Every other common divisor, say f, of a and b is a 
dwisor of a+b, that is a+b>f. 

This denotation of the greatest common divisor of a 
and b through the symbol a+b has more justification 
than that of the least common multiple through a—b, 
since the modul a+b consists of all numbers of the form 
a+, while the analog for the modul a—6 is not true. 
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ART. 119. If we have to do with finite moduls, the 
greatest common divisor of two such moduls, say 
Le, b, m ey n] and Le’, a, Wo Toy aT is determined 
through the addition of the two linear forms which 
represent these moduls; for the modul [a, 6, y, +, 7] 
consists of the collectivity of numbers which are ex- 
pressed through the form az+8y+yz+---+7w, where 
for the variables x, y, z, ---, w rational integers are 
written, and the modul [@’, 6’, ---, 7’ ] consists of those 
numbers which may be expressed through the linear 
form a’x’+'y'/+y'2’+---+7'w’, where rational integers 
are written for x’, y’, ---, w’. Hence the modul [a, 8, y, 

--, n ]+[e’, B’, Y’, -+-, n] consists of the collectivity of 
numbers that may be expressed in the form axr+ fy 
tyz+---+tnwta’s’+p’y'+y'2’+---+n’'w’, where the 
variables are rational integers. 

It follows that 
[a, b, Yr a nae la, BY, Yh, S n] 

=[a, (om “yy ar, B, WE a 

If a and b are two rational numbers and d their 

greatest common divisor, then is 


[d]=[a]+[6]. 
For the modul [d] consists of all numbers of the form dz, 
the modul [a] of all numbers of the form ay and [b] of 
all numbers of the form bz, x, y, z being rational integers, 
and the collectivity of all numbers of the form by+cz is 
identical with the collectivity of all numbers of the 
form dz, so that 


[4]=[a]+[b]=[a, 6]. 

If a and b are two arbitrary moduls and if d is their 
greatest common divisor and if further a; and b, are two 
other moduls and b; is their greatest common divisor; if 
further a>a, and b>6,, then is )>},, or in other words, 
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a+b>ai:+b;. For if ô is an arbitrary number that is 
divisible by b, we must have 6=a+{, where a is divisible 
by a and £ is divisible by b. It follows then that a is 
divisible by a; and £ by bı and consequently 5=ea+ is 
divisible by 5, so that d >b. 

The conception of the greatest common divisor may be 
extended to more than two moduls: If a, b, c, --+ are 
moduls, then all numbers of the form a+8+y+--:-, 
where a is any number that is divisible by a, 6 any 
number that is divisible by b, y any number that is 
divisible by c, ete., constitute a modul which is called the 
greatest common divisor of the moduls a, b, ¢, ---. 
This modul is represented by a+b-(c+---. This modul 
a+b6+c+--- is divisible by every other common divisor 
of a, b, c, ---. We further have for a+b+c+--- the 
same rules as we have for the addition of numbers, viz.: 


a+b+c=(a+b)+c=c+(a+b) 
=a+(b+c) =ete. 
For finite moduls, the modul a+4+c+--- represents in 
reality a sum, viz., the sum of the corresponding linear 
forms. 


ART. 120. If a and b are two moduls, we have at once 


a—b>a, a—b>bB, 
a>a-+b, b>a+b. 


Lemma. Jf a>ay, and also a>b;; if further b>a1 and 
b>b,, then is a+b>aı— bı. 

For a+b>a, and a+b>b, and consequently a+b 
>a — b. 

From this may be derived the following important 
theorem: 

If a, d, m are three moduls of which m>b, then is 


(a—b) +m=(a-+m)—d. 


www.rcin.org.pl 


THE MODULS OF DEDEKIND 183 


In order to prove the equality of two moduls, we must 
prove that either modul is divisible by the other. 
We note that 
a—bd>a>a+m 


a—d>d 
m>a+m 
m>bd. 
From the above lemma 
(a—d)+m>(a+m)—d. (i) 


On the other hand let 7 be a number divisible by the 
modul (a-++m)—»d, then is 7 divisible by a+m and fur- 
ther n is divisible by bò. Hence n=a+u where a is 
divisible by a and » by m; further since 7 is divisible by b, 
it is seen that »=6 where ô is a number divisible by the 
modul ò. It follows that 
n=atypu=6 or a=b—p. 

Since ô is divisible by d and » by m, and as by hypothesis 
m is divisible by d, we note that u is divisible by b. 
Hence 6—v» is divisible by b, that is, a is divisible by b, 
and since a is divisible by a, it is seen that the modul to 
which æ belongs is a common multiple of a and d and 
consequently is divisible by the least common multiple 
of a and b, that is by a—d. Hence the number n=a+yp 
is divisible by (a—»)+ m; and since this is true of every 
number 7 of the modul (a+m) —b, it follows that 

(a+m)—b>(a—b)+m. (it) 
We therefore have from (i) and (iz) 

(a—b) +m=(a+m)—d, 
where m >b (cf. Dedekind, § 169). 

ART. 121. Multiplication of Moduls by Algebraic Inte- 
gers. If a is a modul whose elements belong to 2 and 
„ an arbitrary number of this same realm, then the 
complex of numbers an, where for a is written every 
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number that is divisible by a, forms a modul; for if an and 
a'n are two numbers of this complex, then the difference 
an —a'n = (a—a’)n belongs to this complex. This modul, 
which is formed of the numbers az, we call the product of 
the modul a and the number n. We denote it by 
an = 70. 
It is also evident, if 7’ is another number of the realm Q, 
that 
(an)n’ = a(n’). 
If a is a finite modul, say a=[a1, ae, +--+, aa], then is 
an =[@m, aon, +++, ann J; 
for the modul a=[a, œz, ---, æn ] consists of all numbers 
of the form a\r-+asy+a3z+---+a,w, where z, y, z, ---, 
w take all rational integral values, and the modul an 
consists of all numbers of the form aœmz+ amy + azz 
+----+a,nw for rational integral values of x, y, z, ---, w. 
(Dedekind, § 170.) 

If the modul 6 is divisible by the modul a, then is the 
modul „b divisible by the modul na. For if n8 is any 
number divisible by the modul yb, then is 8 divisible by 
b, and consequently since b >a it follows that £ is divisible 
by a; hence also 78> na and therefore nb>na. If recipro- 
cally nb is divisible by ya, then from what we just had, 
n~'nb is divisible by 7~'na, and consequently b >a. 

If 7b=na, then b=a and if b=a, then is nb=ņa. If m 
is the least common multiple of a and b, we have 

nm =n(a— b) =na — nb. 
For if » is a number that is divisible by m, then pz is 
divisible by both a and b; and ny, an arbitrary number 
divisible by ym, is divisible by ya and yb, and consequently 
hy na—nb. Reciprocally, every number that is divisible 
by ņa and also by 7b, is divisible by nm; for every num- 
ber that is divisible by a and also by 6 is divisible by m. 
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If )=a+b, then is 
d= nla +b) =ya+7b; 
for the modul d consists of all numbers of the form a +£, 
where for œ is written all numbers divisible by a and for 
B all numbers that are divisible by b. The modul 7d 
consists therefore of all numbers of the form 
nla+B) =na +n. 

In an analogous manner we have 

n(atb+c) =na -+b +ne 
and 

n(a—b—c) aS, 
etc. 

ART. 122. The Product of Moduls. If the product of 
two moduls a and b were defined simply as the complex of 
numbers af where for a are written all numbers divisible 
by a and for £ are written all numbers divisible by b, it is 
seen that this complex is not a modul; for a8 —a’f’ is not 
of the form a8”. Accordingly a definition as follows 
must be offered: 

The product ab is the complex of those numbers which are 
had uf we sum in all possible manners the products of the 
form a-B, where for a are written all numbers divisible 
by a and for B all numbers that are divisible by b; that is, the 


product a-b is the complex of all possible numbers of the 
form 


Fain =aBO +9282 +804... 


where a, a®, --- individually run through all the 
numbers that are divisible by a, and for each of the quantities 
a® the quantity B goes through all numbers that are 
divisible by b. 

In other words, if a = (&1, a2, a3, +), and if &® is any 
number that is divisible by a, then a“ may be added as 
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an element, so that 
a= (a, Og, 3, tt, a a Dr 
and similarly 
b= (fi, Bo, Bs, RAEN Bo, a a)i 
Hence in the product ab, every number of the form 
aß is found. 

Note that the difference of any two numbers of the 
complex is again a number of the complex. The product 
a-b may be regarded as the greatest common divisor of 
all the moduls which are had if the modul b is multiplied 
by all possible numbers that are divisible by a, that is 

a-b=a%G+a@bt+ab+-.-, 
when for a™, a®, a, +--+, are written all possible 
numbers that are divisible by a; for if eae is any 
number divisible by eb, and if a8 is any number 
divisible by a6, etc., then is aY +a... a 
number divisible by eb+a5-+ ---, which modul is also 
divisible by a-b; and reciprocally every number that is 
divisible by a-b may be expressed in the form 
aM BO + g@B@4..., 

ART. 123. As a special case, suppose that the modul 

a is finite,’ say 

a=[a, Ds) iy an |; 
we then have 
a-b=ayb+acb+-+-tanb. 

In other words, we have the product of the moduls a-b, if 
we take all possible moduls ab, where for a are written 
only the n numbers a, a2, ***, @ which form a basis of 
a, and not necessarily all the numbers that are divisible 
by a. The product a-b (where a is a finite modul) is the 
greatest common divisor of the n moduls a,b, œb, -:-, 


1 The simplest case is when one of the moduls is 3, the complex of all rational 
integers. In this case ¿a =a, where a is any modul. If further fa =a, where f 
is a modul and a any modul, then is f=}. 
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a,b; for if A is a number that is divisible by ab, then is 
A=aMBM 4 g@BO4..., 


where all the numbers a, a®, ---, are divisible by a. 
They may therefore be written in the form 


aD = ali Hatt +++ Fanin, 
a? = aye, Hast +++ + AnEn 
etc. It follows that 


A= alz BO Hri Re +) Hal +2582 + Je J+ Toa 

=æamtHamn:t:: t 
where the n’s are divisible by the modul b. The number 
ain: is divisible by the modul a,b, the number æ: is 
divisible by the modul a:b, ete. Hence A is divisible by 
the greatest common divisor of aib, œb, ---, that is by 
ab+a.b+---+a,b. Reciprocally, every number that is 
divisible by a,6+a.6+---+a,b6 has the form 

anit amt +++ FAnn 
where 71, 72, ©‘; 7, are numbers that are divisible by b. 
It follows that each of the numbers ay, æn, +++, Æna IS 
divisible by a-b and consequently the sum of these num- 
bers is divisible by a-b. 

Having shown that each of the two moduls a-b and 
aib+a.b+---+a,6 is divisible by the other, it follows 
that 

a-b=a,b+a.b+---+a,b. 
If then a1, a2, +++, œn is a basis of the finite modul a, 
then the modul ab consists of the collectivity of numbers 
which are expressed through 


amı Fam: + ee Ont ny 


where the variables 71, 2, **', na are all the possible 
numbers that are divisible by b. 
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ART. 124. As a still more special case, suppose that 
both the moduls a and b are finite, say 
a=[au, Gey ttt, ær], 
b=[fi, Bo, be? ae] eral 
then is 
ab =[0181, Bo, oe ‘aibs, 281, A282, sy "QBs, oe ‘Arbel; 
for if a is a finite modul, then all numbers divisible by 
a-b may be expressed through 


amı tamt +a, 


where 71, 72, <- +n, are all numbers that are divisible by b. 
Since b is also finite, we have 

N = B2 HBa t - į F bsr (v=1, 2, sey 7). 
It follows that 

amitan: t+ +++ tam, =aiBiliutariBetiet ++ +arbslrs. 

The quantities 181, ai82, «++, ai8, do not necessarily 
form a basis of ab, as this basis may consist of fewer 
than r-s elements; that is, the order of a-b may be less 


than r-s. It is evident that if a8, could be expressed 
linearly in the form 


0181 = X20282+ Tabs t ++, 


where the z’s are rational integers, then a8, could be 
dropped as an element of the basis on the right hand side. 

ArT. 125. The conception of the product may be 
extended to more than two moduls. If a, b, c, --- are 
several moduls, then by uniting always a number of the 
modul a with a number of the modul 6 with a number of 
the modul c into a product and making a summation of 
all possible products of this kind, we have the complex 
of numbers 


LaMBOyO...=qgVBOyO4... 
TOTOO OT OO E 
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where a, a®, a, --- are all possible numbers divisible 
by a, and also the quantity B® goes through all possible 
numbers divisible by b, while y™ goes through all 
possible numbers divisible by c, ---. This complex of 
numbers forms a modul, since the difference of two 
numbers of the form YiafSy--- has again this form; it is 
called the product of the moduls a, b, c, --- and denoted 
by abc---, or by bac---, or by cab---, etc. 

For the multiplication of moduls as thus defined the 
two fundamental principles of multiplication as seen for 
example in rational numbers are also true, namely the 
commutative and associative principles. For it is evi- 
dent that 

ab=ba 

abc = (ab)c = a(bc). 
From these fundamental principles of multiplication 
arise at once the other principles of multiplication, in 
particular uniqueness in raising to a power, which is due 
to the associative and not to the commutative principle; 
for in raising to a power the factors are all equal and 
consequently eo ipso interchangeable. We define a” 
where n is a positive integer 0 as the product of n 
moduls of which each one is equal to a, that is 

MAS a soo of, 
From the associative principle follows the important 
theorem 

veaa (a Se 
and from the commutative principle we have 
oaoa = (ab)” (r>0). 


Remark. A product of several moduls cannot =0 unless at 
least one of the factors is 0; for if abc=0 and if a0, 60, c¥0, 
then in a there is a number a0, in b there is a number 640, and 
in c there is a number y#0 and consequently there is in abc a 
number a8y~0 which contradicts the hypothesis that abe= 0, 


aTCM ATYCTNY 
a Warszawskie? 
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ArT. 126. If a is a number divisible by a and £ is a 
number divisible by b, then it follows from the definition 
of ab that the number af is divisible by ab. This may be 
generalized into the following: 

THEOREM. Jf a>a and b>b,, then is ab> abı. 

For since a>, every arbitrary number a that is 
divisible by a is also divisible by ai, and since b> b, every 
arbitrary number £ that is divisible by b is also divisible 
by bı. It follows that a8 is divisible by aıbı. If further 
a’ is another number divisible by a and 8’ is another 
number divisible b, then also a’f’ is divisible by a,bi, ete. 
We thus see that all numbers of the form 

Lab =ab+a’p’+al"p"+--- 
are divisible by aıbı, but all these numbers constitute the 
modul ab. We therefore have 
ab>ayhi. 
The following special case may be noted: ! 
If b>a, then is be>ac. 


The inverse of this theorem is not true in general, viz., 
if be>ac, then it does not follow that b>a. If a=[1] 
and a:=[t], where ?=—1, and b=[1, i], then is 
ab =b=a,6 and consequently ab> a,b; but a is not divisible 
by a. 

The conclusion that if bc> ac, then is b>a can only be 
drawn if c is a one-term modul equal to, say, [n]. If 
bly ]> aly], then is b>a; for b[n ]=bn and a[n ]=an and | 
if by >an, then is byy > any or b>a. | 

We observe in general that a product of moduls is not | 
divisible by one of the factors; that is the modul ab is in | 
general divisible by neither a nor b. The analogous 
theorem is true for rational integers but it is not true for 


! Observe that a>ab, if 3>b, since 3a>ab, and 3a=a, where the modul 3 
consists of the collectivity of rational integers. 
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rational fractional numbers, for §-{=6 although 6 is 
divisible by neither of these factors. 
Art. 127. If a, b, c are three moduls and if )=a+5, 


then is 
dce=(a+b)c=act+be. 


Proof: 
a>bd b>d 
CoE CE 
ac>odc Ah WSS DC 


Since both ac and be are divisible by dc, it follows that 
(1) ac+be> de. 
On the other hand let y be a number divisible by c and ô 
a number divisible by ò so that also 5=a+ 8 where a is 
divisible by a and £ by b. We note also that ay is 
divisible by ac and By by be and consequently ay+fy 
= $y is divisible by ac+bc. Similarly ôy’ is divisible 
by ac+bc if 8’ is divisible by d and y’ by c, etc. It follows 
that y+ y's +- -- =} yò, which is any arbitrary number 
divisible by dc, is divisible by ac+be. Hence also 
(2) cd >ac+be, and from (1) and (2), 
dc=ac+be. 
This may easily be extended to the following (Dedekind, 
§ 170): 
(a+b) (a1+5;) = (a+b)di 


=ad:+ bd, 
=a(ai1t+61)+b(ai+b1) 
=aa,-+abi+0,6-4-bb;. 
We have at once 
(a+b)? =a?+ab +b, 
since 
ab+ab = ab. 


We further have the following important relations for 
three moduls, a, b, c: 


(6+c)(ce+a) la+b) =(a+b+c)(ab+be+ca), 
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for 
(b+) (c+a)(a+b) 
=abc+abc+07b+b?a+a2c+ c?a+b?c+ cb, 
=abe+a7b+b?a+a?c+ a+b?c-+ cb, 
and 
(a+b+c¢)(bc+ca+ab) = abe +ab+ba tact ceat bet cb. 
EXAMPLES 
1. Prove that if 
= tl, By a 
wasata ("7") 
and 
d= m Hat" e Fan 
oria ada e an aa a an y 
r a a a a 
then is 


012013" ** Gp—1,n= Diba" * * Dnr: 


2. The same theorem for positive rational integers was proved in 
Art. 25, namely, let a1, a2, +++, a, be n positive integers and let ay; be 
the greatest common divisor of a; and a; and further let d, be the 
greatest common divisor of all products of every v of these numbers 
(v=1, 2,---,n—1). We then have 


= l, 2 ese n 
(1) J Jasj= didz “dni j=2, 3, =, n-1 | 
yj s & 


Art. 128. We saw above that 
c(a+b) =ac+be. 

The analogous theorem for the least common multiple of 
moduls is not true; in this case it can only be proved that 
c(a—b) >ac—be. 

For we have 
a—b>a a—b>b 
c>c >t; 
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and consequently 
(a—b)c>ac (a—b)c >be. 
It follows that (a—b)c is divisible by the least common 
multiple of ac and bc, or 
(a—b)c>ac— bce. 
If a and b are two moduls and if )=a+6 and m=a—b, 
then is 


mò > ab, 
or 


(a— b) (a+b) >ab. 
For if ô is a number divisible by d, then is ô=@&+8, where 
a is a number divisible by a and 8 is a number divisible 
by b; and if u is a number divisible by m, then is p=a, 
=, where a is divisible by a and 6 by b. 
It follows that 
nô =(at+8)p=autbu=o6itBai, 

where af; and Ba; are both divisible by ab and conse- 
quently every number of the form 


PEV + y@§@ 4 ypOGO +... = PyM§GO 
is divisible by ab. The equality 
nid = ab 


is in general not true as in the analogous case of rational 
integers. 

ART. 129. The Quotient of Moduls. To define the 
quotient of two moduls, consider first the quotient 


$ where a@ is an arbitrary number. It is evident that 
the modul a™b is the aggregate of all those numbers 
k which are divisible by 1 b; or better expressed, a™!b is 
the aggregate of all those numbers « which are such that 


Ee ae b 
xa is divisible by b, In an analogous manner we define 
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as the aggregate of all numbers x which have the property 
that xa is divisible by b. 

The aggregate of numbers thus defined is a modul; 
for if x and x’ are two arbitrary numbers that are divisible 


by 2 so that xa>b and x’a>b, and if a is a number 


divisible by a, then are xa and x'a both divisible by b and 
consequently also (x—x’)a is divisible by b; and this is 
true of all numbers a that are divisible by a. It follows 


that «—«’ belongs to the aggregate: r, 


This modul * is called the quotient of the two moduls b 
and a. 

The characteristic properties of the modul 5 are the 
following: 


(1) If x ts a quantity divisible by r, then 1s ka>b; 


(2) if xa>b, then is Ke. 


This definition of the quotient of moduls is also 
expressed through the following two important theorems: 
THEOREM I. Ifa, b, f are three arbitrary moduls and if 


fa>b, then is also >i. 


For if « is a number that is divisible by f, then is 
xa>fa; if further fa>b then is ca>b and consequently 
every number « that is divisible by f, in view of the 


definition given above of the quotient 2 is divisible by : 


and consequently f is divisible by P, 
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Tueorem II. If t>% then is also fa >b. 
For if t>? and if « is an arbitrary number divisible by 
f, then is x divisible by : ; or in accordance with the defi- 


nition given above of °, it follows that cxa>b6 and simi- 


larly also x’a>b6 where x’ is a number divisible by f, and 
consequently also the sum 


katkat- >b 
and that is, due to the definition of multiplication, 
fa>b. 


Remark. Since every modul is divisible by itself, we have 
R so that Dy a>b. The equality of these two moduls in general 
a a a 
does not follow. 


ART. 130. Theorems I and II of the preceding article 
may be expressed as follows: 


The quotient : is the least common multiple of all those 


moduls f which have the property that fa>b. 
We may consider first this theorem for the case where 
the denominator a is a one-term modul [a]. 
We assert that 
See 


[a] a’ 


Eor if « ig a number thablis divisible by & then re ai 
Q 


consequently «ax is divisible by b, where z is a rational 
"i ork[e] r a by b, or finally « is divisible by 


fen ia at (1) — ea 
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Reciproeally, if x is divisible by es F then is «la|>b 


and consequently kax, where x is a rational integer, is 
divisible by b. It follows also when m Ka is 


divisible by b so that x is divisible by © a oF (2) = 7 >» 
From (1) and (2) we have 
pas 
La] a 
If nezt a is a finite modul, equal, say, to [ar a2, ---, an_], 


then is 
a= [Loa ]+Loe}+ Ean]. 
We assert that 


torb- ONE TOE EI the 


say. Note that the least common multiple m of the 
moduls 2 (v=1, 2, ---1, 7) is such that 


y 


m> (v=l1, 2, -1 n). 


If u is a number divisible by m, then is » divisible by 
Ze, and consequently ua, is divisible by b (»=1, 2, 


n). 

We denote by 21, £2, --+, £n, n rational integers. It is 
evident that uæi£ı, ware, +++, want, and consequently 
also ulaititoart+:-:-+a,%,] is divisible by b. It 
follows that ya is divisible by b, or (1) m>?. 

Reciprocally, let « be an arbitrary number divisible by 
,, so that xa>b. It follows that the quantities «ai, Kae, 


+, KŒn are all divisible by b. Hence the quantity «x is 
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divisible by 2. as well as by +, ---, as well as by 2 
1 2 n 


and consequently also by the least common multiple m of 
these moduls. Since this is true for every number « that 


is divisible by 2, it follows that (2) > m. From (1) and 


(2) we have 


In the same way the following may be proved for 
moduls which are not finite: 


The modul : ts the least common multiple of all moduls of 
the form ab, when for a are written all numbers that are 
divisible by a. 

Art. 131. It is well to consider next certain formulas 


relative to the quotients of moduls. 
Formuta I. Jf b>b and a1>a, then ts 


b_ bi 


For write t=, so that fa>b; then is fa>b;. Since 


however fa; > fa, it follows that fa; >, or f> a, 
1 
Formuta II. Jf a, b, c are three moduls, then is 
bbe, 
a ac 
For 
Le 
a 
CEG. 
therefore 
Derby 
a 
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or 


Formuta III. 
b bi Boy, 
aay ad, 


b 


For a> and *n,>b;, so that maa: > bby, 7 fellows 


that 
Dr Di m ob 
a ay 
or 
b bi, bbi, 
A Gi ad, 
In the case of Formula II, if c is a one-term modul 
=[7 ], say, we have the equality 


For an > bn, or “a>, or a” a>). 
On the other ane from meen II we have 
b_ by 
2 es wile 
a E 
From (1) and (2) it follows that 
5 _ by _ bln] 
a an aln] 


Further, if in Formula III, we put 6; =[\] and ai= [k], 
we have 


s DJI], 
a [k] alk] 
For Dhen so that 
URSA StD] 


a> A (="=0.% À (Art 120), 
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and consequently OO]. s DY 
A A 
abel a’ Ee] 


But from Formula III, we have (2 b aes wey and 
from (1) and (2) it follows that the ee expressions are 


equal. 
Formuta IV. 


S A 
be 

c c c c AON 
For —ba>c, or (<0)o>< or ba 6 or (1) ba B sae 


ba b 
(£: a)a> 


On the other hand 


and 
Gi ¢ 
(i : a)ab>fo>¢ 
so that 
c, aE 
(2) 5 a> 


and irom (1) and (2) we have the equality desired. 
FormuLra V. If m ts the least common multiple of the 


two moduls a and b, then is = the least common multiple of 
= and 2, and that is 


For 
m>a m>b 
and 
CS ec coc 
Hence from Formula I 
De and Da J 
ei Core 
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and therefore 


1 m a_t, 
L A c 
On the other hand 

A and -—->-, 

ic vom ¢ 
so that 

(2-2)e>a and (2-£)e>6 
Hence 
(2-2) e>a—s, 
Ct 

or 


a (r 


From (1) and (2) follows the equality of the two 
expressions- 


FormuLra VI. The least common multiple of : and - is 


c = pe ee 
5 where d=a+b, or erred: 
c 


For let my =< — then since c>c and a>bd, it follows 


p 
from Formula I that tas and similarly a It follows 
that 
c 
(1) 3 > Miia 
On the other hand 
m> £ and m> 5 
a b 

so that 

mae and mib>c. 


It follows that mıa+ mb >c; and since 
mia+imib = mi(a+b) = mb, 
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we have m,)d>¢, or 


(2) m >> 


From (1) and (2) follows the equality desired. 
Formuta VII. The greatest common divisor of © and 


ay 
A T Se. hae E a 
1 tı — bı am bı a—hby 
For 
a>atb and b>at+b 
ai—bi >a a,—by>bi. 
From Formula I it follows that 
a. a+b b_ a+b 
ares D and ee ae 


and consequently 
a hes a+b | 


Qı by aı— b; 


ART. 132. The following formulas have to do with the 
special modul m This modul is denoted by a° and con- 
sists of all numbers « such that xa>a. To these numbers 
belongs clearly «= 1, so that the modul [1 ] which consists 
of all rational integers is divisible by the modul a°, or 


[1]>a° The modul [1] is sometimes denoted by 
3 (see Art. 115, footnote). If f is a modul such that 


fa >a, then is >$, that is f>a?, and if f>a° then is fa >a. 


The modul a° we call the order-modul of a. See also 
Art. 133. 


Formuta VIII. 
aal = a. 


: a a 
For since a? = 7 we have also a’ ae and consequently 


(1) a°a>a. 
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On the other hand 


a>a 
fine ee 
Hence 
all ]> aa? 
or 
(2) a> aat. 


From (1) and (2) follows the equality required. 
Formua IX. 


a" 
For from VIII 
aa°=a, 
and hence also 
aat >a, 
so that 
a 
(1) rs 
On the other hand 
a>a 
Aiae, 
so that from Formula I 
(2) Lee a. 
Qo 


From (1) and (2) we have the required identity. 
FORMULA X. 


aa = at 
For from Formula VIII 
a=, 


and consequently 
aaa’ = aa =q. 
From this it follows that 


a 
aa? > a 
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or 
(1) al Sa. 
On the other hand 
a°> a? 
(et eee 
Hence 
(2) al ata, 


From (1) and (2) follows the identity required. 
FormMuta XI. 
a me 
For since 
o> ae and EIS 
it follows from Formula I that 


a? 
(1) o> a’. 
Further since 

aal =a? 
it follows that 

a°a® > a° 
and consequently also 

a? 

(2) a° Be a” 


from which with (1) the required identity is proved. 
0 
aa is sometimes written (a°)°. 


Formuta XII. a’a°=a’ (r a positive integer). 
For from VIII, 


aa°=a. 
If we multiply by a1, we have 

ava = a" 
and similarly 

aa =a". 


From X and XII it follows that the formula (Art. 125) 
ara =at, which was true when both r, s were positive 
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integers, is also true if one or both of the exponents =0. 
For negative values of r and s the formula is not true. A 
modul with negative exponents has not been defined. 
Such a definition would be hard to give, since a modul 
a? which satisfies the equation 


ial 
in general does not exist. Such a modul is had when a is a 
very special modul which is considered later in Vol. II, 


Chapt. II. The theorem T- a?, which is true for num- 


bers, is not true for moduls. 

ART. 133. A modul o which has the two properties 
(1) 00 =, 
(2) [1]>o0 


may be called an order-modul.' 

Note that if \ and u are two numbers that are divisible 
by o then also Ay is divisible by o. It follows that the 
numbers of an order-modul are reproduced by the 
operation of multiplication. Thus an order-modul con- 
sists of a system of numbers which includes 1. These 
numbers are reproduced not only through the operations 
of addition and subtraction, as in the case of the usual 
moduls, but also through the operation of multiplication. 
Such order-moduls, since they contain 1 as an element, 
contain all rational integers, and that is [1] or the modul 
ie 

Since o>» and [1]>0, it follows that o[ 1] or 0>00; 
and since by definition oo >o, it follows that 00=o. 


Further, since 00 > 0, it is seen that o> 2, and from For- 


Dirichlet and Kronecker, Grundzůge, etc., §5, used the word “Art” or 
“Species” to designate such moduls, while Dedekind, XI Supp. to Dirichlet's 
Zahlentheorie employed the term “ Ordnung." 
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mula I applied to o>o and [1]>o, it follows that 
a o. We thus have = D. 


The order-modul a® has for the modul a the same 
signification as unity has for ordinary numbers. 


CONGRUENCE WITH REGARD TO A MopuL 

ART. 134. All numbers u of the modul m are said to be 
divisible by m; they are =0 (mod. m). In general it 
may be said that «œ is congruent to 8 mod. m, and written 
a=ß (mod. m), if e—8 is divisible by m, and that is, if 
a—f is a number of the modul m. From this definition 
are had the three following fundamental principles of 
congruence (which exist also for the rational numbers): 

(1) If a=8 (mod. m), then is 8=a (mod. m); 

(2) a=a (mod. m); 

(3) if e=6 (mod. m) and if B=¥ (mod. m), then is also 
a= y (mod. m). 

If &«=ß8 (mod. m), we say that a is a residue of B (mod. 
m), and also that 8 is a residue of a (mod. m). 

If ais not congruent to 8 (mod. m), then « is said to be 
incongruent to 6 (mod. m). 

If w=a’ (mod. m) and 6=8’ (mod. m), then is also 

a+B=a'+6’ (mod. m). 
For since a—a’ and 8—8’ are both divisible by m, it 
follows that the sum and the difference of these quantities 
are divisible by m. 

Congruences added to or subtracted from congruences give 
congruences. For multiplication, it is clear that if a= 
(mod. m) and if g is a rational integer, then also 

ag=ßg (mod. m). 

In general if v is a number divisible by m°, where m? 

is the order-modul of m, then is 
va=vB (mod. m) if a=ß (mod. m). 


NANAT TOI | 
W V W V V Í CI n . O rg a pl 
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For if æ— £ is divisible by m, then »(a@ — 8) is divisible by 
mm? (Art. 122) and consequently by m. 

For numbers v that are not divisible by m°, the above 
congruence cannot be proved; in fact, it is not true even 
for rational numbers; for 


8=3 (mod. 5), 
but 
8/243/2 (mod. 5). 

If «= (mod. m) and if m >b, then also a=8 (mod. d); 
for if æ — $ is divisible by m and if m is divisible by b, then 
also a—§ is divisible by b. 

If e=86 (mod. a) and if «=£ (mod. b), then also a=8 
(mod. m) where m=a—b5; for if a—8 is divisible by both 
the moduls a and b, then a—@ is divisible by the least 
common multiple of these moduls. 


Art. 135. Let M be an arbitrary complex or aggregate 
of numbers. The complex which is formed of all 
numbers a+yp, where u takes all values that belong to 
M, æ being an arbitrary number, is denoted by a+ Mt or 
M+ea. 

Let M be a modul, then in general a+% is not a 
modul, but another system of numbers. For example, if 
M is a finite modul, then M consists of all numbers 
which may be expressed in the homogeneous form 
O10 + ate +--+ +-+entn, Where ai, a, +--, a form a basis 
of M and where z1, £2, ---, £n are rational integers; on the 
other hand, «+t represents all numbers that can be 
expressed through the non-homogeneous linear form 
aati +arte+:+--+ea,¢%,. All numbers that are =a 
(mod. M) form the complex a+M. If y is a number 
divisible by M, where W is a modul, then is y+M=M; 
for every arbitrary number of the complex y+ has the 
form y-++u, where u belongs to the modul M, and conse- 
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quently, since y is also divisible by M, it follows that 
y+M is divisible by W. 
If c=8 (mod. M), then is 
atM=CB+M. 
For if a—8 is divisible by W, then from what we have 
just seen 
ed a = My 
and consequently also 


a—B+M+B=M-+8, 


or 
atM=B+M. 
Reciprocally, if a+ M=6+M, then is 
a=B (mod. M). 
For if 
atM=6+M, 
then also 
at0=6+n, 


where p is divisible by M. Hence a—f8 =n is divisible by 
M, or 
a=ß (mod. W). 

If therefore two such aggregates of numbers a+IM and 

B+M are completely identical, then is 
a=ß (mod. M). 

If on the other hand two such aggregates of numbers 
a+M and 6+M are not completely identical, then they 
haven’t a single number in common. For suppose they 
had the number x common, so that 

k=atyp’=B+p", 
where both y’ and yp” are divisible by WM; it would follow 
that 
a—p= u” =y 
a number divisible by m. We should then have 
a=ß (mod. M), 
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and consequently from above 
atM=B+M. 

It is thus shown that the two complexes of numbers 
a+” and B+ have either all numbers or no numbers 
incommon. This fact is evident from the theorem that 
if two numbers are congruent to a third (mod. W), they 
are also congruent to each other (mod. M). For if 
a=y (mod. M) and B=y (mod. M), then is a= (mod. 
M), oratM=B+M. 

ArT. 136. Let a and b be two moduls and consider 
first the special case where b>a. Let a) be any arbi- 
trary number that is divisible by a and let 8 be any 
number that is divisible by b. Then since b>a, it 
follows that a+ is divisible by a, and consequently all 
numbers of the complex a+b are divisible by a. Two 
cases may happen, either the numbers of the complex 
a+b comprise all the numbers of the modul a, or they 
do not. In the latter case let a® be a number of the 
modul a, which does not belong to the complex a+b. 
We again have, since b>a, a®%+b>a, that is, every 
number of the complex a® +b is found ina. Further as 
seen above, ‘the complexes a+b and a® +b have no 
number in common. Two cases may again appear, 
either the numbers of the two complexes a“+5 and 
a® +b constitute all the numbers of the modul a, or they 
do not. In the latter case let a“ be a number that does 
not appear in either of the complexes a“ +b and a® +b, 
and form the complex &® +b. This complex has no 
number in common with the two former complexes. 
Continuing this process it is seen that after a finite 
number of times we either obtain all the numbers of the 
given complex or we do not. In the former case we have 
a finite number of aggregates or classes of numbers 


a+b, a+b, a+b, ---, a+b, 
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where the numbers of these complexes constitute all the 
numbers of the modul a. In this case we shall use the 
symbol (a, b) to denote the number k of these classes. 
In the other event, where the number of classes is 
infinite, we shall put 

(a, b) =0. 


When the number of classes is finite, we shall take a 
number from each of the classes, thus having k numbers 


aD aP, e, e, 


(of which one is zero, say a“) =0), which form a complete 
system of representatives of the modul a with respect to the 
modul b. These k numbers have the following charac- 
teristics: 

(1) They are all divisible by a; 

(2) the difference of no two is divisible by b; 

(3) every number that is divisible by a is congruent to 
one of these numbers (mod. b) and from (2), to only one of 
these numbers. 


ART. 137. For the general case we may proceed as 
follows: Let a and b be two arbitrary moduls and dis- 
tribute ! the numbers that are divisible by a into classes 
with respect to the modul b. The number of these 
classes may be finite or infinite. A system of k numbers, 
a®, a, -.-, a® is called a complete system of repre- 
sentatives of the modul a with respect to the modul b, if it 
has the properties just enumerated. Each of the k 
numbers a™, a®, ---, a represents a definite class of 
numbers of the modula. (Dedekind, § 171 of Dirichlet’s 
Zahlentheorie, 4*» Edition.) 

Let m=a—b and suppose that the system a, a®, 

, «” forms a complete system of representatives of 


1 That is, let a be a number divisible by a, and take all numbers belonging 
to a which are congruent to a) (mod. b) and put them in a class or group, and 
similarly with a®), a), +--+», a) 
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the modul a with respect to the modul b; then this 
system of numbers also forms a complete system of 
representatives of the modul a with respect to the modul 
m. For the k numbers a, a®, ---, a® have the follow- 
ing three properties: 

(1) They are all divisible by a; 

(2) the difference of no two is divisible by m; for if such 
a difference were divisible by m, it would also be divisible 
by b since m>b, and this is not true since a, a®, --., 
a% by hypothesis form a complete system of repre- 
sentatives of the modul a with respect to the modul b; 

(3) every number divisible by a is congruent to one of the 
numbers a®, a®, ---, a&® (mod. m); for if a is congruent 
to a definite one of the numbers a™, a®, ---, a (mod. 
b), say to a, then is a—a™ divisible by b; and since 
a—a®® is also divisible by a; it follows that a—a™ is 
divisible by m, so that 

a=a™ (mod. m). 
It is thus seen that 
(a, b) = (a, m); 
or more definitely expressed: If the k numbers aù, a, 
, «© form a complete systems of representatives of a 
with respect to b, then also they form a complete system of 
representatives of a with respect to the modul m. 

Further let b=a+5; then if k numbers a”, a®, --.-, 
a® form a complete system of representatives of the 
modul a with respect to the modul b, they also form a 
complete system of representatives of the modul b with 
respect to b. For the k numbers a, a®, ---, a have 
the properties: 

(1) they are all divisible by d since a>d; 

(2) the difference of no two is divisible by b, since they 
form a complete system of residues of the modul a with 
respect to the modul b; 
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(3) every number 6 that is divisible by d is congruent to a 
definite one of the k numbers a, a®, ---, a® (mod. b); 
for observe that 5=a+ 8 where a is divisible by a and 8 
by b; and since a, a®, ---, a form a complete system 
of residues of the modul a with respect to the modul 5, 
it follows that 

a=a™ (mod. b), 


where a” is one of the numbers a, a®, ---, a, and 
consequently «=a”+ ’, where 6’ is a number divisible 
by b. 


It is thus seen that 
=a +8+8' =a%+B", 

where 8” is divisible by b; and therefore 

=a" (mod. b). 
Through the two formulas just derived, viz., 

(a, b) = (a, a— b), 

(a, b) = (a+b, b), 
it is seen that the general case has been reduced to the 
special case already considered, where b >a. 

ART. 138. If a>b, then is (a, b)=1, and vice versa. 

For if a>b, then every number «@ that is divisible by 
a is also divisible by b, and we have a=0 (mod. b). We 
thus have only one class and therefore (a, b)=1. 

On the other hand, if (a, 6) =1 there can be only one 
class. Since 0 is divisible by a, this one class may be 
represented through the number 0, and all the numbers a 
that are divisible by a must be =0 (mod. b) and conse- 
quently divisible by 6. It follows that a>b. 

A special case of this theorem is 

(a, a)=1. 
If n ts an arbitrary quantity different from O, then is 
(an, bn) = (a, b); 
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and further, if ao, a®, ---, a form a complete system of 
residues of the modul a with respect to the modul b, then also 
na, na®, ---, na® form a complete system of residues of 
the modul na with respect to the modul nb. 

For na™, na®™, ---, na® have the three required 
properties: 

(1) they are all divisible by na since a, a®, +--+, a® 
are divisible by a; 

(2) the difference of any two na” —na™ is not divisible 
by nb; for otherwise a —a™ would be divisible by b; 

(3) every number divisible by na is congruent to one of 
the definite numbers na™, na®, ---, na® with respect to the 
modul b; for every number that is divisible by na has the 
form ya, where «œ is divisible by a; hence a must be 


congruent to one of the numbers a™, a®, ---, a with 
respect to the modul b and therefore na is congruent to a 
definite one of the numbers na, na®, +--+, na (mod. 
nb). 


ArT. 139. Suppose that b>a and c>b, then is 
(a, c) = (a, b) (b, ¢); 


and in fact if aù, a®, ---, a® is a complete system of 
residues of the modul a with respect to the modul b, and if 
B®, B®, ---, B™ is a complete system of residues of the 
modul b with respect to the modul c, the quantities a” 
+8%@=1, 2, ---, k; w=1, 2, ---, m) form a complete 
system of residues of the modul a with respect to the modul c. 

If this is proved, the correctness of the formula 

(a, c) = (a, b)(B, ¢) 

is established, since the number of the quantities a” +p 
isk-m. The quantities a+ 8 have the three required 
properties: 

(1) the quantities a +B are divisible by a, since b is 
divisible by a; 
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(2) the difference of any two of these quantities is not 
divisible by c; for if a+8=a’+ 8’ (mod. c), where a and a’ 
are of the numbers a, a®, .--, a and £8, 8’ are of the 
numbers 6, B®, - gin. then since c>b and B=’ 
(mod. 6) it would follow that 

a=a' (mod. b), 
which contradicts the assumption that a, a®, ---, a® 
form a complete system of residues of the modul a with 
respect to the modul b, unless a=a’. But in this case 
B=’ (mod. ¢), 
which contradicts the hypothesis that B™, B®, ---, Bo 
form a complete system of residues of the modul b with 
respect to the modul c, unless B= 9’. It follows that two 
different quantities a +68% is not divisible by c; 
(3) every number that is divisible by a ts pe to one 


of the k-m numbers a 8 (FY oe 7, ) (mod. c); 


for if a is any of the numbers of a, a a must be 
congruent to one of the numbers a, a®), ---, a (mod. 
b), since a, aP, ---, a form a complete system of 
residues of the modul a with respect to b. It follows that 
a=a™ (mod. b) 
or 
a=a%+B, 
where 6 is divisible by b. Since the quantities B™, B®, 
, B™ form a complete system of residues of the 
modul b with respect to c, it follows that 6 must be 
congruent to one of these m numbers, say 
=6 (mod. c), 
or 
B=80 +y, 


where y is divisible by c. Hence we have 
a=aN%4+pgO+y7 or a=a®™ +60 (mod. c). 
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With this is established the formula 
(a, c) = (a, b)(b, c), 

a formula which is also true if either (a, b) or (b, c) or both 
are zero. 

Art. 140. THEOREM. If a, b, c are three arbitrary 
moduls, the following relation is true, namely 

(a, b)(b, c)(c, a) = (a, c)(c, b)(b, a). 

The following lemma is useful in the proof of this 
remarkable theorem. 

Lemma. [f a1>a, >b, bi >a, 61>5, then is 

(a, a1) (b, bi) = (ii, bi) (b, ai). 


For put 
m=a—b. 
Since 
a>a bi>a 
a,>b bi>b, 


it follows that 
a>m and b,>m. 
From the formula we have just proved, it follows, since 
m>a and m>b, 
(a, a1) = (a, m) (m, a1) 
(a, bi) =(a, m)(m, bi) 
(b, a1) = (b, m) (m, a1) 
(b, bı) =(6, m)(m, bı). 
Through multiplication we have 
(a, a1) (b, bı) = (a, m) (m, aı)(b, m)(m, bı) 
S bi)(b, ai). 
In Art. 137 we saw that 
(a, b) = (a+b, b) 


(b, c) = (6, b=); 


and 


so that 
(a, b) (b, c)=(a+b, b) (b, t=O: 
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But since 
b>a+b and b—c>b5, 


it follows that 
(a+b, b)(b, b— c) = (a+b, b— c), 
and consequently 
(a, b)(b, c) = (a+b, b—c). 
On the other hand 
(c, a)=(c, a—c), 


(a, b) (6, CCC, a) = (a+b, b= otc, (oe 


so that 


But 

See b—c>b+a =ë >E a—c>a+b. 
Hence from the above lemma, 

(a+b, b— c) (c, a— c) = (a+b, a—c)(c, b— c), 
and consequently 
(a, b) (b, c) (c, a) = (a+b, a—c)(c, b—c). 
The expression on the right remains unchanged when a 
and b are interchanged, and consequently 
(a, b) (b, c) Cc, a) = (b, a)(a, c) (e, b) 
= (a, c) (c, b) (b, a). 
The formula of the preceding Article may be derived at 
once from this formula; for in the special cases c>b and 
b>a, we have 
(b, a) =1, (c, b) =1, G o= 
(Art. 138), so that the formula just written is 
(ay O00, O= G@, ©). 
ART. 141. A Generalization! of Fermat’s Theorem. 
THEOREM. If a and b are two arbitrary moduls, then 
(a, b)a>b. 
In the first place it is evident that the theorem is true, if 


the number of representatives of a complete system of 
1 See Dickson’s History, etc., Vol. I, Chapt. III. 
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residues of the modul a with respect to the modul b is 
infinite. For if (a, b)=0, we have 0-a which is divisible 
by b. 

We may consequently assume that (a, b) =k, where k 
is a positive integer different from zero. 

Let the quantities a, a, ---, a form a complete 
system of residues of the modul a with respect to the 
modul b. If then ais an arbitrary number divisible by a, 
then are the k numbers 
(1) ata, ata, --+, ata” 
all divisible by a; and further the difference of no two of 
them is divisible by 6, and consequently no two of the 
series of numbers (1) belong to the same class. It 
follows that 

a” =a+ta™ (mod. b), 

a®=a+a™ (mod. b), 
where the integers r, s, ---, are (neglecting the sequence) 
to be found among the numbers 1, 2, ---, k. 

Through addition of the n congruences just written 
we have 
aM+q@+...+eSsa+a”%+ata+--- (mod. b) 

=kata%+a®+.--+a (mod. b), 
or 
0=ke (mod. b). 
Since this congruence is true of every number æ that is 
divisible by a, it follows that 


ka>b 
and consequently also 
ka>b-+a, 
or 
ka>bd. 


From the theorem just proved it is seen that if (a, b) #0, 
there exists always a positive integer k, say, that is 
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different from zero and is such that 

ka>b. 
Inversely it also follows that if there is a positive integer k 
different from zero and such that ka>b, then also 
(a, b) #0 so that the above condition that (a, b) be different 
from zero is also sufficient. 

ART. 142. THEOREM. There are only a finite number of 
moduls which are at the same time multiples of a and 
divisors of b, of b>a and (a, b) #0. 

For let f be a modul such that f>a and 6>f. Further 

let a be a number that is divisible by f, and consequently 
all numbers of the complex a+b are divisible by the 
modul f and therefore also by a. If then 0, a, ---, 
a*-) are a complete system of residues of the modul a 
with respect to the modul b, then since a is also divisible 
by a, the complex a+b6 is identical with one of the 
complexes 
(1) 0+6, a+b, a@+b, ---, aD +b. 
Hence there may arise in all only the following possible 
cases: The modul É comprises only the numbers of the 
modul b, or besides, an additional one of the complexes 
(1), or an additional two of the complexes (1), ---, or all 
of the complexes (1) in addition. Hence for the modul f 
there are in all 


k-1 k-1 k-1 

TDA Ca 
'k—1 z J 
ET pa EEEN 1= Qk-1 

cases conceivable. 

We have thus proved the theorem and at the same 
time given a method of finding all moduls which are at 
the same time multiples of a and divisors of b, when 


(a, b) 40 and b>a. 


ExampLe. Prove that the inverse of this theorem is true. 
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ArT. 143. THEOREM. If a and b are two moduls and if 
p and o are two given quantities, then the necessary and 
sufficient condition that the following two congruences 
w=p (mod. a), 
w= (mod. b), 
be satisfied by one and the same quantity w, is expressed 
through the congruence 
p=0o (mod. a+b). 
We shall first show that this condition is necessary. 
Assume that there is a number 7 such that 
T=p (mod. a) and r=c (mod. b); 
then is also 
tr=p (mod. a+b) and 7=c (mod. a+b), 


and consequently 
p=co (mod. a+b). 


This condition is also sufficient. For assuming that 


p=o (mod. a+b), 
it is seen that 
p=o=<c, 
where 6 is a number divisible byd=a+56. It follows that 
p—oc=a+t8, or p—a=o+8. 
If then we put 


T=p—a=at+8, 
it is seen that 


7=p (mod. a) and 7=c (mod. b), 
or 7 satisfies both congruences. 
The most general solution of the two congruences 
w=p (mod. a) w=d¢ (mod. b) 
may now be derived. This of course depends on the 
possibility of the solution, and that is, if 
p=co (mod. a+b). 
Let 7 be a special and w any arbitrary solution of the two 
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congruences, so that 

w=p (mod. a) w= (mod. b) 

r=p (mod. a) 7=0 (mod. b), 
and consequently 

w=r (mod. a) w=r (mod. b). 
It follows that 

w=r (mod. m), 
where m=a—b. We thus see that 
w=T+h, 
where u is some number divisible by the modul m. 
Reciprozally, if u is some number divisible by m, then 


always 7+ is a solution of the two congruences. 


For if 
„=Q (mod. m), 
it is seen that 


u=0 (mod. a), »=0 (mod. b), 
and since 
T=p (mod. a), 7=o (mod. b), 


it follows that 
pt 7r=p (mod. a), u-+r=o (mod. b). 
Hence if + is a special solution of the two congruences 
7=p (mod. a), 7=0o (mod. b), 
then the most general solution of these two congruences is 
TB, 
where u goes through all numbers that are divisible by m. 


It is seen that this theorem is the analogue of the corre- 
sponding theorem for rational integers. 
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ART. 144. If ai, a, ---, Qn are n arbitrary algebraic or 
not algebraic numbers, the collectivity of numbers that 
may be expressed through the linear form azı + 0222 
+--+++an%, for positive or negative integral [rational in 
9(1)] values of the variables zı, £2, «++, Zn, constitute a 
finite modul, which is represented through (Art. 114) 

a=[a, (Bis SEDO nil! 

The quantities a1, a2, ---, a, form a basis of the modul a 
(Art. 64). It is evident that the modul a may be 
expressed through an infinite number of bases, since the 
basal elements are susceptible of innumerable changes 
without thereby altering the collectivity of numbers that 
constitute the modul a. For example, one or more of 
the basal elements may be replaced by its opposite value; 
and further 


v=n 
[a, O93 2 '%y an |=Lai+ Dr Be, ***, |, 
v=2 


where 22, 23, ---%, are rational integers. In general 
among the basal elements we may make a linear substi- 
tution with determinant equal to +1; for write (Art. 94) 
Bi = C1101 +CioGe+ > + + Cinan, 
Bo = CoQ + C2202 + ` ++ +ConQn, 


Ba = CniQ1+Cn2Q@2+ cere + CnnO@n; 


so that 
(i, Gio, 2505 Cen 
Bo, Coo, ***, Con 
ee a: ` |, ae=ete. 
Ba; Cn2, ***y Cnn 
220 
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It is evident that any linear expression,’ that can be 
formed of the a’s may also be formed of the 8's and vice 
versa. The changes that may be made among the basal 
elements may be illustrated by the following example: 
[87, 36 ]=[87 —2-36, 36 ]=[15, 36 ]=[15, 36—2-15 ] 
=[15,6]=[15—2-6, 6]=[3,6]=[3, 6-2-3] 
=[3, 0]=[3]=32, 
where z is a rational integer. This process is nothing 
other than a method of finding the greatest common 
divisor of two rational integers. It is evident that it 
may be applied to any number of rational integers. If 
d is the greatest common divisor of a, b, c, then is 


La, b, c]= [d], 
if a, b, c are rational integers (Art. 113). 

ART. 145. The following definitions are offered: If a 
finite modul has a basis which consists of n elements, 
and if it has no basis that consists of fewer than n 
elements, then n is called the rank or order of the finite 
modul. 

If œi, a, «++, æn are n arbitrary numbers, we say that 
they are dependent or that they form a reducible system 
(Art. 57), if it is possible to determine n rational integers 
21, Zo, °° *, Ln, Such that 

001+ Oete+ +++ +Ontn=0 
without all the x’s being zero. If this is not possible, the 
quantities a1, a2, --*, Qn are said to be independent 
(linear independent), and form an irreducible system. 
An irreducible system is formed, for example, of the m 
elements of the basis of a finite algebraic realm of the 
mth degree (Art. 64). In the following investigation we 
shall at first confine ourselves not wholly to algebraic 


1 In this connection a paper by Frobenius on “Linear Forms” (Creile’s Jour- 
nal, Vol. 86, p. 146) is of great importance. 
See also Stieltges, Toulouse Ann., Vol. 4, p. 1. 
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quantities, but shall take into consideration any arbitrary 
quantities. 

Let a1, a2, ---+, a, be any n independent quantities, and 
form from them n new quantities by means of the 
equation 

Br=Cri0itCroQet+- ++ +CpnQn (r=1,2,---, 0), 
where here the quantities c,1, Crs, +++, Crn are integral or 
fractional rational numbers. If we put the determinant 
of the nth degree |c,,| = C, the following four theorems are 
true (Art. 63): 

(1) If C¥0, then Bi, Bo, +++, Bn are independent; 

(2) of C=0, then Bi, B2, «++, Bn are dependent; 

(3) af Bi, B2, +++, Bn are independent, then is C0; 

(4) af Bi, Bo, +++, Bn are dependent, then is C=O. 

ART. 146. Let a be a finite modul and suppose that a 
has a basis consisting of n linear independent elements 
ai, 2, +++, n SO that 

a=[a, el l an]; 
and further suppose that a has a basis consisting of n 
arbitrary elements 61, 82, ---, Bn, so that also 

a=[(1, Bo, Saco) CMe 
It is evident that the two systems of numbers a4, a2, ++, 
a, and fi, Bs, +++, Bn may be mutually expressed through 
each other in the form 

By = arna Hanat +++ Haran, 

Oy = bribi +b,282+ +++ +d Bn (r=1, 2, +++, n); 
where the quantities a,, and b,,(r, s=1, 2, -+-, n) are 
rational integers. 

It is seen that 

a, =bn (angian +++ Fanan) 


+b,2(d21a1+A2202+ ad Fanan) 


+ Brn (Qn1@1 + anæ + Se Fanan). 
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Since ai, a, ***, Qn are linearly independent, it follows 
that in the above equation each coefficient of the a’s 
must of itself be zero. Define e,,, as a symbol to be 
interpreted as follows: 
G0) i Pez, Ap Sil it PSR, 

Then from the above equation it is seen that 

bridis tOr2dost ++ +0rnOns=Cre (7, 8=1, 2, --+, n). 
Due to the theorem for the multiplication of determinants 
it results that 


|brs| + [ars | = |ere| = 1; 
or if we put |b| =B and |a,,| =A, then 
AB=1. 


But since A and B are rational integers, it is evident that 
A=+1, B=. 

It follows since A #0, that the quantities 81, B2, ---, Bn 

are independent. We shall also make use in the sequel 

of the other result, namely that B= +1. 

ART. 147. THEOREM. If of the elements of a finite 
modul a there are n independent, then (1) the modul a has a 
basis which consists of n independent elements; and (2) n ts 
the order of the modul. 

The first part of the theorem may be proved as follows: 
Suppose that the elements of the modul have been so 
arranged that the n independent elements come first so 
that 

a=[a, We) any a e oh 
where &ı, a, -++, a, are independent, while the elements 
8, y, +++, Which are of course finite in number, are 
dependent. It wi!l follow in the process of the proof that 
the number n is a perfectly definite number. The 
numbers ai, a2, *::*, Qn, B are not independent, and 
consequently there is an equation of the form 


bB = bia t+ beast ganis +Fbnan, 
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where b, bı, be, +++, bp are rational integers with no 
greatest common divisor other than unity. We must 
also assume that b0, otherwise there would be a linear 
relation among the a’s. We may further assume that 
b>1; for if b=1, it is seen that £ is linearly expressed in 
terms of the a’s and may therefore be dropped from the 
elements that are to constitute the basis of a. In a 
similar manner y is dependent on the a’s so that there is 
an equation of the form 
CY = C1012 +CH + +++ Cnn, 

where c>1 and cı, ¢2, ---, Cn are rational integers without 
a greatest common divisor other than unity, ete. 

Let p be a prime number that is a factor of b, so that 


b=b’p. 
It follows that 
(1) b’pB =biai +b + +++ +bnadn. 
Further since the numbers bı, be, ---, bn have no common 
divisor, it is seen that all the numbers bı, be, ---, Ba 


cannot be divisible by p. If say, bı is not divisible by p, 
then two integers r and s may be determined such that 


ps—bir=1. 

If we multiply the equation (1) by r, we have 

b’pBr =birayt+(beaet+-++-+0nan)r 

= (ps—1)ai+(bea2+ - - - +Onan)7, 

and consequently 

a1 = p(sai—b'Br) + (boae +--+ - +bnæn)r. 
If we put 

a, = Sa, —b’Br, 
it follows that 
(2) oy = pat berag+ +++ 4+ bnran. 
Next multiply the equation (1) by s. It is seen that 
b’pBs = by8sai+(bea2+::- +brdn)s, 
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or 
bp +byr) = bisai + (bsa +- E +bran)s, 

so that 

(3) b’B = biai t+besa_+ Gao +b,SOQn- 

The new system of the numbers a}, a2, a3, ** +, an has the 

same characteristic properties as have the n numbers 

Qi, 2, +++, @n; in other words, if 

(4) a=[a, Oe, tty An; B, Y <), 

then is also 

(5) a=[ai, Ola, ° ty Any b, Ys ea 


This follows from the fact that the element 
ai =sa,—b’rB 
may be added to (4), giving 
a=[an, (iy 62%, Cop (By Wy Oe a; |. 

When this has been done, it follows from (2) that a; may 
be omitted from the elements, thus producing (5). 

Further the elements aj, a2, ---, Gq, are linearly 
independent. For if they were dependent, there must be 
an equation of the form 
(6) tiar +2202+ +++ +4nan=0, 
where the 2’s are rational integers. This equation may 


be written 


x1(So, —b'rB) Hra F : - -Hiran =0, 
or 


Tisai HTa + a Pr = 0; 
or from (1), 
Tisai tH tzaz +: Henan — ti (biar + bacta + ii +bnan) =0. 


It follows that 
(xıps —xırbı)ær + (zap —217b2) a2 
+- ee H (Enp — rbn )an =Ù. 


www.rcin.org.pl 


226 THE THEORY OF ALGEBRAIC NUMBERS 


Since aj}, @2, +++, @, are linearly independent, the 
coefficients in this expression just written must be all 
zero. 
Hence 
21(ps—rb,) =0, 
and since 
ps—rb,=1, 
it follows that zı=0 and then from (6) 
Loe tXeagt: ++ +2ra,=0. 
Since a, a3, ---, Qn are linearly independent, it follows 
also that 
oe o2+=Zy- 
Finally it is seen that 8, y, --- are expressible linearly 
with integral or fractional coefficients through ai, a2, +-+, 
a,. The form (3) may be written 


b'B = bia tbat + - - +dron, 


where 65, - - -, ba are rational integers; or, 
g =P tbat ea bran, 
A 
In this expression of 8 through ai, a2, ---, Gn, the 


denominator b’ is smaller than b which is the denominator 
in the expression of 8 through aj, a2, ---, Qn. 

On the other hand in the expression of y, ô, 
through ai, a2, +*+, @,, the denominators are the same 
as in the expressions of these quantities through a1, a, 

++; Qn. For we had above 

CY =a, +¢2:a2+---+¢,a, [which from (2) ] 
= ¢1(pai+berar+ -+++bpfan) +C2a2+ +++ +CnOn 
= Chai t+ cat: + -+F Cran, 
where ci, c2, --+ c, are rational integers. It follows that 
y Caitear t + + + Ean, 
m 
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Comparing the elements ai, a2, +++, an, B, Y, +- With 
Ol, M2, °° Qn, B, Y, «++, it is seen that 1°, the number of 
elements is the same in both systems; 2°, the first n 
numbers of both systems are independent; 3°, the ele- 
ments 8, y, --- may be expressed through the first n 
elements of either system with the same denominator. 

We note, however, in the expression of 8 through the 
two systems, that the denominator b’ occurring in the 
first system is smaller than the denominator b which 
occurs in the second system, since b= pb’ and p¥1._ If b’ 
were equal to unity, we could omit 8 from the system 
Qi, G2, +++, Gn, B, Y, ---, due to the fact that 6 could be 
then expressed linearly with integral coefficients in terms 
of the remaining elements. If b’+1, then is 

b’ = pb”, 

where the prime integer p’ is different from 1. Proceed- 
ing as above we may form a new system of elements in 
which the first n elements are linearly independent and 
are such that when £ is expressed linearly through them, 
the denominator that appears is b”, which is less than b’, 
while the denominators which occur in the expressions 
for y, 6, --- have not been changed. Continuing this 
process we must finally come to a system of elements in 
which the denominator for the expression for @ is unity. 
When this has been done, 8 may be dropped from the 
system. The same process may be then applied to 
y, 6, :-:. We thus come finally to a system of n inde- 
pendent elements which form a basis of the modul a. 

The second part of the theorem may be expressed as 
follows: 

If the modul a has a basis consisting of n independent 
elements, it can not have a basis consisting of fewer elements. 
It then follows that n is the rank or order of the modul a, 

9 
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and that the number of independent elements of the modul a 
is its rank or order. 

Let a have a basis consisting of the n linearly inde- 
pendent elements a, a2, ---, @n, SO that 

=li os - -, eah 

Denote the rank or order of a by m; it is then asserted 
that m=n. Suppose that m<n, and that a has a basis 
which consists of less than n elements, and let these 
elements be Bı, bz, --:, Bm. Then the œ’s may be 
expressed through the 8’s in the form 


a, = C1 Bi F Erb - Ş e (r=1, 2, n), 
where Cri, Cr2, -**, Crm are rational integers. It follows 
also that 


T=" Tr=n rT=n T=n 
2 art, = Bi Lenk, +Be X Crot, sr eer TEn È Crmtr 
r= T= f= r= 


where zı, zo, ---, Za are arbitrary rational numbers. 
These quantities 21, zə, ---, 2, may, however, be so 
determined that the equations 


T=n T=n T=n 
“Crit, =0, SE ing — 10) Fey cle E Crm = 0 
r=1 r= rT=1 


are satisfied, there being m equations and n(>m) 
unknown quantities which may be satisfied always by 
values of x different from zero. It follows then that 


T=n 
> 2a, =0, 
r= 


where the z’s are not all zero, and consequently also that 
Qi, Qs, +++, a, are linearly dependent. This is contrary 
to the hypothesis. Hence the rank or order of the 
modul a must be n, where n is equal to the number of 
independent elements of a basis of a. 

Reciprocally, if the order of the modul a is equal to n, 
then a has a basis of n linear independent elements; and 
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in every arbitrary basis of a there are precisely n linearly 
independent elements. 


Art. 148. If a is a finite modul and if the modul 
b is divisible by a, then b is a finite modul; and the order of b 
is not greater than the order of a. In other words every 
multiple of a finite modul is a finite modul. 

Let a be a finite modul of the nth order, say, 

a= La, (ob o Qn |. 

Since b is divisible by a, every number that is divisible 
by b may be expressed in the form arzı + a2%2+ +++ +n2n, 
where 21, £2, ---, Za are rational integers including zero. 
However, to have all the numbers of the modul b it is not 
necessary that all rational integral values be ascribed to 
the variables x1, £2, ---+, Xn. 

If there are numbers of the form a2, which are divisible 
by b, we seek that one which for a positive x, has the 
smallest value, and denote it by 


Bi = 0110. 
If there is no number of the form az, that is divisible by 
b, put aun =0. Consider next those numbers of the 
modul b which may be expressed in the form ai7,+ 4222, 
where x.~0. If such numbers exist, choose that one for 
which a, has the smallest positive value and denote it by 
b2= 2101 F a202. 
If there is no such number, write az1=0=4đa: Con- 


tinuing this process, consider those numbers that are 
divisible by b and which have the form 


Artit atat ---+4,2, (r=1, 2, +++, n). 


If there are numbers of this form, choose that one for 
which a, has the smallest positive value and denote it by 


B- =ar F arna iis. HAr, 


www.rcin.org.pl 


230 THE THEORY OF ALGEBRAIC NUMBERS 


but if there is no such number of this form, write 

an= 05an +++ =Gyr. 
It is asserted that the quantities 61, 62, ---, Bn which are 
thus derived constitute a basis of the modul b, so that 


b=[61, Be, aca Badk 
When this is established, the first part of the theorem is 
proved, viz., that b is a modul of finite order. 

Take any number § which may be expressed through 
the first r elements of the basis œ, a2, ---, a, in the form 
B =tiai tH tat +++ Hra, 
where 2, %2, +++, %, are rational integers. If am =0, 
then owing to the method by which a,, was determined, it 
follows that x, =0; but if a0, then xz, must be divisible 
by a,,, due to the hypothesis that 

Lael Paes rr 
For dividing x, by a,, we have, say, 
XL, =Arrb, E 


where 
ee < ar 


It results that 
B— b,b, = (41 — bran )ar t (T — brar jat - + (2, — brar) ær 

= (zı — b,a) + (2 — brar) + -Halar 
It appears that the number 6 —b,@, which is also divisible 
by b is expressible through a1, a, ---, a, and that the 
coefficient of a, is smaller than a,,, which by hypothesis 
was the smallest coefficient of a, among all the numbers 
of the form ziat tzæs+ - - - +2z-&, that were divisible by 
b. It follows therefore that 

a, =0, 

and consequently x, is divisible by a,,. Suppose next 
that 8 is any arbitrary number that is divisible by b 
and consequently also by a, since b is divisible by a. 
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We may therefore write 8 in the form 
B =A, +202 + +++ Fanan. 
If r is the greatest number for which a. <0, then 
p= b, By = (a ~~ b-ann) + (a2 -> b-a,2) œz +--+ (a — blr) ry 
or since 
ar — barr = 0, 

we must have 

B— b,b, =aiait azat: +a (s<r). 
It is thus shown that a new number 6—5,6, has been 
derived which is divisible by b and which may be ex- 
pressed through fewer than r of the basal elements of a, 
viz., through ai, a2, +*+, œs (where s<r). 

By means of the number 8—0,8, and using the same 
method, we derive another number also divisible by b, 
viz., 

B— b,b, — b.b, =ajo,t+aga,+-+++atoa, (where t<s). 
Finally we come to a number divisible by b which =0, 
and we then have 

g =b, br F bbs + bbt Gein 

Thus it has been shown that every number @ that is 
divisible by b may be linearly expressed through the 
numbers bı, 82, +*+, Bn with rational integral coefficients. 
It follows that 6, B2, +, Bn form a basis of b and that b 
is a finite modul. At the same time it is also seen that 
the order of a is not smaller than the order of b; for of the 
n elements bı, b2, ---, Bn it has been seen that some may 
be zero, and further there may be linear relations among 
them. This latter question is again considered. 

ART. 149. If a is a finite modul taken with respect to 
an arbitrary (not necessarily independent) basis ai, a2, ---, 
Qn, and if b>a, then as shown above we may determine a 
basis of b, say Bi, B2, ---, Ba Such that 


er = 7101+ G,20_ + pos Ir E (r =1, 2, «++, n), 
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where Qn, G2, ‘>t, @n are integers or zero. These 
quantities a,, are zero if ¢>r, while au, aw, ---, ar Z0. 
The quantities a,, form therefore a triangular system 
which may be made rectangular by the addition of zeros 
as illustrated in the following scheme: 


Qu, 0, 0, 0, ais! 0 
Qin, Ara, 0, 0, ee) 0 
13, 3, G33, 0, ee ips 
Ains lon, Asn; Qn, aay NS Ann: 


Turorem. The number of incongruent residues of the 
modul a with respect to the modul b is equal to the product 
Qi ' 22° ' * Ann; OF 

(a, b) =@y1029° + -Gnn- 

In the proof of this formula two cases are to be 
distinguished: namely (1) where the quantities au, a», 
-+ +, Ann are all different from zero; and (2) where some of 
the quantities a, Q2, ---, Ann are zero. 

In the second case it is asserted that (a, b) =0, an 
assertion which may be stated as follows: If (a, b) 0, 


then none of the quantities ay, Qz, '-', @nn iS zero. 
This is of course identical with the statement that 
(a, b) =O unless all the quantities au, a2, ---, ann are 


different from zero. 

Suppose that (a, b) =m0. lt follows (Art. 141) that 

ma>b 
and consequently ma, is divisible by b for r=1, 2, ---, n. 
Accordingly there is a number divisible by 6 which must 
have the form 
EnEn a +++ +2,a, 

and for which z,~0, and consequently a,,~0 (r=1, 2, 
+--+, n). With this the second ease is proved. 

Returning to the first case, suppose that each of the 
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quantities a1, @2, ***, @nn is different from zero. It is 
then asserted that 
(a, b) =Qi22* + ` ann 
We shall derive a complete system of residues and it will 
be seen that the system consists of exactly aaz +++ ‘ann 
numbers. 
Form the expression 
6 = zia teat +--+ +2ZnGn, 
and in this formula give 
to zı the values 0, 1, ---, an— 1, 
to z the values 0, 1, ---, a2—1, 
to z, the values 0,1, ---, Qan—1. 
The u'an: +++ ‘Ann Values of ¢ thus derived form a 
complete system of residues of the modul a with respect 
to the modul b. For they have the following three 
characteristic properties: 
(1) They are all divisible by a. 
(2) The difference of no two of these quantities is divisible 
by b. If for example we had 
gait gece + - - ` Hgnan =hiai Hha + - + : +Hhnan (mod. b), 
then it would follow that 
(91 —hi)art (g2—he)a2+ - - -+(gn—hn)an=0 (mod. b), 


where some of the differences g,—h, (r =1, 2, ---, n) are 
not zero. Let r be the greatest of these integers such that 
gr—h, 40. 


It results that 
(gı—ħı)art (ge —hy)on+ ++: Gps) =0 (mod. b), 
and it would follow since g, and h, are both less than a,, 
that 
[geli] < arr, 
which contradicts the definition of a,, (Art. 148). Hence 
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the difference of no two of the above numbers is divisible 
by b. 

(3) Every arbitrary number that is divisible by a is 
congruent to one of the above numbers (mod. b). For let a 
be a number divisible by a of the form 

=X + MQ24 +++ +Fnon, 
where the x's are rational integers. Let x, be divided by 
GQnn giving 
Ln =AnnYnt2n; 
where y, is an integer or zero and z, is one of the numbers 
0, 1, 2, ---, @un—1. The §’s being defined as in the 
preceding article, form the number 
A= YnBn = (21 — YnOnr) a+ (Lo — Yana) a2 
ee: ip Yalan) On 
= (£1 — YnOnr) 1+ (L2— YnAn2)O2+ +++ + Oren 
=a +2nQn, 
where a’ is a quantity of the form 
a' = 24a, + 49024 - - -HLan 
It follows that 
= TM Mes ee a 
Applying the same process to a’ as we have just done to a, 
we divide zp- by @,-1,n-1, which gives 
Ta = Opole eesti 
where z,_1 is of the quantities 0, 1, 2, ---, @r-1,.1—1; 
then as above we have 
al = Vinita Pepe +a”, 

where a” is linearly expressed through ai, a, +--+, Gn—2 
Continuing this process we have finally 
A =YnBn +Yn—1Bn1+ Boe +yb1 

APE Oy APE AP TS Ree g 
and consequently 

@=20,; +20a,+---+2,a, (mod. b), 
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where z, are of the numbers 0, 1, ---, a„—1 (v=1, 2, 
--, n). Thus it is seen that every number a of the 
modul a is congruent to one of the above d:a- +--+ ‘ann 


numbers (mod. b), so that these numbers form a complete 
system of residues of the modul a with respect to the 
modul b. 

With this is demonstrated the correctness of the 

formula 
(a, b) = 11° 22` 33° °° * + Ann. 

The following results have been derived: 

(1) If (a, b) 40, none of the quantities ay, az, +++, Ann 18 
zero and (a, b) =@i1 Goo +--+ Ann: 

(2) If (a, b) =0, at least one of the quantities an, dr, ---, 
Qnn VS Zero. 

(3) If au, doz, +++) ann are all different from zero, then is 
(a, b) 40. 

(4) If one of the quantities an, az, --+, Ann U8 zero, then 
also (a, b) =0. 

These theorems are true only under the condition that 
b>a. 

As a corollary of this theorem, consider a one-termed 
modul a =[a ]; then if b >a, it follows also that b is a one- 
termed modul. 

Let b =[@] and consequently 


B=61=aua. 
Since 
aii = (a, b), 
and consequently 
B = (a, bja, 
it is evident that 
b= (a, bja, 


or in other words, every multiple of a one-termed modul 
is a one-termed modul and has the form just written. 
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ART. 150. Assuming that b>a suppose next that the 
basis consists of the independent elements a1, a), -+-, Qn. 
The system of the n quantities £1, Bs, ---, Bn is defined as 
above, the coefficients a,, forming a rectangle as given in 
(Art. 149). Itis seen that the determinant |a,,! is equal 
Qi: a' +++ ‘Ann, SO that 


lare| =(a, 5). 


The quantities 6:, b2, ---, 8, as shown in the preceding 
article form a basis of 6 and are linearly independent 
(Art. 145) if |ar| 40. - In this case the order of b is the 
same as the order of a. On the other hand f, B2, ---, Br 
are linearly dependent if |a,,| =O and in this case the 
order of b is less than the order of a. 

Since |a,:|=(a, b) the following theorems are thus 
proved: 

(1) If b>a and (a, b) 40, then the basis Bi, Bo, +++; Ba of 
b consists of n independent elements and the order of b is 
equal to the order of a. 

(2) If b>a and (a, b) =0, then the basis Bı, B2, +--+, Bn of 
b consists of elements that are not linearly independent, and 
the order of b is less than the order of a. 


ART. 151. THEOREM. If (a, 6) <0 and if b is a finite 
modul, then a is also a finite modul and the order of a is not 
greater than the order of b. 

For let (a, 6) =mæ=0, then (see Art. 141) ma>b and 
consequently (Art. 148) ma is a finite modul, whose order 
is not greater than the order of b. Further the rank of 
ma is equal to the rank of a, so that the order of a is not 
greater than the order of b. 

From the two theorems given above it follows that if 
b>a and (a, 6)#0 and if one of the moduls a or b is 
finite, then both a and b are finite and of the same order. 
In this case note that ma>b>a. 
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ART. 152. Starting with the formula 
(a, b) =011022* > + ann, 
where b>a, theorems will be introduced which become 
more and more general until finally a means of de- 
termining (a, b) for every arbitrary case is offered. 
Again let a be a finite modul of order n, and write 
a =[a, G2, 77", eral. 
Further let b >a, and suppose that b has a basis consisting 
of the n elements Yı, yo, -- +, Yn, Which are not necessarily 
independent, since we have not assumed that (a, b) #0. 
Since b> a, it follows that yı, ye, :-+, Yn may be expressed 


through a, a2, ++-, @, in the form 
Yr = C101 Cea + i + CrnQn (r =1, 2, ay n), 
where Cn, C, +, Crn are rational integers. It is asserted 


under the conditions just made, viz., if b>a, that the 
absolute value of the determinant |c,,|, that is of C, say, 
is equal to (a, b). This theorem differs from the pre- 
ceding one in that it is true for any arbitrary basis 
Y» Ya **', Yn Of b, while the preceding theorem was true 
only for the special basis (1, Bo, ---, Bn. 

In the proof two cases are to be distinguished: 


(1) when C =0 and (2) when C#0. 


In the first case where C =0, the basal elements yı, Y2, 
-+, Yn are dependent (see preceding article) and 

consequently the order of b is less than the order of a. 
When this is the case it was shown (Art. 149) that 
(a, b) =0. 

In the second case where C0, the rank of b is equal n. 
Since b>a, we may introduce the system of n basal 
elements of b, 61, B2, ---, Bn which was given in Art. 149, 
viz., 


Br = ürat anat * > -Farman (r =], 2, sander n), 
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where a,,=0 for t>r and where 


(a, b) =@y-Ge2- +++ -ann = | Are]. 
Since the quantities 81, 62, ---, 8, as well as the quantities 
Yi, Yz ***, Yn form bases of b, they may be linearly 


expressed through one another with integral coefficients 
and the determinant of the coefficients is equal +1 (Art. 
94). 

Write 


Y= Z (bnp) (r =1, 2, EE) 


where 5,, are rational integers and |b,.|= +1. Further 
since 


Bt = È (aise) (t =1, 2, DOO, iq 
it is seen that 
yo i 2 (b,-tQisQs) (r =], 2, pa n). 
Ak hee 


On the other hand, since 


i E (Cna), 
it follows that 


DB (by Aisrs) et PET 
321,2, =., s=1 


=1,2, n 
t=1,2....." 


As the a's are linearly independent, it is seen that 
t=n 
Crs = STA E PA) = b 104s +Hbr2đ2s + Ea, Fbrnans (r,s =1,2,++:, n). 
t=1 
It follows from the theorem for the multiplication of 
determinants that 
C= |Cre| = [are] [Bre | 5 
or, since |b | = +1, it follows that 
C= +lan| = (a, b) 


and consequently (a, b) is equal to the absolute value of 
CS leal 
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As an example of this theorem, take the modul of the 
nth order 
a=[e1, a, +++, an] 
and for the modul b write 
b=ka=[kau, kas +++, kon], 
where k is a rational integer. We then have 
Y, =ka, (vy =1, 2, ++», n) 
and consequently in the above discussion 
Gaels, Crt =O, (rÆt) (r,t =0, 1, «++, 7). 
Substituting in the determinant |c,,|, it is seen that 


Om, e 10 
(a, ka) = |e OY ae; 
O00, en oe 


or, if a is a finite modul of order n and k is any rational 
integer, then is 
(TES EE 

Art. 153. In the proof of the theorem indicated in the 

formula 
(a, b) = |c] =|C| . 

it was assumed that b>a and consequently that the 
quantities c,, were rational integers. We now do away 
with the restriction that c,, are rational integers in that 
they are allowed to be any rational numbers, and it is no 
longer assumed that b>a. From now on it is assumed 
that a and b are finite moduls and that 


a= Lon, Qa, a "5 an) 
b=[G, Bo, ciiir sea 
The n basal elements a, az +++, a, are supposed to be 


linearly independent but this assumption is not made for 
the basal elements 61, bz, +*+, Bn of b. However, it is 
assumed that there exist integral or fractional rational 
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numbers c,, such that 
br =Car Herat - Š COA (r =1, 2,- n). 
With these more general assumptions we cannot at first 


compute the value of (a, b), but the value of the quotient 


(a, b) may be derived. 


(b, a) 
It is asserted that, under the assumptions just stated, 
(a, b) = C 
(b, a) | l; 


where |C | denotes the absolute value of the determinant 
C=|c,.|. Observe that this formula is true for the case 
that C=0 (see again Art. 154) since then (a, 6b) =0 as 
already seen in Art. 150, and further it is true for the case 
b> a, for in this case (b, a) =1 (Art. 138) and consequently 
(a, b) =|C|, the quantities c,, being integers. 

To prove the more general case let k be the least 
common multiple of the denominators of the fractions 
Cr, SO that the product kc., is a rational integer. It 
results that 

kB, = kenar t kca -- ae +kernOn (r=1, 2) =", n). 
It follows that kbi, kz, ---, kBa, which quantities also 
form a basis of kb, may be linearly expressed with integral 
coefficients through a1, a2, +++, &ne Itis thus also shown 
that 


kb>a 
and consequently from the preceding theorem, 
(a, kb) = + | ken | = k" | crs | = k"C. 
Next write 
a+b =b. 

Since a>b and kb >a, it follows from Art. 139 that 

(d, kb) E (b, a) (a, kb); 
and since b>» and kb>b, it is also seen that 

(b, kb) = (b, b) (b, kb). 
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Further since 
Oa =o a) Art. 137); (a, kb) = =k"C, 
(bd, b) =(a, b), Gi, AD Shee. 
it follows that 
+(b, a)k"C = (a, b)k*, 


or 
(, 5) on 
(b, a) F +C = IC], 
(a, b). bz 
as CES is a positive number. 


ART. 154. It may be shown that if C=0, then also 
(a, b)=0. For if C=0, then (i, Be, ---, Bn are linearly 
dependent, and consequently the order of b is less than 
the order of a, that is, less than n. It follows also that 
the order of the modul kb is less than n. But since kb>a, 
it follows from Art. 150 that 

(a, kb) =0. 
Hence in the formula given in the preceding article, viz., 

(ò, a)(a, tb) = (d, b) (b, Fb), 
it is seen that 
(d, b)(b, fb) =0. 

But since 

(6; Kb) =k’, 
where r is the order of b, it follows that (b, b) =0, or since 
(b, b) = (a, b), 

(a, 6) =0. 

ART. 155. Lemma. Let ay, ao, +++, an and ĝi, Be, -°-, 


Bp be two bases of one and the same finite modul a so 
that 


a =[a, O2, ett; an] =[Br, Bo, mS Bail 
and further assume that a, a2, +--, a, are linearly 
independent, so that n is the rank of a while p=n. 
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We then have 


t=p 

a, = X (arp:) (r =1, 2, OS Ty 
t= 

Bi =X (bya) (t=1, 2, +++, p), 
s=1 


where a, and b are rational integers. It follows that 
a= DE (A+tD iss). 
D 


fun, 2) - 0, 


s=1,2,--+,” 
Since ai, a, ---, a, are linearly independent, it is evident 
that 
t=p 
DLarrds: = €rs (r,s =1, 2, ---, n), 
t=1 


where e,, =0 forr#s and e, =1 forr =s. This expression 
may be written 
ariba Farbe H arsbss +: A Opat = 6s 
(r, s=1, 2,..., 2). 
It is then clear that 
Qi, Giz, **+, Qip buy, bis, SS bip 
Ogi, Q22, ***, Aap bzr, boz, Fees bap 


ENRERE EENE EA 6 06 Se 6 Cin 0 O10 8 059 


Qni, Anz ***, Anp bris Dna, ae } Dap 
411, €12, ***, Cin 
= 21, €22, A Ern, =1 
Enl; €n2y AET Enn 


Denoting any determinant formed by taking n columns 
of the system a» by A and any determinant formed by 
taking n columns of the system b., by B, the expression 
just written is 

AARDE 


It follows that all determinants formed by taking n columns 


from the system arı, in number = (2). have no common di- 
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visor save unity, the same being also true of the determinants 
formed by taking n columns from the system bs. 

A special case of this theorem was treated in Art. 94 
where p=n. In this case there was only one determinant 
formed from the system a: and only one from the 
system b,, and both these determinants had the value 
+1. 

ART. 156. Let a and b be two moduls of finite order, 


a= La, œ, tt; cadh 
b=[Ai, Beta By J; 
and let ai, a2, --+, a, be linearly independent, the order 


of a being n, while p=n. Further assume that there are 
pn rational numbers cs such that 

Be =cut Cna e Cinan (s1, 2, +++, p)? 
and that is, the elements 6,, Bo, ---, Bp by hypothesis 
may be expressed linearly with rational coefficients in 
terms of the a’s. It is asserted: 

The greatest common divisor of all the determinants of the 
nth order which are had from the system ci by taking n 
columns is in absolute value equal to s ; 

? 

The special case p =n was proved in Art. 153. 

In the proof of the more general theorem, two cases are 
to be distinguished; (1) where the determinants of the 
nth order formed by taking n rows of the system c,, are 
not all zero. In this case there are among the p quantities 
81, Bz, ---, Bp n independent, and the order of the modul b 
is n (Art. 148). Accordingly the modul b has a basis 
consisting of n independent elements, say 


b=[7:, Vp OS Op, Fall! 


It follows that 61, b2, ---, Bp may be linearly expressed 
through the y’s with integral coefficients in the form 
(1) B= Daur. (t =1, 2, Seay n), 
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where the quantities a, are rational integers and the 
greatest common divisor of the determinants of the nth 
order formed from the system a: is, from the lemma in 
the preceding article, equal to 1. 

The quantities yı, Y2, -` +, Yn may be expressed through 
the 6’s and consequently through the a’s in the form, say 


(2) itis bsia1 +bs2a + ey +Fbsnan m A (s S2 p), 
r=1 


where bs, are rational numbers. 
If we put the absolute value of the determinant 
|b| =B, it follows from Art. 153, that 


_ (a, 6) 
T 
It is further seen from (1) and (2) that 
Br Ta i 2 (Qisbsraær) (t=1, 2, +++, p). 
male ce 


On the other hand, since 
Br = 2 (Cira), 
it results that i 


(3) Ci = 5 (Qisbsr) (t =1, 2, Oat} p). 
8=1,2,-.+,n 
Of the p numbers 1, 2, ---, p choose n and denote them 
by ti, tb, +++, tx. It follows at once from (3) that 
[Cni C2, ***, Ctyyn| [@e,,1) Aa * 7%, EnA 
Ct,,1) Ct, 2, ’ Ctn a Qt,,1) Qt,,2) , Atn B 
Ch Gim 5 Cen Oirbh Ot y Utan 
Since the numbers t, t, ---, tn may be chosen from the 


numbers 1, 2, ---, pin (?) ways, we have (7) equations 


like the one just written. These e equations show, 


since the determinants on the right hand side formed 
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from the system a,, have unity as their greatest common 
divisor, that the determinants of the nth order formed 
by taking n columns of the system cı, have B for their 
greatest common divisor, where 


(a, b) 
B| ==. 
biie 
(2) In the second case the determinants of the nth 
order formed from the system c,, are all supposed to be 
zero. In this case it is asserted that (a, b) =0. For of 
the p quantities 


Bi, Bo, oa aay Bp 


Buy Be, aes Br, 
These quantities are linearly dependent since by hypothe- 
sis the determinant formed from the system Css is zero. 
It follows that the order of 6 is less than the order of a. 
It was proved in Art. 151 that if (a, b) 0 and if b is of 
finite order, then the order of 6 is not less than the order 
of a. It follows that (a, b) must equal zero. 


ArT. 157. Let a, b be two moduls of the rank n, say 


select any n, say 


a=[a, Og, ** "5 anl, 
b =[fi, Bo, *- D Balh 
where an a2, *'', &n and fı, Éz, --+, Ba are linearly 


independent systems; further suppose that each system 
of these n quantities may be linearly expressed in terms 
of the other with rational coefficients, so that, say 


s=n 
Gee De Ceci; (r =1, 2, EEN, n), 
s=1 


where c,, are rational numbers and C = |c,,| 40. 
It was proved above that 


(a, b) 


Se a)’ 
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(a, b) 
(b, a) 
formula presents (a, b) after (6, a) has been found. To 
determine (b, a), let 
d=a+b=[a, Og, 709, On, Bi, G2 a 5 Sadh 
The 2n elements of b may be expressed linearly with 
rational coefficients through ai, œz, --+, a, in the form 
Br =Car + Cra + +++ HCA, 
Or =en Fena ++ - eman 
where e,,=0 for rÆs and e,,=1 for r=s. If then of the 
system of coefficients 


and consequently the quotient is known. This 


| (r =1, 2, 9+, 7), 


Ci Cig Cig *** Cin 
Ca, Cag C23 Can 
Crt Grong * Can 
i 0) @ - 0 
O i @ - 0 


as eo 68 E ETON 2 2 


ll i ae ar a 
all possible determinants of the nth order are formed, and 
if their greatest common divisor d is determined, then as 
seen in Art. 156, 


ge soy sot 
(d a) (ò, a) 
since a>, so that (a, })=1 (Art. 138). Hence 
il 
“6 a) 


(Art. 137). 

By the use of this formula the number (a, b) may be 
determined. The fact that in each of the n last lines of 
the above system of coefficients appear only zeros with 
the exception of a single unit, permits the theorem as 
expressed in the last formula to be stated as follows: 
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The number (b, a) ts the common denominator of all 
the fractions which are had through the formation of 
all the sub-determinants of every order of the system 
Gin (Colle n; s=1,2, n). 

ART. 158. It is evident from what follows that if a 
and b are finite moduls, then also a—b, a+b, a-b, g 


b 
are finite moduls. 


(1) a—b is a finite modul, since a—b>a (Art. 117). 
(2) a+b is a finite modul, since, if 


a =[a, Oy, tty an], b =(f, Bo, ess) Baile 
then 
Í , a+b=[a, a2, t, Any Bi, Ba, a | 
is finite. 

Through repetitions of (1) and (2) it is seen that if 
M4, Qe, ++, a, are finite moduls, then also ajta-+a; 
+.: -+a and a;—a,—a3;—---—a, are finite moduls. 

(3) a-b is a finite modul, for 


a-b=ab+ab+---+a,b, 
or 


a-b=[aiBi, oo, -Abm Qabi, ++*; anba] 
(Art. 122). 


(4) : is a finite modul, for 
5 = bra pr'a- eat 


(Art. 130). As a special case of (4) mo is a finite 


modul; that is, the order-modul of a finite modul is finite 
(Art. 132). 
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ART. 159. Definitions. (1) A finite modul a is called 
an algebraic modul if all the numbers that are divisible by 
a are algebraic. (2) An algebraic modul a is an integral 
algebraic modul if all the quantities that are divisible by 
a are algebraic integers. (3) An integral algebraic 
modul a is a unit-modul if 1 is divisible by a, and that is if 
the modul [7 ] is divisible by the modul a. 

These definitions are limited to finite moduls. To 
show that a finite modul is algebraic, it is necessary only 
to show that it has a basis which consists wholly of 
algebraic numbers; and to show that a finite modul is an 
integral algebraic modul, it must be proved that the 
modul has a basis whose elements are all algebraic 
integers. 

In virtue of the above definitions, the following 
theorems are at once presented: 

(1) If a and b are algebraic moduls, then a—b, a+b, a-b 


and : are algebraic moduls. 


(2) If a and b are two integral algebraic moduls then 
a—b, a+b and ab are integral algebraic moduls. 

(3) If a and b are unit-moduls, then also a—b, a+b, ab 
are unit-moduls. 

The quotient of two integral algebraic moduls is in 
general not an integral algebraic modul. On the other 
hand the quotient of two algebraic moduls is always an 
algebraic modul; and a special case is the theorem: 

248 
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The order-modul of an algebraic modul is an algebraic 
modul. 


ART. 160. THEOREM. Let n be an algebraic number 
and suppose that there is a finite modul such that na>a, 
then n is an algebraic integer; reciprocally, if n is an 
algebraic integer, there exists a finite modul a such that 
na>a. 

For let a=[a1, a2, +, an] be a finite modul and let ya 
be divisible by a. Note that 


na =[nau, noe, +++, nan]; 
and since ņa >a, it is evident that 
nar =CriQi + Cadet +++ F Cnn (r=1,2, +++, 7), 
where the c’s are rational integers. 
From these relations we have at once 


Cun, Cie, » Cin 
C21; C2 — N, » Cin =0 
Cni; €n2, Aa Cna ™ N 


This is an equation of the nth degree in which the 
coefficient of the highest power is unity and the other 
coefficients are rational integers. The quantity 7 is 
therefore an algebraic integer. 

The inverse of the theorem is: 

If n is an algebraic integer, there exists a finite modul a, in 
Jact an infinite number of such moduls and among them 
algebraic moduls, such that na >a. 

Note that if n satisfies an algebraic equation 


n” =n" +e" 2+ aoe FCn, 


where cı, c€, :-*, Cn are rational integers, then a modul a 
having the required property that na >a is evidently 


a=[1, Ny are ee) (abe 
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for 
na =E N NS, ay “71” ] 

=[n, 7”, rm aes) ag Cie ater “ale ae = eal 
and it is seen that all the basal elements of this modul 
are divisible by a. It therefore follows that 


na>a, 
Further if na >a then 7 is divisible by = =q and vice versa. 


It is thus shown that 7 is an algebraic integer when and 
only when, if is divisible by the order-modul of a finite 
modul. ‘This offers a third and the best definition of an 
algebraic integer. 

Art. 161. THEOREM. Jf a is a finite modul and b a 
modul which is divisible by a, then i is an integral algebraic 
modul. 


Soe le ere Berea ° ean 


virtue of the definition (Art. 129) of 2 we have na>b, 
and consequently since b>a, it follows also that na>a. 


Hence every number ņ that is divisible by 2 is an alge- 


braic integer, so that © is an integral algebraic modul. 


This may also be proved by means of a determinant as at 
the beginning of Art. 160. 

ART. 162. Use may be made of the definitions and 
theorems given in the preceding articles, to prove the 
theorems already derived (Art. 88) regarding algebraic 
integers: 

THEOREM I. Jf a and 6 are two algebraic integers, then 
also at+B and a—B are algebraic integers. 
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For if a and 8 are two algebraic integers, there are two 
moduls, say a and b, such that 
aa>a and Bb>b; 
and since 
b>b and a>a, 
it follows that 
anb > ab and Bab > ab. 
If then y is a number divisible by the modul ab which 
stands on the left of the expressions just written, then 
ay and By and consequently ay +8y =(a+8)y7 is divisible 
by ab. Since this is true for every number y that is 
divisible by ab, it follows that 
(a+)ab> ab, 
and consequently a+ is an algebraic integer. 

THEOREM II. Jf œ and B are algebraic integers, then 
also aß is an algebraic integer. 

For if æ and @ are algebraic integers, there are two 
moduls a and b such that 

aa>a and Bb>5, 
and further 
Bb> pb and a>a. 
It follows that 
aBab > Bab and Bab>ab 
and consequently afab>ab, so that af is an algebraic 
integer. 

THEOREM III. If w satisfies an algebraic equation in 
which the highest coefficient =1 and the other coefficients are 
algebraic integers, then is w an algebraic integer. 

For suppose that w satisfies the equation 


w = aw" 1+ aw * + +++ + ap. 
Since a1, a2, ---, @, are supposedly algebraic integers, 
there must be n moduls a, a2, «++, a, such that 
a, > a, (Sly, 095, 42) 


www.rcin.org.pl 


252 THE THEORY OF ALGEBRAIC NUMBERS 


Note that 

A2034" $ ‘On > A203- © An 
and also that 

at > A 

It follows that 

alz” + <An > A12- - ‘An; 
or if we put 

A = AUA: t an, 


then is 
oa>a. 
In a similar manner it is seen that 
aa>a (v =1, 2, +++, n). 


If a is a number divisible by the modul a on the left of 
this expression, then also the numbers a,a(v = 1, 2, ---, n) 
are divisible by a. Next let 6 be a finite modul such that 
b=[1, w, w?, ---, wo). 
It is evident that the numbers w*~’*(y =1, 2, ---, n) are 
divisible by b and consequently the numbers a,w"~’a are 
divisible by ab. It is further seen that (œw! -+ aw"? 
+- - -+an)a or w"a@ is divisible by ab. Since this is true of 
every number a that is divisible by a it follows that 


w"a>ab. 
It is evident also that 


wb =[w, w, ---, w]; 
and consequently wha is the greatest common divisor 
(Art. 119) of wa, wa, wa, ---, wa, or 
wab =wa+wa+ ---+ wa. 
On the other hand since w, w?, ---, w*~! are all divisible by 
b, it follows that 
wa>ab, wa >ab, a wla > ab. 
Further as we have just seen, w"a>ab. It results that 
wa +w at -Hora or wab > ab. 
On the other hand, ab being the product of two finite 
moduls, is a finite modul. Hence w is an algebraic 
integer. 
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ART. 163. The following theorem due to Dedekind, ! 
which simplifies the whole theory of moduls, may be 
proved: 

THEOREM. If a is a finite modul which belongs to a 
given realm of rationality Q, then there is another finite 
modul 6 in Q, such that the product ab is a unit-modul 
u, and that is, the modul ab =u consists of only algebraic 
integers, and 1 is divisible by ab. 

The proof of the theorem depends upon the lemma 
which is stated and proved as follows: 

Let 4 be a root of the algebraic equation 
(1) f(t) =at" Hat! + ---+a,1t+a, =0, 
where the a’s are rational numbers. Note that f(t) is 
divisible by t— ə and write the result in the form 
SQ _fO—-f() > E N eet m 
TE en = yE eer E Sa +a, DA 

Oi sA ec tant +9") 
bali? 3g fir te + Bens +9?) 
siren Pett a acts *) 
=F Gn—2(t-- 0) 0,1. 

Further write 


fo 


= =mp + mt mtt -e e nnt !, 


where 
No aoo a a + + Ona, 
= Ag"? + a9" + A209 + ++ + + On, 


PAC ee Ie ee ee ee NL nC em toh OE Sy car Wn OPC as OR nT Pet LK | 


Nn—2 = od +a, 
Nn—1 = Qo. 


1 Dedekind, ‘‘ Ueber einem arithmetischen Satz von Gauss.” Deutsch. math. 
Gesellschaft in Prag., 1892. 
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Since 
SD =(t— 9) (go +t ml? + e+ gal), 
it is seen that, 
(2) On pari = 07; 
If the quantities ao, a1, @, +++, Qn, An are rational 
integers, the lemma consists in proving that 
Mo My °°", Na- MoV, MO, +--+) Yn 
are algebraic integers. 
Write 
Cael, O02, ee 

That the quantities 

Nnr" g% 7 ) 


are divisible by c is seen by observing that 
(pes = tagt PE +a,0*. 
When r+s<n-—1, the quantity 7,_,-:0* is linearly ex- 
pressed through the basal elements of c. If, however, 
r+s>n-—1, the different powers of 8 which appear on 
the right must be decreased by means of the equation 
f(9) =0, and thus 7,-,-10* is reduced to the form bo +b, 
+---+b,-18""1, where the 6’s are rational integers. 
Hence in all cases 7,-,-10* is divisible by the modul c. 
We have thus shown that 
Narain at, Nn raeh °F, Nara OO gn =ra10™ 
are all divisible by the modul c. From this it follows 
that 
(1) ae Nnr 1t, Grai p Se Ty Yee" | >C, 
or 
Na Ce 
and consequently 7,-,-1 is an algebraic integer. Simi- 
larly it is seen that 
(2) a-e m a a ae a 


or 
nae = C, 


and consequently 7,-,-:0 is an algebraic integer. 
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The Dedekind Theorem may now be proved by the 
inductive method. Consider first the modul consisting of 
one basal element. 

If a=[a@] is a modul belonging to the realm of ration- 


ality ©, then s|] is also a modul belonging to the 
a 


same realm and it is seen that 


ab -|a-4| =[ 1), 


so that the product ab is a unit-modul. 
Consider next the special two-termed modul, 
= i, 2], 
where @ is any arbitrary algebraic quantity which 
satisfies, say, the algebraic equation 
dod" -+a,9" 14 ---+a,10+4, =D, 
in which the a’s are rational integers without a greatest 
common divisor other than unity. If the system of 
quantities 70, ™, 2, <<, M21 are defined as at the begin- 
ning of this article, and if the modul [no m, n ---, 
Nn-1.|=b, say, is formed, it is seen that 
ab = (ia; 3 [no Uf S55 Hail, 
and it is asserted that 


ab =| iy M1, N23 °°", Anal; nod, mv, east nnt] =i 
where u is a unit modul. For the elements of u, that is 
No) M1) ***; Nn-19, are all algebraic integers in virtue of the 


lemma just proved, and consequently this modul contains 
only algebraic integers. Further 1 is divisible by u, 
for owing to the formula (2), namely 

Nr—-1 — ON, = Anr (r=1, +++, n), 
it is seen that a, a, ---, @n—-1 are all divisible by u as is 
also a, which, see equation (1), is 78. Since these integers 
have by hypothesis no common divisor, we may always 
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determine rational integers zo, 71, ---, £n such that 

ApTo tatit -Hanin =1. 
It follows that 1 is divisible by u and that ab =u is a unit 
modul. 

Consider next the general two-termed modul a =[a, 6]. 
In this modul write 3 =8/a so that a =[a,a0]=e([1, o]. 
If again the quantities no, m, 2, **-, m—1 are defined 
through the system of equations (Art. 163), and if we 
write 


TOON a 1 1 
b -|m N y e E Sg Hyn | =—[no, My "9 Tatil; 
a’?a’a (i || Be 
then 
ab = (ily 8 JEn, ily a iny mea) =; 


where u is, as just shown, a unit modul. 

It remains to prove the theorem when n=3. Assume 
that the theorem has been proved for moduls of orders 
1, 2, 3, 4, ---, n—1, and then show that it is true for 
moduls of the nth order; or better expressed, show that 
the theorem is also true for moduls whose bases consist of 
n elements. 

Suppose that the modul a which belongs to a fixed 
realm © has a basis consisting of n elements. Distribute 
these n elements into three groups where in each group 
there is at least one element and consequently in no two 
groups combined are there more than n—1 elements. 
This distribution may be seen in the following modul 

Glee a on Ea Ye ¥ yeh 
Write 
ay =[a, a’, a”, ay all A, = L6, B’, En am oih 
oin 7%, 0°] 


a =M Fa + a3. 
Each of the three moduls aı+az, aı+a;, d2-+a3 has a basis 
consisting of at most n—1 elements; hence, in accord 


so that 
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with the above assumption, there are in the realm 2 
three moduls bı, bz, b: such that 


bi (a+ a3) bl blas +01) =e, bala + a2) = U3, 


where 11, 12, u; are unit moduls. 
It follows that 
(a2+as) (a301) (a1 +02) b bobs = ttu; =u; 
and since u is the product of three unit moduls, it is 
itself a unit modul. 
Further note the formula of Art. 127, namely 


(aata) (as +a) (a: +02) = (a+ a2 +03) (0102+ a203 + A301). - 

If we put 
(di. + a203-+ a3) bibb; = b, 
it follows that 
(a, +0 +43)b =ab=u 

and as b is a finite modul belonging to the given realm Q, 
the Dedekind Theorem is proved. 

Dedekind gives a somewhat different proof of this 
theorem in Dirichlet’s Zahlentheorie, 4 edition, p. 528. 

If the nomenclature employed in the modul theory is 
disregarded, the above theorem may be stated as follows: 
Tf ay, a2, +++, @ are n numbers of the realm 2, there are in 
the same realm n other numbers ĝi, B2, ---, Bn such that 


abi Faba H +++ FH anba = 1 


and the quantities a,8,(r, s =1, 2, ---, n) are all integers, 
although in general 61, 6z, ---, Bn are not integers. 


MODULS OF THE NTH ORDER IN REALMS OF THE 
nTH DEGREE 
Art. 164. An algebraic realm © of the nth degree 
consists of all rational functions of a root of an irreducible 
algebraic equation of the nth degree (Art. 44). Let m be 
the order of a finite modul whose elements belong to the 
realm Q. It is evident that m cannot be greater than n; 


www.rcin.org.pl 


258 THE THEORY OF ALGEBRAIC NUMBERS 


for if this were the case, there would be m( >n) linearly 
independent quantities in Q. This is not possible, since 
the number of linearly independent quantities in Q is at 
most n (Art. 54). Hence the order of a modul whose 
elements belong to a realm of the nth degree is =n. 

We shall next consider moduls of a realm Q of the nth 
degree, whose order is n. Let [œn a2, --+, an] be a 
modul of order n which belongs to Q. These quantities 
must therefore be linearly independent and consequently 
form a basis not only of the modul but also of the realm 
Q to which the modul belongs. All numbers which are 
divisible by the modul [.a, az, ---, an ] may be expressed 
in the form atı + atz + - -+ +&n£n, Where £i, Xo, +++, Ln 
are rational integers; while all the quantities belonging to 
the realm 2 may be expressed in the form arı + arz 
+-+++an?n, Where 71, 7, ---, Ta are rational numbers. 
If then £ is an arbitrary number of the realm Q, it may be 
expressed in the form 


B =ar tart +++ +Onrn. 
Let r be the least common multiple of the denominators 


of r1, T2, +*+, Tae We then have 

Br =ar Fart t +++ OnTTa, 
where rr}, Tre, +++, TT, are rational integers. It follows 
that 8r is divisible by the modul [a, a2, -+-, a], which 


modul may be represented by a. It is thus proved that 
every number of the realm Q may through multiplication by a 
rational integer be transformed into a number that is 
divisible by a. 

Let b =[1, Bo, ---, Bn] be a second modul of the nth 
order in the same realm Q of the nth degree. Since the 
quantities £1, b2, ---, Bn belong to the realm Q, there are n 
rational integers sı, S2 ---, Sa such that 


Sfi, S282, actin | Snn 
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are divisible by the modul a. Let s be the least common 
S 


‘ 3 S 
multiple of the n integers sı, 82, ---, Sn, so that Far ae. 
1 2 


= are integers. It results that 


n 
S S S 
Pa 3,882 Pes grm 


or 
SB, 882, +++, SBn 

and consequently also sb is divisible by a. The following 

theorem is thus presented: 

If a and b are two moduls of the nth order in a realm of the 
nth degree, there is always an integer r such that rb>a, 
where r¥0. 

From this theorem follows an important consequence, 
namely, the integer represented by the symbol (a, 6), for 
the case that a and b are two moduls of the nth order in a 
realm of the nth degree, is different from zero. For on 
the one hand, in virtue of the theorem just proved, 
ra>b and on the other hand, since r is a rational integer, 
ra>a. If we put m=a—b,thenisra>m. Further since 
m>a and ra>m, it follows that (Art. 139) 

(a, m)(m, ra) = (a, ra). 
On the other hand, since (a, m) =(a, b) (Art. 137) and 
(a, ra) =r” (Art. 152), it results that 


(@, ONG, Aa) Sees 
and, since r0, we must also have 
(a, b) 0. 
Art. 165. THEOREM. Jf a and b are two moduls of the 
nth order in a realm Q of the nth degree, then also (1) a—b; 
(2) a+b; (3) ab; (4) , (5) a°, are moduls of the nth order in 


2 
10 
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For the proof of (1), let a—b =m and let m be the order 
of m. Then from the theorem of the preceding article 
there is an integer r+0 such that ra>b and since r is a 
rational integer, we also have ra>a and consequently 
ra>m. It follows (Art. 150) that the order of ra which 
is the same as the order of a cannot be greater than m, so 
that n=m. On the other hand since m >a, it is also true 
that m=n and consequently m =n. 

To prove (2) let a =[@n az, +++, &n] and b =[8;, bo, ---, 
Sal so that b =[a, Oa, tt, On; bi Ba, eeg Bel: All 
numbers that are divisible by d belong to the realm Q. 
Consequently the order of bis at most =n. On the other 
hand there are at least n independent basal elements of 
D, Viz., a1, a2, «++, Qn OF Bi, Bo, ---, Ba. It is thus proved 
that the greatest common divisor of two moduls of the 
nth order in a realm of the nth degree is a modul of the 
nth order. 

Again for the proof of (3) let a=[a, a2, ---, an]. We 
then have 

ab =a,b-+a.b+----a,b. 


Since these moduls are all of the nth order, by repetition 
of (2) it is evident that ab is of the nth order. 


To prove (4) observe that if a =[a1,e2, ---, æn], then 
ee OR eS ST ess 
Oo Ai a2 a3 An 
Further since EE b(vy =1, 2, ---, n) are all moduls of the 
ay 


nth order, through repetition of (1) it is seen that also > 


is of the nth order. As a special case of the last state- 
ment we have: The order-modul a°, where a is of the nth 
order in a realm of the nth degree, is of the nth order. 


ART. 166. A realm of the nth degree consists of all 
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rational functions of a root of an irreducible equation of 
the nth degree. Let ə be the root of such an equation 
f(t) =0, which defines Q=R(3); and let 8’, 8”, ---, 
o™ be the n roots of this equation, one being 3. Further 
let a1, a2, +++, a, be n quantities of Q and express a,(r =1, 
2, ---, n) as rational functions of # Then replace 3 by 
the n conjugate roots. We thus have the n quantities 
a’, a, «+, aM(r=1, 2, ---, n) that are conjugate with 
Or. 

The discriminant of the n quantities a1, a, «++, Qn Was 
defined (Art. 63) through 


Alay, 2, °° 7) On) = 


It was also seen that this discriminant was zero if ay, a, 

++, Qn are linearly dependent. On the other hand this 
discriminant is not zero, if the a’s are linearly independent. 
Suppose that ai, a2, ---, @, are linearly independent and 
consequently form a basis of Q. 

Further let bı, ba ---, Bn be n arbitrary numbers of 
this realm, so that 

Br =Grn@+CeQet-+++ndn (=, 2,---, 2), 
where the c’s are rational numbers. 

In this equation write for ai, œz, ---, a, their values in 
terms of 3 and then for ə write its conjugate values. We 
thus have the quantities 6{?, BY, ---, BO(s=1, 2, ---, 
n) which are conjugate with and include £1, B2, ---, Bn. 

Since the quantities 

Cry Cea Dg Crp (r=1, 2, +++, n) 
have remained unchanged, it is evident that 


BY =cae\"¢nas +: = ee, 
(r, S =1, 2, pares) n). 
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It follows from the theorem for the multiplication of 
determinants that 
[BP | = [crs | las? |; 
or, if we represent the determinant |c,,| by C, we have 
la] = Cat. 
Through squaring, it is seen that 
Albi, Bo, «+, Ba) =C?ACai, Qz, +++, On), 
If it is assumed that a, a2, +, @ and Bi, Bz, ---, Bn form 
bases of one and the same modul a, then ai, a2, ---, Œn are 
linearly expressed through the #’s with integral coeff- 
cients and vice versa. It follows that C= +1 and (see 
also Art. 94) 


A(Bi, Be, eer Bn) =A(a, oe Oe ts On). 
It has thus been shown that the discriminant of the basal 


elements of a modul a is independent of the choice of the 
elements. It may therefore be denoted by A(a). 


ArT. 167. As a second application of the formula 


A(fi, Bo, peas) Bn) =C?A(a, Og, 2 "5 an), 
suppose that both 6ı, Bz, --+; Bn and ay, a2, **'*, Qn are 
linearly independent so that each of these systems of 
quantities determines a modul. Denote these moduls 
respectively by b and a. We saw (Art. 153) that 
(a, b), 

|C| = ame 
If this value of C is written in the above formula, it 
results that 

(a, b)? 


A(Ai, Bo, TIS Bn) = (6 a)? 


If the symbol of the preceding article is adopted, this 
formula becomes 


(a, b)?A(a) = (b, a)?A(b). 


-A (a1, Olay 0 Py Qn). 
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Next apply this formula to the special case b=ya, 
where 7 is a number of the realm Q. It is seen that 


(a, na)?A(a) = (ya, a)?A(ya). 
If the quantities that are conjugate with y are denoted by 


n,n’, n”, «++, 7 (ineluding 7), it is clear that 
A(na) = = A(na, Naa, 7° +, N&n) 
a0 a2 2 
N Qi, N Q2, » N Qn 
fis A GAP fee ‘; ot 
N Qis N Qe; > N Ar 


ee 


oe (n) 


PaP, nag ; nag 


= [n'n -> -n }2A(a) = N(n)?A(a). 
It is thus shown that 


(a, na)?A(a) = (na, a)?N(n)?A(Q); 
A(a) +0, 


(a, na)? = (na, a)?N(n)? 
and consequently 


or, since 


2 
Nites na)? | 
(na, a)? 
In extracting the root. so choose the sign tha 


, (a, na) 

(na, a) 
is positive, since the numerator and denominator are by 
definition positive integers. It follows that 


(a, na), 
|N(n)| = Garay’ 


and from this it is seen that the quotient (a, a) 


(na, a) 
pendent of a. 


ART. 168. It has been proved (Art. 94) that in every 
algebraic realm of rationality of the nth degree there are 
n algebraic integers w, w, **-, wn such that all algebraic 
integers of the realm may be expressed through the linear 
form 


is inde- 


L101 + Lowe. + MR E 
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where the x’s are rational integers. This theorem may 
be expressed as follows: 

All the algebraic integers of the realm of the nth degree 
form a finite modul of the nth order. This modul may be 
denoted by o. It is clearly an order-modul. 

This theorem may be derived directly from the modul- 
theory. Let bı, bz, ---, Bn be n elements of a basis of a 
realm Q of the nth degree. That is, suppose that £1, Bs, 
-- -, Bn are n arbitrary, linearly independent quantities of 
the realm Q. Since every algebraic number may through 
multiplication by a rational integer be transformed (Art. 
93) into an algebraic integer, it is possible to determine n 
rational integers si, Se, ---, Sn such that sibi, S282, ---, 
SnGn are algebraic integers. Denote them by ay, a, ---, 
Q,. It is evident that the modul 

a=[a, Syp 2a F an] 

consists only of algebraic integers of the realm 2. The 
two following cases are possible: either all the algebraic 
integers of the realm Q are divisible by a, or they are not 
all divisible by this modul. For the first case the 
theorem is of itself proved. For the second case there 
must exist in Q an algebraic integer 8 which is not divisible 
by a. Since a, a2, ---, a, constitute also a basis of Q, it 
is seen that 8 may be expressed in the form 


kyo thea. + +++ +Hknan 
hy k 
where k, ki, kx, ---, kn are rational integers without a 
common divisor other than unity. It is assumed also 
that k>1; for if k=1, then 8 would be divisible by a. 
Let b=[6], m=a—6,d.=a+b. If wis a number divisible 
by m, then p is divisible by both a and b. Consequently 
it is seen on the one hand that »=x-8, where x is a 
rational integer, and if we substitute for 8 its value from 


J 
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above 
kyo thea + peg +knan 
=T k ar 


On the other hand since y is divisible by a, it follows also 
that 


aa ban eare tata. 


u = Tia tH T +--+ FH Lnn, 
where the x’s are rational integers. As the a’s are line- 
arly independent, it results that 
att = (r=1, Zp 20% n). 
ky kz kn 


pp r must be rational inte- 


gers, and consequently that z must be divisible by k. 
For if z were not divisible by k, there must be a number p 
which divides & and is not a factor of z. This number 
must also divide kı, ke, ---, ka, which is contrary to the 
hypothesis that these integers had no common factor 
other than unity. 

It follows that every number pu that is divisible by m 
is an integral multiple of 8k; for u =x@ and z is divisible 
byk. Reciprocally, note first that every integral multiple 
of Bk is divisible by a, for Bk = kiai t kzat - < - +knran, and 
secondly since b =[6 ] and k is a rational integer, it follows 
that 6k and all integral multiples of 8k are divisible by b. 
Consequently as all integral multiples of 8k are divisible 
by both a and b, they are also divisible by m. We thus 
see that [k6 ]>m. 

As just seen every number divisible by m is an integral 
multiple of k8, and consequently m>[k6]. It follows 
that 


It follows that x 


m Ae or in Kea 


Observing that 6 is a one-termed modul, it is seen 
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(Art. 149, end) that 
Ue (b, m)b = (b, m)[ 6]; 
and consequently 
k =(b, m) =(6, a) =(0, a) 
(Art. 137). Finally from the formula (Art. 167) 
: (a, d)?A(a) =(@; a AD), 
it follows that 
A(a) =k?A(d). 
Since k?>1, it results that 
A(b) <A(a). 
In other words, if there is an algebraic integer in 2 which 
is not divisible by the modul a (this modul consisting of 
only algebraic integers), then a modul b of the nth order 
in Q may be determined, which also consists only of 
algebraic integers and is such that A(b) <A(a). 

If there are still algebraic integers in Q which are also 
not divisible by b, by proceeding in the same way another 
modul of the nth order in Q may be derived which consists 
of only algebraic integers and whose discriminant is also 
<A(b). Continuing we must finally come to a modul of 
the nth order in Q consisting of only algebraic integers, 
whose discriminant is a minimum. All the algebraic 
integers of 2 must be divisible by this modul which is 
denoted by vo; otherwise the discriminant of o would not 
be the smallest discriminant and consequently, pro- 
ceeding as above, a modul could be derived with still 
smaller discriminant which consists only of algebraic 
integers in Q. 

ART. 169. It has thus been shown that the algebraic 
integers of a realm Q of the nth degree form a finite 
modul o of the nth order. The elements of this modul 
may be denoted by a, w, -+-, wn, so that 


oS on o +++, Wn]. 


www.rcin.org.pl 


ALGEBRAIC MODULS 267 


The discriminant of this modul, A(o) is denoted by D 
(Art. 94), and is called the basal invariant (Grundzahl) of 
the realm. Accordingly an integral modul in Q may be 
defined as follows: A modul is integral, if it is divisible by 
o. Since every realm, excepting the trivial case of the 
realm which consists only of zero, contains the unit 
1, the modul o has the property that 1 is divisible 
by o and consequently also [1]>o. Since further the 
product of two integral algebraic moduls is an integral 
algebraic modul, it follows that (1) vo>o (Art. 132, 
Formula X), or 0?>o. Further since [1]>o and o>», 
we have [1 ]o>o? or (2) o>0?. From (1) and (2) it 
results that 
i =o. 
and similarly it may be proved that 


D 
eal 


(Art. 132, Formula XI). The modul 0 is an order-modul 
of o and indeed it is its own order-modul. It is called 
the fundamental or principal order-modul. This modul 
plays the same rôle in 29 = (8) as 1 does in R(1). 

ART. 170. THEOREM. Jf ats an arbitrary modul of the 
nth order in a realm Q of the nth degree, then every number 6B 
which belongs to 2 may through multiplication by a rational 
integer be transformed into a number that ts divisible by a. 

For let the n numbers a, a2, ---, a» form a basis of a. 
They consequently also form a basis of Q; and since £ is a 
number belonging to Q, it follows that 8 may be expressed 
in the form 
_ $101 +8202+ TORO 
ee ee ty ete Bre) ee: 


S 


B 


where 8, Si, S% -+-, Sn are rational integers which have 
no common factor other than unity. We therefore 
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have 

8B = Sa, +8202 +- > -F Snan, 
so that s@ is divisible by a. Applying this theorem to the 
case 6 =1, it is seen that there is always a rational integer 
s-1 or s which is divisible by a. It is thus shown that 
every finite modul of the nth order in Q contains rational 
integers. 

All rational integers which are divisible by a finite 
modul a form a finite modul and the order of this last 
modul is clearly unity since the modul consists entirely of 
rational integers. The basis of this modul consists 
therefore of one element, say a. It follows then that all 
the rational integers that are divisible by a are divisible 
by the modul [a] and consequently may be expressed 
through the form az where z is a rational integer. This 
number is the smallest rational integer that is divisible by 
a and all other rational integers that are divisible by a are 
integral multiples of a. For the modul o the number 
a=1, because all rational integers are divisible by o, and 
[1] is the modul formed of all rational integers. 


COMPLEMENTARY BASES AND COMPLEMENTARY MoD- 
ULS IN A REALM OF THE nTH DEGREE 


ART. 171. We come next to the complementary bases 
and complementary moduls which play an important 
role in the Theory of Abelian Integrals. 

Let Q be a realm of rationality of the nth degree and 
let a1, a2, `- +, &, form a basis of Q constituting therefore a 
system of linearly independent elements; and further let 
a, aP, ---, a be the n quantities conjugate with 
a(r=1, 2, ---, n). The following formula was derived 
in Art. 104, 


Ala, Ci OO 85 Qn) = | S (æres) | ge ae ay 


s=1,2, +29, % 
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where 
RICHA) =al (1) AM + (Mgt .. . Faa! M 


Under the assumption that a, a, ---, a, are linearly 
independent, it follows that Alai, a2, ---, &n) and conse- 
quently also the determinant of the nth degree |S(a,as) | 
is different from zero (Art. 63). 

Next introduce n new quantities a1, a}, ---, a) defined 
as roots of the n linear equations 
a, =S (aa) + Slaa aat e e Slaan (r=1,2, +++, n). 
To be distinguished are the a”s from the preceding 
alphas whose indices are in brackets. Since their 
determinant is different from zero, these n equations with 
rational coefficients may be solved with respect to the 
unknown quantities aj, a3, ---, a, It is therefore 


evident that aj, a), «++, a, are quantities of the realm 2. 
It is asserted: 


The n quantities a}, af, «++, an form a basis of the 
realm Q. 
For write 
(1) a, = > {S(ca5)a} (r =1, 2, +++, n). 
s=1 


Suppose in (1) that all the quantities are expressed 
through ə where ə is the algebraic quantity defining the 
realm of the nth degree Q=%(#). Further in the 
resulting expression write for # all the conjugate values of 
ð and note that S(a,a,) being a rational quantity remains 
unchanged. It is seen that 


s=n 
aP =F {Sarasa} (7 =1, 2, «++, np £=1, 2, +, n). 
2-1 
It follows that 
| oxi | = | S(a,as) | j | 3 | ; 
or squaring, 
A(a, Oe, 8%) On) =A?(a, 2, t; an) A(ath, >, oer an). 
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Further since a, a2, -+ +, @» are linearly independent, it is 
seen that Alai, a2, ***, @&) #0 and consequently 
(2) Ala Ch, 298, A Gs, 005, cH) Sil 
From this relation it is evident that A(a}, ao, ---, an) #0, 
and consequently aj, a3, ---, a, form a basis of Q. This 
basis of numbers ai, a, ---, ap defined through the n 
equations (1) is called the complementary basis of a, œ, 

e. On 

ART. 172. A generalization of equations (1) may be 
made which will serve as a further definition of the 
complementary basis. 

If a and £ are two arbitrary algebraic numbers and if 
y is a rational number, then we have (Arts. 59 and 89) 

S(a+8) = Sla) +8(p), 
S(ya) =yS(a). 

Any arbitrary number w of the realm 2 may be written 


T=n 


= L (yra), 


where Yı, Y2, ---, Yn are integral (or fractional) rational 
numbers. From (1) it follows that 


Er das = ¥ {aE S(yraroa)) 
aS ( Tyree) j= = È (aila ¥ (yrar) i 
or 
(3) g/t a sadat. 


It is clear that the equation (1) is a special case of 
equation (3). From this it is seen that the coördinates 
(Art. 62) of any arbitrary number w of the realm Q with 
respect to the basis a}, a, ---, af, which is complementary 
of the basis a, a, +++, @n are 


S(way), S (wa), HSF S(wan). 
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ArT. 173. If in equation (3) as a special case we write 
, 
W =A; 


there result the n equations 
s=n 
a, = > {Sarasa} (r =1, 2, +++, n). 
s=1 


It was proved above that ai, ab, ---, a, are linearly 
independent. Consequently the n relations just written 
must be identities. Using the symbol e,,=0 when r#s 
and e,,=1 when r =s, it is seen that 

(4) S(alas) Eers (r, s=1, 2, +++, n). 
The n? equations just written are characteristic of the 
basis ai, œs, -+ -+, a, that is complementary of ai, a, ***, 
&n; and this may be expressed as follows: 

THEOREM. If a, a2, +--+, an and fi, Bz, ---, Bn are two 
systems of n numbers in the realm Q, among which the n? 
equations 

S(arBs) =Crs (r, s=1, 2, +++, 2) 
exist, then (1) a1, œn +++, Gn are linearly independent, 
(2) Bi, Bo, «++, Bn form the complementary basis of the basis 
Qi, Ae, +" "y An in the realm Q. 

The proof of (1) is as follows: If œi, a, +--+, a, were 
linearly dependent, it would be possible to determine n 
rational integers zı, £2, ---, £a such that 

Tia +X202+ +++ +2ra, =0, 
or 


(r,a) =(); 


Form the expression 


T=n 


E {2-S(ax6.) } = ES(z,0,8.) zz S(X (@rarBs)) % 


This expression is equal to S(B Ezra) = (6: 0) =S(0) 


=0; and this is true for s=1, 2, ---, n. 
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On the other hand by hypothesis 
È {2-S(arf) } = > (as€re) = Tsss = Ts (s =1, 2, 
f= r= 


It results that 
7,0) (s =1, 2, Eo 


and consequently the relation > (z,a,) =0 can only exist, 
ful 


ifz;=O0=2,=---=2,. Itis thus seen that the quantities 
G1, Q2, ---, a are linearly independent, and form a basis of 
the realm Q. 

For the second part of the theorem it remains to show 
that 61, Be, --+, Ba form the complementary basis to ar, as, 

OF ie 

Suppose that the quantities aj, a, ---, a, form the 
complementary basis in Q of a, a2, ---, Qn: 

We then have by writing w =£, in (3), 


br = 2 {S (B-æs) as }= L (enas } 
=Q; (r =1, 2, ---, n). 
It follows that 81, Bo, ---, Ba form the complementary 
basis in Q of a, a2, -°*, Qn: 

From equation (4) it also follows in virtue of the 
theorem just proved that if the quantities ai, a2, ---, an 
form the complementary basis in Q of the basis ai, a2, +++, On; 
then the quantities air, a2, +++, an form the complementary 
basis in Q of ai, ab, +++, On 

Due to this theorem, the theorem that is expressed 
through (3) and (4) is also expressed through the two 
relations 


(3) o= F{S(wa,)as), 
(3’) (a) =F {S(wat)a}. 
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In other words, the codrdinates of an arbitrary number w 


with regard to an arbitrary basis a, œz, -°-, Qm are 
S(wa}), S(was), --+, S(was), where ai, az, ---a, form the 
complementary basis of a1, a2, +++, Qn. 

To the relations 
(4) S(atas) =€rs 
may be added 
(4’) S(a,04) =€s; (r, s=1, 2, +++, n). 


ART. 174. If ay, a2, +--+, an and Bi, Bo, ---, Bn are two 
bases of Q complementary of each other and if the 
quantities conjugate with a, are af, a®, -+-, a® in- 
cluding a,, while the quantities conjugate with 8, are 
pm, p2, ---, BP including b, (r, s=1, 2, ---, n), then 
from above 


Slab) =a BO + aM B+ - +--+ alBM =e; 


(r =1, 2, see, nj s=l, 2, akc?) n). 
Denote by A and B the two determinants 

1 (3 is 2. 
af 5 ay r y BY”, BY y la | S 

1 2 1 2) } 
a D ag ae ay? B$ a BY, eet By 3 

’ 

1 2 J 2 

eo, af 2 Nt a? or Be dg sia: hi a 


It is evident from the n? relations written above that if 
the elements of the rth row of the first determinant be 
multiplied by the elements of the s row of the second 
determinant, and if the n products thus had are added, 
this sum =e,,, and this is =1 when r =s, and =0 when 
TAS. 

Further it also follows from these n? equations due to a 
well-known theorem in determinants, which fact is also 
proved below, that the first minor AP associated with 
a® of the determinant A, divided by the determinant A 
is equal to 8; and consequently the reciprocal system of 
the system of quantities af (r,s =1, 2, ---, n) is formed 
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through the quantities B® (r, s=1, 2, ---, n). This is 
evident from the following two relations: 
aPAM+q@A@t...+q@MAM=A, 
al BP +aPB@-+ .-- +aPBP er. 
It is seen that 
A® 
By? Pa’ 


etc. It is also known from the theory of determinants 
that if the above n? relations exist among the elements 
of the lines of the two determinants A and B, the same n? 
relations exist among the elements of the columns of 
these two determinants. We therefore have the ad- 
ditional relations 


(5) APBP+aPBP + +++ Happ =e. (r,¢=1, 2, +++, n) 
ArT. 175. It follows from (5) above, if we put 
that aP =a BY =a’ (Ce) con, OF 
a 
, ’ , 
6 aait aat: e Hanan], and igg, oo, n). 
e (atet taal apo © 
By means of these n linear equations in the n unknown 
quantities aj, a5, «++, a, we may define the basis ai, as, 
--, @ complementary to the basis ai, a2, +++, Qn. 


However this definition is not as good as the definition of 
the complementary basis as presented through the 
equations (1). For in the case of the definition as given 
through the equations (6) it must be shown that the 
quantities a}, aż, ++, a, belongs to the same realm of 
rationality as the quantities a1, a2, «++, an, a fact which is 
evident in the case of the definition through equations 
D: 

ART. 176. A further consequence may be drawn from 
formulas (4): 

If ay, a2, +++, Qn; al, a, +, an are two complementary 


www.rcin.org.pl 


ALGEBRAIC MODULS 275 


bases of the realm Q, it follows in virtue of (4) that 
Slaa) Soo CA 900, aE AA 8595 Ho 
It is evident that 
Sinar al) = Ern (r=, 2, +++, n 8=1, 2, n), 
where 7 is an arbitrary quantity of the realm 2. From 
the existence of the n? relations just written it follows 
from the theorems of Art. 173 that 
NO, N2, ***, Nan 
Gh G E ee 
are also two complementary bases in the realm Q to 
which belong the quantities ai, a2, +--+, Qn. 
ART. 177. Suppose that a1, a2, +++, &n and bi, Bo, -+-, 
B» are two arbitrary bases of the realm Q of the nth 


degree. It follows that 1, b2, «++, Bn may be expressed in 
the form 
br = C101 F C20 + Ss +CrnOn = E Cras GEP n), (i) 
s=1 


where the c's are rational numbers. 
On the other hand it follows from (3’), if we denote the 


basis complementary to aj, a2, «++, an by ai; Qg °° +) On 
and write in (3’) w=, (r=1, 2, ---, n), that 
Br = ¥(S(B,a%)as) (721, 2, +757). 
s=1 


Through subtraction it results that 
TLlen—S(B.a%)JouJ=O E51, 2 +++, 2). 
s=l1 


Since the a’s are linearly independent, it follows also that 

Cre =S (Bral) (r,s =1, 2, +++, n). 

If further we denote the complementary basis of 8i, bz, 

--, Ba by Bi, B2, ---, Br it follows from (3), if we write in 
those equations w =a’, that 


PE T ET (r =1, 2, +++, n), 
s=1 
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or 
(7) al = E (CorBs) C Hy Soo, ae 


Compare these equations with those given under (i) and 
observe in particular the coefficients. 

ART. 178. From the formula just derived follow some 
very important consequences. Suppose that a, ae, ---, 
a, are the elements of a modul of the nth order and write 


a=[a, Oa, tet, on ]=(61, Bo, et Silk 
It follows then that 


Bice Bleue) @=1, 2, eens 
$=1 


where the c’s are rational integers. Further since the a’s 
are linearly expressible through the 6’s with rational 
integral coefficients, it was proved (Art. 94) that the 
determinant of the nth order |c,,|=+1. As the deter- 
minant remains unchanged when the rows and columns 
are interchanged, it follows also that 


lear = erat =+1. 
From (7) it is seen that 
ay, = © (Cob, iy 
the c’s being rational integers with determinant = +1. 
It follows that the modul which has the basis aj, a, =+, 
a, is identical with the modul which has the basis 61, 83, 
<, Ba Denote this modul by a’, where 
a’ =[a4, a, +++, an] =bn Bo, ---, Ba]. 

The modul a’ is the complementary modul of a. The 
following definition is presented: 

A modul a’ is said to be the Complement of a modul a, if 
the bases are complements of each other. 

It is thus seen that corresponding to every modul there 
is a complementary modul uniquely defined. For from 
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whatever basis of a we start, we always have the same 
complementary modul a’, since the modul a’ is inde- 
pendent of the choice of the basis a1, a2, ---, a. In 
virtue of its definition the modul a’ is like the modul a a 
modul of the nth order in a realm of the nth degree. 

ART. 179. Next do away with the restriction that the 
determinant |c,,| = +1, although it is assumed that the 
c’s are rational integers with determinant different from 
zero. Since the a’s are supposed to be linearly inde- 
pendent, it follows also that the 6’s are linearly inde- 
pendent. The two systems ay, a, --+, a, and Bj, Bo, ---, 
Bn form the two moduls of the nth order in the realm of 
the nth degree, say a=[a1, a, +--+, anj, b=[61, Br, °°, 
Ba]. Further suppose that b> a, so that 


See) (r=1, 2, +», n), 
$=1 


where the c’s are rational integers. 

If the basis complementary to a1, a2, ---, æn is denoted 
by aj, a, --:, a, and the basis complementary to bı, bz 
+++, Ba by 61, Ba «++, Bw it results from (7) that 


at = X (Crh) (r =1, 2, ee n) 


If then we put a’ =[ai, az ---, ah] and b’ =[6i, 62, ---, 
6a], we also have 


gd >b. 
In Art. 150 it was proved that 
lel = D) 
In virtue of (7) it is seen that 
lG = (0’, a’). 
Further since |c. | =|¢;s|, it results that 


(a, b) = (6; a’). 
The following theorem has thus been established: 
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THEOREM. Tf a and b are two moduls of the nth order in 
a realm of the nth degree and if b>a; and of the moduls 
complementary of a and b be denoted by a’ and 6’, then is 


(1) a’ >b’ 
and also 
(2) (a, b) =(b’, a’). 


ART. 180. In the sequel the modul complementary of 
any modul f is denoted by f’. The following conse- 
quences arising from the theorem of the preceding 
article are presented: 

If a and b are two arbitrary moduls of the nth order in the 
realm Q of the nth degree, then is 

(a+b) =a'—b’; 
and 
(a—b)’ =a +v. 

To prove these statements, let ò =a+b and m=a—b. 
Since a>b and b>», it is evident from the theorem just 
proved that b’>a’ and b’>b’ and consequently 

bd’ =a’ b. 

On the other hand every common multiple of a’ and b’ 
is divisible by ò. For if fis a common multiple of a’ and 
b’, so that f>a’ and £>b’, then it follows from above, 
since (a’)’=a and (b’)’=b, that a>f' and b>f’. Hence 
t’ is a common divisor of a and b. But since b is the 
greatest common divisor of a and b, it follows (Art. 118) 
that )>f’ and consequently >b. It is thus proved that 
bd’ is the least common multiple of a’ and 6’ and that is 

(a+b) =a’—b’. 
From the same formula, it is evident that 
Gao = (a)? — (69 =a—b, 
and consequently 


(a—b)’= {(a’+b’)’}’ =a’ +6’. 
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Finally the formula 
(8) (a, b) =(b', a’) 
may be proved for the general case. The proof of this 
theorem for the special case b>a was given in Art. 179. 
Write 5=a+56. Since (a, 6) =(bd, b) (Art. 137) and 
since b >b, it follows that (b, b) =(b’, d). Since d =a’—b’ 
it follows that 
(d, b) =(b’, a’—b’) =(0’, a’) 
fArt. 137). 


ra, 
“> 
ar EXAMPLES 
ws b’ a’ 
= 1. It may be proved that se apie tN for let a=[a, a2, ; 
he a 
on], so that 
= ab=ayb+aob+:--+a,b. 
“Hence we have 
[ab = (arb)’ —(a2b)/ —+ ++ — (anb) 
E b’ b £ b’ 
= ~ a4 Qe On a ; 
& 2. Prove that (ma) =n. 
= 3. Prove that (aa) == (a’)°. 
= 
= 


www.rcin.org.pl 


CHAPTER VIII 
THE MODULAR SYSTEMS OF KRONECKER 


ART. 181. We have seen that the aggregate or complex 
of rational integers of the form ---,a—3m,a—2m, a—m, 
a, a+m, a+2m, a+3m, ---, may be defined by saying 
that they are congruent to a, modulo m. And the series 
of integers a+km, where a and m are rational integers, 
while k takes all positive and negative integral values, is 
completely determined through two quantities, viz., the 
fixed modulus m and any other term of the series. 

Kronecker (Werke III, p. 148, and Crelle’s Journal, 
Vol. 99, pp. 330 et seq.) defined two linear forms of the 
variables v and 2’, 


a+bz, a’+b’2’ 

as equivalent to each other, if the one could be trans- 
formed into the other by the integral substitutions 

£=axr'+B8, x’ =a'xr +p", 
where a, b, a’, b’, a, 8, z and x’ have rational integral 
values. 

The necessary and sufficient conditions for this equiva- 

lence are therefore 

b= +0’, a=a’ (mod. b). 
The conception of the congruence of the integers a=a’ 
(mod. m) is quite the same as the conception of the 
equivalence of the linear forms a+-mz~a’'+mz’. Clearly 
any rational integer g that may be expressed through 
either of two equivalent forms may be expressed through 
the other. The natural extension of the conception of 

280 
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the congruence with regard to one modulus to the more 
general conception of the congruence with regard to a 
system of moduli is at once suggested, when instead of 
the linear forms! with one variable, we consider linear 
forms in any number of variables 
A+ mL + mtt +++ FM Lp, 
where all the quantities occurring have rational integral 
values. 
Two linear forms 


h=p k=v 
(1) a+ E Math, a’ + EMi, 


are defined as being equivalent, when the one can be 
transformed into the other by the integral substitutions 
En =C F Lent, — We = Chot Lenn 
(h =1, 2, +++, m; k =1, 2, «++, v), 
in which the c’s are rational integers. Hence the 
necessary and sufficient conditions for the equivalence of 
the forms (1) are expressed through the equations 
(A) a=a'+ Letom, a’ =a+ Lenin, 


(B) M, = Lew, m, = 2 Cre Ma 

(h=1, 2, e 3k =1, 2, o 
By giving to the coefficients c and c’ above all possible 
integral values, it is clear that the aggregate or totality 
of all the rational integers that may be expressed through 
the form 


h=k 
(2) a+ Denon 


is defined by saying that they are congruent to one 

another with respect to the modular system [m, m, ---, 

m,|. For brevity this system may be denoted by M. 

Any integer g which may be expressed through the form 
1 Encyklopaedie der math. Wissenschaften, Vol. I, pp. 255, 258 et seq. 
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(2) may be written as the congruence 
g=a (modd. m, me, ---, my), 


g=a (mod. M). 

If a =0 in the form (2), then is g a linear homogeneous 
function of the m’s with integral coefficients and may be 
written g=0 (mod. M). 

Due to the formulas (A) and (B) the complex of 
integers that may be expressed through either of the 
forms (1) is the same, so that the conception of the 
equivalence of two modular systems (mm, Ma, ---, Ma) 
(mj, m3, ---, Mi) is a natural consequence. 

The equations (B) are characteristic of the equivalence 


(mı, Moy 2B My) ~ (mi, m2, airs) mG) 
In other words, the necessary and sufficient conditions 
for the equivalence of the linear forms 
ħ=y k=v 
at Limits, a+ Emt 


are expressed by the congruence 


or briefly, 


a=a’ (modd. m, Mma, ---, m,), 
together with the equivalence 
(mi, Me, «++, m,)~ (mj, ms, ---, mi). 
Let M’ demote the modular system (mi, Mma, m3, ---, mi) 


and suppose that each of its elements is congruent to 
zero (mod. M), and that is 

(3) M, =4nM+4~2M+-+-+a4m, (r=1, 2, +++, v); 
then if a=a’ (mod. M’), it follows that a=a’ (mod. M). 
For, due to the first congruence 

a—a’ =gimi+gom,+ ---+9,mi, 

where the g’s are integers. Writing for mi, mz, ---, their 
values from (3), it follows that 


a—a’ =Gim+Gym,+ ---+G,m,, 
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where G; (t=1, 2, ---, a) are integers; and that is, 
a=a, (mod. M). 

If the equations (3) exist, it is seen that every integer 
that may be linearly expressed through mi, ---, mj, may 
be also linearly expressed through mı, ---, m,. In this 
case the modular system M’ is said to be divisible by M. 

And following the analogy of the preceding chapter, 
we shall write 

M'>M, 
and say M’ is divisible by M, and therefore M’ is a 
multiple of M, while M is a divisor of M’. If further, 
M>M’, then is M~M’. 

Observe that if g=0 (modd. m, -+-, m,, mi, «++, M), 
and that is, if g=0 (modd. M, M’), and if also the 
equations (3) exist, then evidently M’ may be omitted 
from the system, leaving simply 


g=0 (mod. M). 


Any element m may be added to the modular system M = (mı, 
+++, Mu M) or omitted from it when m is a linear function of 
the remaining elements with rational integral coefficients. 
This offers the suggestions and also a means for the 
reduction of a system M to its simplest form. For, 
suppose that m=m=---=m,, and through division let 
apk where q and r, are integers. It follows that 
mı =qm +r; and rı =M — qm. Due to the latter relation, 
rı may be added as an element to M and the former 
element m, may be omitted, thus rendering 


(m, Ma, **'; My) ~ (11, 13, ic; My)» 


where rı <m. 
Continuing this process it is seen that 


(mı, Uy, aen Mp) ~(d), 
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where d is the greatest common divisor of the elements 
Mi, >*t, My (See Art. 14.) 

ART. 182. In his Vorlesungen über Zahlentheorie, p. 
154, Kronecker defines a realm of rationality as follows: 
Let R be any prescribed quantity ' indeterminate in that 
at any time a definite value may be assigned to it. This 
quantity connected with itself through the operations of 
addition, multiplication, subtraction and division pro- 
duces a realm of quantities which is completely closed in 
so far that its individual elements reproduce themselves 
through the operations just mentioned. 

For, if (R) and Y(R) are any elements of this realm, 
then to it belong also 


+, 6-v, oY, 


p 
y’ 

it being assumed always that in the operation of division, 
Y is not zero. 

Since 1=R/R, it is seen that all powers 1, R, R?, ---, 
belong to this realm, as do accordingly also all integral 
functions l 

J(R) =a +a, R+ asena Farh”, 
where the a’s are rational integers; and likewise also all 
rational functions 


F(R) _f(R)_atak+-::- Fank” 

gi) bo+bik+---+6,R" 
where the 6’s are also rational integers. As 1 is an 
element of the realm, it follows by definition that all 
rational numbers are elements of the realm, so that in the 
above expressions it is not necessary to impose the 
conditions that the a’s and b’s are integers. Kronecker 
denoted the realm in question by (R) while the realm of 
integrity consisting of all integral functions of FR, he 


1 It would be better if the ?’s used here were replaced by u's, as was done in 
Art. 28. However, the notation of Kronecker is followed. 
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denoted by [R] (see Art. 28). Thus as seen in Art. 28 
[R] constitutes a part of the realm (R) while [1, R] 
constitutes a part of [R], in that rational numbers may 
enter as coefficients in (R). Thus Kronecker denoted a 
realm of rationality by parentheses ( ) and the realm of 
integrity by brackets [ ]. 

No confusion can arise since the word “ realm ” 
usually precedes the parentheses or brackets. 

In general, denote by R’, R”, ---, R™, n arbitrary 
indeterminates.! The complex of all those quantities 
that can be produced by addition, subtraction, multi- 
plication and division upon the R’s constitute the realm 


(R®, ..., R™), while every integral function 
f(R’, ---, R™) = > „Cr, teet RER"... ROn, 
ani D - a 2, ee Wee), 


as well as every rational function 
; ROT RM 
aia eo 
enter as elements of this realm. 

If the operations are restricted to those of addition, 
subtraction and multiplication, omitting division, the 
resulting realm is one of integrity and is denoted by 
[R™,---,R™]. As above it constitutes a portion of the 
realm (R®, ---, R™). (See Report on Algebraic Num- 


bers, p. 81; and for the literature see the Report, pp. 
86 et seq.) 


ART. 183. In the present discussion rational integers 
and integral functions of the variable with rational 
integral coefficients shall constitute the realm? of 
integrity [1, z]. 

1 These R’s may be replaced by ur, uz, «°° 

? See Kronecker, Grundziige, etc., pp. 3 et Te “Molk, Acta math., Vol. 6, p. 20; 
Hancock, Quart. Journ., Vol. 27 ( 1894), pp. 152 et seq.; and see in particular the 


Paris thesis of Hancock printed in the Ann. de l'Ecole Normale Supérieure, Vol. 
XVIII (1901), where algebraic integers are introduced. 
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The results of Art. 181, practically word for word, may 
be repeated here. 

Let 

A, M,, 2o ap Alne a D aaco AYN, 
be integral quantities that belong to the prescribed realm 
of integrity. The equivalence (see two papers by the 
author in Crelle’s Journal, Vols. 119 and 122) of two 
modular systems 
(Mı, M., ee) De (Mi, 2 emer) ia) 

and the congruence of the two quantities A and A’ with 
regard to one of these systems may be defined by the 
equations: 


k=y h=p 
(A) A = A’+ LCM, A i = A FE CioMs, 


k=y h=p 
(B) M, = CoM, M; = ZCM 


in which the C’s and C”s are also integral quantities of 
the realm of integrity [1, x]. These same equations 
serve also to define the equivalence of the linear forms 


A+EMX, A+ EMIX 
and the equivalence of these forms is in turn characterized 
by the congruence 
A=A’ (modd. Mı, M, ---, M,), 
together with the equivalence 
(M,, Mz, y M,) ~(Mi, M3, pe M)). 
Again, if the v congruences 
Mi=0 (modd. Mı, Mo,-+-,M,) (k=1,2,-++,9) 
exist, the system (Mi, Mz, ---, M}) is said to be divisible 
by (Mı, M2, ---, M,); and of the two systems, if each is 
divisible by the other, we have the equivalence 
(Mı, Ma, ---, M,)~(Mi, Mo, ---, Mi). 
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ART. 184. It is evident that any system may be trans- 
formed into an equivalent system by adding to or subtracting 
from any element of the system one or more of the other 
elements, and any element may be added to a modular 
system or taken away from it, when this element is a linear 
homogeneous function of the remaining elements of the 
modular system. 

As an example, it may be proved, u being any inde- 
terminate, that 

(21u3+14u?+4u, 7u?+3u) ~(3u?+5u, 2u?—u). 
For, 
21u3+ 14u?+4u = (8u?+5u) (8u+1) + (2u?—u)(6u+1), 
7u?+3u =1(38u?+ 5u) +2(2u? —u); 
while 
3u?+ bu = 2(21u3+ 14u?+4u) — (7u?+3u)(6u+1), 

2Qu?—u=—1-(21u3+14u?+4u) + (7u?+3u)(Bu+1). 
Similarly, 

(8u?+5u, 2u?—u) ~(2u?—u, u?+6u) ~(u?+6u, 13u). 

If for brevity we put 
z (M) =(M,, <a) (M) =(Mi, +++, M; 
and 
(M") =(Mi, ---, MX), 
and if 
M’>M” andif M”’>M, thenis M’>M. 

By the composition or multiplication of any modular 
system (M) with any other system (N) =(Mi, No, ---, 
N,), we understand the system which has as its elements 


the p-» elements M,N, an > > #); and that is 
(M)(N) =(MiM,, M:N», Se MN, M.N,, y M,N,). 


If (M) ~(M’) then is (M)(N) ~(M’)(N). If (N’) is any 
system such that (NV) ~(N’) and if (M) ~(M’), then also is 
(M)(N) ~(M‘)(N’). For (M)(N) ~(M)(N) ~ MNN’. 
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Art. 185. The greatest common divisor d of two 
rational integers m and n is such that both m and n are 
divisible by d and any other common divisor k of both m 
and n is a divisor of d. A similar definition is applicable 
to modular systems: If the greatest common divisor of 
two modular systems (M) and (N) is denoted by D 
=(D,, De, ---, De), it is required that (M)>(D) and 
(N) >(D) with the further characteristic that any divisor 
(K) of both (M) and (N) be a divisor of (D). For it is 
clear that 

(D) =(M,, Mz, rep 8) A N,, N», a ge) NG) 

since 

(M)>(M,, ASS M,, N,, Easy N,) 
and 

(N)>(M,, as: ME N,, eas N,). 
Further if (M)>(K) and (N)> (4K), then also is 

(Mı, ee!) M,, Nı, hake: | N,)>K. 
If the greatest common divisor of two rational integers is 


M'N Z the least common 
(m, n) 
multiple of m and n. And if l is an integer that is 
divisible by both m and n, then is 
(m, n)l=0 (mod. m-n). 

The analogue for modular systems is as follows: 

If (L) =(Ly, In, ---, Ly) is a system that is divisible by 
both (M) and (N), then is 
(M,, Mv, Ee Ml Mi, No, OO NI La, + °°, Ly) =0 
(mod. (M)(N)). 

ART. 186. Let us consider the modular system 
(z), fo(x)), where 
f(x) =aotaa+---+a,2",  fo(z) =botbizt----+b,2", 


are functions in which the a’s and b’s are rational integers, 


denoted by (m, n), then is 
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while m and n are positive integers such that m=n. 
Divide fi(xz) by f(x) and denote the quotient by g(x) and 
the remainder by r(z), so that 


Sila) =g(x)fo(x) +1(a). 
The coefficients that occur in g(x) and r(x) are rational 
numbers. Let n, denote the least common multiple of 
their denominators and put 


g(x) sae) and r(x)= ae. 


We thus have 
Mifi(x) — g(x) fo(x) +fs(x) =0; 
and consequently, since f(x) is linearly expressed in 
terms of fı(x) and f(x), it follows that 
(fil), fo(x)) ~ (fila), fele), fa(x)). 

Continuing, we may divide f,(x) by f(x) and thus derive 
the following system of equations (see Art. 14): 

mfi—gsetfs = 

nafa — gafa tfa = 


(1) 


N,—2F r—2 — Qn sie = 
noafa- Oil = 
From these relations it is seen that 
(iis fo) ~fi Ja, Js) ~(fiy Ío, fs, Ía) ae ah ~(hi, fa, pian Jy) 

The equations (1) may be written in the form of con- 
eruences: 

fs=0 (modd. fi, fo), 

f,=0 (modd. fo, fs), 
(2) . 


Jo=0 (modd. Ie fm) y 
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and also from equations (1), it is seen that 
mfi=0 (modd. f, fs), 
Nefo=0 (modd. fs, fa), 


(3) 
Ny a) (modd. ads) 
| a ee (mod. f,). 
From the equations (1) it is further seen that 
Se =g — n,o f o2 = 9,1 (9r-2f 2 — Trala) — eels 
=f,2tesf,-s, 
where c, c, are quantities of [ 1, x]. ey 
o if —1) = Cee fo) a (fe-s f,-s) Bee Gi, Jr). 
And in particular, f,> (fi, fe); or 
(4) f,=0 (modd. fi, fo). 
If we multiply the next to the last of the congruences (3) 
by n,-, and observe that n,1f,1=0 (mod. f,), it is seen 
that n,n, f, 2=0 (mod. f,). And proceeding in the 
same manner it is seen that 
NiNgNg* > N,N, 1f1=0 (mod. f,), 
NgN3°+ N,-2%-1f,=0 (mod. dds 
Ng + +N, 2n,1f;=0 (mod. f,), 


(5) 


yi =U (mod. f,), 
0g = Giaeds f3)s 
If we put sı equal to the product of the integers ni, ne, 
++, nyi, while s denotes the product m-3: --+ -ni 
it is seen that 
(6) sifi=0 (mod. f,) and Sofo=0 (mod. f,). 
Observe that the relations (6) and (4) do not connote the 
equivalence 
(hi, fe) ~f, 
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The conditions for this equivalence require that sı =1 =. 
When these conditions exist and only then is f, the 
greatest common divisor of fı and fz in the realm [1, x]. 
For, from (6) it follows that 


(7) sft =f, S2f2 =f p2 
where g, and gy. are quantities of this realm. It is seen 
that 


af apea 
fi fron fo fr 


and that sı does not divide the coefficients of either gı or 
a since both sı and s were taken as the smallest integers 
which satisfied the congruences in question. Were the 
realm of rationality [1, +] extended to (1, x) and that is, 
if rational numbers were admitted in the discussion, then 
f, would be the greatest common divisor of fı and fz and 
we would have the equivalence f,~ (fi, fo). 

A modular system (fi(x), f(x), ---,fn(@)) with an arbi- 
trary number of elements fi(x), ---, fx(z), which system is 
equivalent to a system with only one element, say 
(f(x)), was called by Kronecker a modular system of the 
first kind, while all other systems were named modular 
systems of the second kind. Thus the conditions for a 
modular system of the first kind 


(file), +++, fea) ~(f@)) 
f (x) =0 (modd. fi(z), ---, fx(@)), 


together with 

fiz) =0 (mod. f (x)) (î=1,2, +++, k). 
An example of a system of the first kind is 

(82—3, x?-1, v?+x2—-2)~(x—-1); 

for observe that 

3z—3=0 (mod. (x—1)), 

x?—1=0 (mod. (x—1)), 

xz?+2—2=0 (mod. (a—1)); 


are 


11 


www.rcin.org.pl 


292 THE THEORY OF ALGEBRAIC NUMBERS 


and 
(x—1)=0 (modd. 3z—83, x?—1, x?+2—2), 
since 
z—1i =(x?+s—2)—(z?—1). 
A system of the second kind is for example 
(m, x—n). 

For there is no integer or integral function which divides 
both elements save unity, and were 

(m, «—n)~1, 
it would follow that identically 

1=mo(x)+(z—n)¥(z), 

where (x) and y(x) are quantities of [1, z]. Writing 
x =n, it would follow that 1 =mg(n), which is impossible 
since (n) is an integral function.' 


EXAMPLE. Show that 37 may be added as an element of the 
modular system 
(s5 +53 +5r+1, 223+22+1). 


A pure modular system of the second kind 


(Fi Ja; ees) fr) 
is one whose elements fi, ---, fe are not all divisible by 
the same integral function f(z). Were these elements all 
divisible by f(z), the system would be a mized system of 
the second kind which could be written 


(f(z), Jala), ++, fe(z)) =f) (Pia), Falz), +++, Fe(x)), 
where 
Sila) =f(x) F(x) (1=1, 2, «ee, k). 
However, f(x) cannot at the same time be =0 (modd. 
filz), --+,f;(x)). For in this case the given system would 
be equivalent to (f(z)) and would not be a system of the 
second kind. 


1In this connection see Smith’s Report, p. 149, where references are made to 
Galois, Liouville’s Journ., Vol. XI, p. 381; Serret, Algèbre, Leçon 25; Dedekind, 
Crelle, Vol. 54, p. 1, etc. Also see Dickson's History, Vol. I, pp. 233 et seq. 
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Thus (5, 2x+1) is a pure system, while (5x, 2x? +7) isa 
mixed system. 

ART. 187. FUNDAMENTAL THEOREM: A rational integer 
may always be added as an element of a pure modular 
system of the second kind. 

This is at once evident, for the elements fi(x), fals), 

-+, f(x) have no common divisor save unity. It is 
therefore always possible (Art. 17) to determine other 
integral functions g:{x), ---, g(x) with integral coeff- 
cients such that 

m =gi(2) ful) +: +» toe (a) fila) 
and accordingly, 
(fiz), Jala), «++, felz)) ~(m, fil), --+, fe). 

Kronecker (Vorlesungen, loc. cit., p. 186) proves the 
above theorem as follows. Writing for f,(x) the function 
¢2(x) in formulas (3) and (6) of the preceding article, we 
have 
(1) x(t) =0 (modd. fi, fa), 

81f1=0=s0f2 (mod. pz). 
Introducing ¢, as an element in the system, we have 
(fi, Ja °° 7) Fi) ~(fi, fo; Co; Se); 
and proceeding with f; and z as was done with fı and fz 


in the preceding article, it is seen that there exists a 
function ¢3(2) such that 


(2) ¢s=0 (modd. gu, fs), 
and 
S292 = M3f3=0 (mod. g3). 
In virtue of formula (1), it follows that 
¢3=0 (modd. fi, fe, fs). 
If the last two congruences of (1) are multiplied by s3, 
and if we observe that sig. is divisible by ¢;, it follows 
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from (1) and (2) that 

ki fi=hefo=ksfs=0 (mod. ¢s), 
where kı, ke, k; are definite integers. Next add g; as an 
element to the system and treat p; and f, in like manner 
as before and continue the process until the last element 
fx is reached. We have finally an element +, for which 
there exist the following congruences 


(3) gr=0 (modd. fı, fz, eee, fe) 
and 
LfHbh=---=hf,=0 (mod. pr), 
where l, l, ---, la are definite integers. It is clear that 


gr, must be an integer, m, say; for were P(x) an irreducible 
factor of y(x), it would follow from the second congru- 
ence in (3) that each of the elements fı, ---, fe was 
divisible by P(x), contrary to the assumption that these 
elements had no common divisor. And from the first of 
the congruences (3) it is seen that m may be added as an 
element to the system, so that 
(f(z), bees) fix(x)) ~(m, f(z), ERN P- 

ART. 188. Another important theorem due to Kro- 
necker is the following: 

THEOREM. It is always possible to add as an element 
of a pure modular system of the second kind a function 
f(x) in which the coeficient of the highest power of x is unity. 

Proof. Suppose that the elements fı(x), ---, fa(x) are 
of degrees ni, ---, Ng, respectively, where 

EA ame T 
Then form the integral function 
F(a) =fi(x) Hat fala) Hert f(T) 
see e o i (2), 
a function which evidently may be added as an element 
to the system. It is also seen that the coefficients of this 
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function are the same as those that occur in filz), ---, 
f,(x), since the coefficients of the latter are in no case 
mixed in the formation of the coefficients of the function 
F(x). These coefficients accordingly have no common 
factor, since by hypothesis the functions f(z), ---, f(x) 
had no common divisor save unity. 

Further, as in the preceding article, let m be an integer 
that may be added as an element to the modular system 
and suppose that 

m = pip} eats pr, 
where the p’s are prime integers. Reduce all the 
coefficients in F(x), modulo p; so that 
F(a) =®,(0) —p¥.(a), 
and observe that since F(x) =0 (modd. fi(x), ---, fi(x)), 
it follows that 
®,(x) =p.¥.(x) (modd. fi(z), ---, fe(x)); 
and therefore also 
(®:(2)) "=p (F:(2))" (modd. fi, «++; fi). 


This expression multiplied by p becomes 
p 


T (@,(a))M=m(i(a))"* (modd. fr, +, fi) 


Since m is an element of the modular system, it is seen 
that 
m 
(1) X:(@) A a (modd. fi, ---, fx) 
(i =l, 2, DSE k), 
in which the coefficients of ®;(2) are less than p; and are 


not all zero. Since p; is relatively prime to ome it is seen 
4 


that the coefficient, say C;, of the highest power of x in 
X,(xz) is relatively prime to p;; however, C; contains as 
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factors all the other prime factors of m as often as they 
are found in m. 
We may accordingly determine an integer B; such that 
B;C;=1 (mod. p}‘) (i =1, 2, ---, n), 
while at the same time for every other divisor of m, say 
Pi; 
B;C;=0 (mod. p}}). 
Form the sum 
F(a) = Ba" X14 Boa®X,+---+B,a'X,, 
where the integers \ are so chosen that the highest power 
of x in each term is, say n. The coefficient of x” is 
therefore 
C =B,C,+ B:C2+ cae hn +B,C,. 
Further, observe that 
C=1 (mod. pt) @=1, 2, s+, 7), 
and therefore also writing the congruence in the form of 
an equation, we have E 
C=1+Cnm. 
If finally we put A 2 
f(x) = F(x) —mC2", 
it is seen that the coefficient of the highest power of f(x) 
is unity. 

Since X,, ---, X,, m, may all be added as elements to 
the modular system, it is clear that f(x) is also an element 
of this system. And with this the theorem in question is 
proved. 

Writing (M) =(m, f, fi, ---; fe), it may be noted that 
there are only a finite number of incongruent (mod. (M)) 
quantities of the realm [1, 2]. For, it may be shown 
that every quantity ¢(x) of this realm may be reduced, 
modulo (M), to another whose degree is less than n, the 
degree of f(z). For, if g(x) =cx"*”+---, it is seen that 
the degree of yı(x) = ¢(x) —cx’f(z) is less than that of 
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elx), while ¢:(x) is congruent to g(x) (mod. (M)). By 
repeating this process we may derive a function ¢(z) 
which is congruent to g(x) and whose degree is at most 
Tt Say 
Q(x) =Cotart:-++¢,10"1. 

As each of the c’s may have any of the values 0, 1, ---, 
m—1, it follows that there are at most m” incongruent 
functions (mod. (M)); and that is, every quantity of the 
realm [1, x] is congruent (mod. (M)) to one of these m” 
quantities. These residues are in general not all incon- 
gruent (mod. (M)). 

The determination of the number of such incongruent 
residues for a pure modular system of the second kind, is 
a problem which, I believe, has not been done. 

ArT. 189. Any quantity R of the realm [1, x] is said 
to be relatively prime to the modular system 


(M) =(fi, EE 
(Uo Iio Ien a) =~ 


For example, if besides m there is another integer m, 
which may also be added as an element to the modular 
system of the preceding article, and if m, is relatively 
prime to m, so that two other integers g and g, exist such 
that 


if 


F mgitmg =1, 
then is 


(M) =(h, +++, fe) =(m, ma, fa, +++, Se) ~1. 
THEOREM. If R and R’ are two quantities of [1, x], 
which are relatively prime to (M), then also is R-Rı 
relatively prime to (M). 
Proof. Since 
(k, fi, ey and (R’, fi, coe; fx) ~1, 
it follows that 


(R, fi eg ARS fo ears fx) ~l; 


298 THE THEORY OF ALGEBRAIC NUMBERS 


and that is, 
(RR’, Rf, ie) Rfi, Rf, E) R'fr, aa sa JE ifs -) ~l. 
Observe further that 
1 ~(RR’, Rfi, Tes Rf, eget Jali TP 2) > (RR’, i SE cep Fi); 
and therefore 1 may be added as an element to the 
system on the right-hand side, thus proving the theorem. 
In the preceding article it was seen that the number of 
incongruent, modulo (M), residues was finite. Select 
those which have no common divisor with the system 
(M). Such residues are called units, modulo (M); and 
the system having as an element one of these residues is a 
unit system. 


Let u be the number of these incongruent units (modulo 
(M)), which denote by 


Ry, Ro, --+, Ry. 
If R is any unit (modulo (M)), then as just proved, 
Rk, ---, RR, are units, modulo (M) and they form a 


complete system of incongruent units, modulo (M). For, 
were any two of these products, say, RR; and RR; 
congruent, modulo (M), it would follow that 
(1) R(R:—R;)=0 (modd. fi, ---, fx). 

Observe however that if the equivalence (R, fi, ---, 
fx) ~1 be multiplied by R;—R;, there would result 
(2) (R(Ri—R;), (Ri— Rafi, <- +, Ri— Rafe) ~Ri—R; 
and were (1) true, every element of the left-hand side of 
(2) would be divisible by (M) and the same would be 
true of R:—R;. It would follow that 

R:= R; (mod. (M)), 

while R; and R; were assumed to be incongruent (modulo 
(M)). Accordingly, the » products 


RR, RR, ---, RR, 
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form a system of incongruent (modulo (M)) units. 

Hence, if S(Ri, +-+, Ra) is any integral symmetric 

function of these units, there exists the congruence 
S(hi, F -+, R,)=S(RR, TRR, RR,) (modd. fı, ia di 


and in particular, for any variable X 
h=u h=u 
(x —R,) = T(x —RR,) (modd. fi, ---, fi). 


By equating the terms that are free of X, it is seen that 
TIR,=R*IIR, (modd. fi, ---, fr). 
Writing IR, =Q, it follows from above that 


(Q, fi, +> ay: Jr) ~l, 
and therefore 
COR R ---; G2 N 
and since 
QE SE (modd. Jig PE Fr); 
every term on the left-hand side and therefore also 
R*—1=0 (modd. fi, ---, fx). 

This is a direct generalization of the Fermat Theorem,’ 
which may be formulated as follows: 

The pth power of every quantity in [1, x] which is 
relatively prime to (M) is always congruent, modulo (M), to 
1, where u is the number of incongruent units (mod. (M)). 

An immediate consequence of this theorem is the 
following: 

If (M) is any pure modular system of the second kind 
and R an arbitrary unit (modulo (M)), it is always 
possible to determine a second unit R’ such that 

RR’=1 (mod. (M)). 
For this congruence is evidently satisfied by writing 
R’=R*" (mod. (M)). 


1The reader should not neglect to read Smith’s ‘‘Report on the Theory of 
Numbers,” Collected Works, Vol. I, Art. 10, for Fermat’s Theorem. And for 
the Extension of Fermat's Theorem see p. 152 of this report. For the Galois 
generalization see Dickson, Vol. I, p. 235. 
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Two such functions R and R’ are called complementary 
units. 


EXAMPLES 


1. If (M)=(2, =), show that u=2 and determine the two 
incongruent (mod. (M)) units. 

Observe that if f(x) is any quantity of [1, z ], so that 

(a) =ao+aix+ aor? + esl 
where a is not congruent to zero modulo (M), then is 
f(2)?=(ao-+arz)? (mod. z?) and =i modd. 2 r2). 

2. Determine u for the system (3, z?) and find the incongruent 
units. 

3. If Rois not a unit, modulo (M), where (M) is any pure modular 


system of the second kind, determine another quantity Ro of 
C1, £] such that 


RoRo=0 (mod. (M)), where Ro#0 (mod. (M)). 


ART. 190. We come next to the decomposition of 
modular systems of the second kind into their simplest 
forms.’ 

Let 

(M) =(m, f(z), mee ©, Jul); 
and suppose that m=m m, where m, and m, are 
relatively prime to each other. It is seen from what 
follows that 


(m, Ji ial ap Jia) ~(m, fi amr | fi) (Me, Jio PEO fe). 
In general, let f(z) be any element of a modular system 
and suppose that f(x) is equal to the product of fofo, 
where the factors fo and fo are relatively prime, modulo 
(M). It follows that 


(1) (fo, fo, Jis acap fx) ~1. 
It will be proved that 
(2) Gi dis ai -fh =o fis g he) Go fi aoe ag Sk). 


1 Macaulay, Math. Annalen, Vol. 74, pp. 66-121, has discussed the resolution 
of a system into “primary systems.” 
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For, multiplying together the two systems on the right- 
hand side, it is seen that 


(3) Go, da, = "Gs Jas) 

=(fofo, fofi a] Sofi, Fes) fifi, ao “i 
Next multiply (1) by the system (fı, ---, fr), thus pro- 
ducing the equivalence 


(4) (Sofi, -+ «fin, opi, PO, a 

and substituting the elements on the right-hand side of 
(4) for the equivalent elements on the right-hand side of 
(3), itis seen that (3) becomes 


(fo, fi, oo +, Su) (fo, diy ae Fo) ~ (Sofo, Jg AR Ju) 
And this verifies the relation (2). 

The above includes a proof of the theorem: 

Every pure modular system of the second kind is equiva- 
lent to a product of systems 

(My) =(p*, fila), +++, fa(2)). 

For the further reduction of modular system two 
additional observations may be made: 

(1) A system (m, fi, +--+, fx) in the sense of equivalence 
remains unchanged if any coefficient of any of the elements 
is increased or diminished by arbitrary multiples of m. 

For, if 

f(s) =age' tar + - -Has ™ t- - -Ha 
is an element of the system, and if 
F(x) =f (2) + max, 
it is clear that f may be added as an element to the 
system, and that then f(x) may be dropped. 

(2) A system (m, fi, ---, fx) remains unaltered in the 
sense of equivalence, if any of the elements fı, ---, fr is 
multiplied by a unit, mod. m. 

For, if e is a unit (mod. m) and e’ its complementary 
unit, such that ee’=1 (mod. m), or ee’ =1-++7mg, then on 
the one hand 
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(m, Jo S ee’fs, epee fx) > (m, fi, 10 By (A aye OG anika 
and on the other hand 
(m, fi, S33 ef, = > fu) >(m, fi, i aadi oot, fr). 
And this proves the equivalence 
(m, fi, Pall ats ee *s Sx) ~(m, fis PR efis ai *, tx). 

Art. 191. We may consider next the simplest case 
where in the preceding article h =1, and that is, we shall 
further reduce the system 

(Mi) =(p, filz), +++, fx(a)). 
If the coefficient of the highest power of x in f,(z) is e, it 
follows from the preceding article that f,(x) may be 
multiplied by e’, where ee’=1 (mod. p), and that thereby 
the equivalence of the system is unaltered. Accordingly, 
using also the first observation made at the end of the 
last article, we may assume that the coefficients of the 
highest powers of x in each of the elements fi, ---, fr are 
unity, while all other coefficients have been reduced, 
mod. p. If the degree of fi(x) is greater than or equal 
to that of f.(x), the coefficients of the highest power of 
fa(x) being unity, it is seen through division of fi(x) by 
fo(x) that there results the equation 
Filz) — g(x) fo(x) +fi(a) =0, 

where all coefficients are integers. And due to this 
equation fı(x) may be added as an element of the system 
and then fi(z) dropped. Due to the presence of the 
element p in the system, the coefficient of the highest 
power of x in fi(~) may be made unity, and the others 
reduced, mod. p. 

Continuing this process (see also Art. 186), and drop- 
ping out those elements that are divisible, mod. p, by 
any other element, we finally reduce the system to one 
in which besides p, there is only one element left. Were 
this element a constant, the system would be equivalent 
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to unity. Accordingly there results the following im- 
portant theorem: 

Every pure modular system of the second kind, in which a 
prime integer enters to the first power as an element, is 
equivalent to a reduced system (p, f(x)) of two elements. 
The element f(x) =a" +aq2"1+---+a,17+a, has coeffi- 
cients reduced, mod. p, the coefficient of the highest power of x 
being unity. 

ART. 192. Consider next the reduction of the system 


(M2) =(p?, fiz), +++, fol); 
and to this end form the auxiliary system (p, fi(a), +, 
fi(z)). From the preceding article it is seen that 


(1) (p, fila), +++, fu(a)) ~(p, FE); 


and from this we have 
a t=} 
f(x) =pF +2f ili 


where F and g; (i=1, 2, ---, k) are quantities of [1, z]. 
Determine a new function f(x) by the relation 


(2) (a) =H) -pF =F fags 


and observe that (p, f(x)) ~(p, f(a)), so that from (1) it 
follows that 


(3) (p, f(z), sees) fu(x)) ~(p, f(x)). 
Due to (2) it is evident that 
(4) Caesar eu Gian h, -e Jrs IDE 


Due to (3) we have 
fe=pvitfe:(i=1,2,---,k) or fi=py; (mod. f), 


where all the quantities introduced belong to the realm 


[1, z]. 
The right-hand side of (4) may accordingly be written 


(5) (p?, PY; PY2; ay Pr, De 
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Since 
(p?, PY1, +++) PPr) =p(p, Vi, +++, We) ~p(p, g(z)), 
it follows from (5) that 
(gp, Pir, "+, Dey f) ~(p’, pg(x), F(z)); 


and that is 
(M2) = (p°, pg(2), f(a). 

In other words: Every modular system in which a prime 
integer enters to the second power as an element, may be 
transformed into an equivalent system in which besides p?, 
there are only two other elements, and one of these has p as a 
factor. 

Proceeding in a similar manner for the reduction of the 


system 
(M3) = (p’, fila), AR f(2)), 
form the auxiliary system 


(1) (p?, fila), +++, fe(a)) ~P, pal), Fa). 
From the latter it is evident that 
{=k 
pg (x) =p F+ df, 
and a 
Ja) =v'G+ Efe. 
where all the introduced quantities belong to [1, z]. 


We are thus able to determine two new functions g(x) 
and f(x) through the relations 


pg(a) = p9(a) —p°F = Sars 


= {=k 
Ja) =f(2) —P°G = fis 
Due to these relations, it follows at once that 


(3) (p?, pg(x), F(£)) ~ (p°, pg(a), f(a) 


and therefore also 


(4) (e fi, cee fr) ~(p’, pg(x), f(z). 


(2) 
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Further, and due to (2), the quantities pg(x), f(x) may be 
added as elements of (M), thus producing the equivalence 


(p’, hi, AAI fi) ~(p§, fi, pad) Ss pg(z), F(z). 
From (4) it is seen that 
Siz) =pPXitpg- vith vi, 
the quantities introduced belonging to [1, x]; and 
accordingly 


(p*, fi sis ths Pg; f) ~(p', pm, ira pr Xi, Pg; ‘ae 
Putting p?(p, Xi, ---, Xx) ~p?(p, h(x)), we have finally 


(M3) = ip, fi Son Fx) ~(p*, p’h(z), pg(x), f(z). 
Continuing in the same manner, it is evident that 

every system (M,) =(p", fi, ---, fx) may be brought to the 
form 

Qa PEEL), pF (zx), 8) pF (2), F,(z)), 
where the coefficients of the highest power in each function 
Fx) (¢=1, 2, ---, h] is unity, the others being reduced, 
mod. p. 


CANONICAL FORMS FOR THESE SYSTEMS 


Art. 193. Let us return to the system in which a 
prime integer p enters to the first power. Such a system 
(see Art. 191) is of the form 


(p, (2), 


where the coefficient of the highest power of x in 6(x) is 
unity, and the other coefficients have been reduced, 
mod. p. 

Suppose that the original system (p, filz), ---, fe(x)) 
has been reduced by a different method to the form 


(p, 6:(x)), 
where the coefficient of the highest power of x in 6;(x) is 
unity and the others have been reduced, mod. p. 
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The question naturally arises: Is @,(z) the same func- 
tion of xz as is 6(x); and that is: Is (p, 0(x)) the unique 
reduction, or a canonical form of the original system? 

(I) To investigate this question, consider the equiva- 
lence 


(1) (p, 0(x)) ~(p, #i(z)). 
It is seen on the one hand that 

e(z) = y(z)6,(x) (mod. p), (i) 
and on the other, 

A(x) = (x)0(x) (mod. p), (ii) 


where all quantities or functions introduced are of the 
realm [1, x]. 

Multiplying both sides of these two congruences 
together, we have 


9(x)0:(x) =0(x)6x(x) p(x) ¥(x) (mod. p). 
Since neither @(z) nor 6,(x) is divisible by p, we may 
divide this congruence by @(x)6:(z), which thereupon 


becomes 
1= ¢(x) (x) (mod. p). 


e(z) =azk+---: and v(x) =bal+---, 
their product begins with the term abz**+.---; and as 
both a and b are reduced, mod. p, this term is not 
divisible by p. Hence, in both g(x) and y(x) there can 
appear only the terms independent of zx. Writing 
g(x) =c and y(x) =d, in (i) and (ii), it is seen that 
c=1=d, and therefore also 
6(x) =8,(x) (mod. p). 

The coefficients of like powers of x in these two functions 
must be equal, since they have been reduced, mod. p. 

We therefore have 6(x) =0@:(z) and (p, 6(x)) may be 
regarded as a canonical form for the unique reduction of 
the modular system (p, f(x), falx), ---, fe(X)). 


If 
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(II) Take next the system in which p occurs to the 

second power, namely, 
(M2) a (07 pg(x), f(@)). 

Form the auxiliary system 
(1) (p, 9(), f(z)) ~(p, ()), 
where the initial coefficient of 6(x) is unity and the others 
are reduced, mod. p. 

From the latter system it is seen that 


(x) =0 (modd. p, g(x), f(x)), 
po(x) =0 (modd. p?, pg(x), pf(x)); 


f(x) =0(2)0' (£) +pe¢(z), 
where all quantities introduced belong to [1, x]. 
The system (M) accordingly may be written without 
changing the equivalence 
(M2) = (p°, pg, p0, pe +66’). 
From (1) we have 


or 


and also 


g=0 (modd. p, 9), 
or 
pg=0 (modd. p?, pé). 

The element pg may therefore be omitted from (M2), 
which becomes 

(Ma) =(p?, pe, pe+ o0’). 
Owing to the presence of p? and p9 within this system, 
the coefficient of the highest power of x in 6’ can be made 
unity, and then the others may be reduced, mod. p. 
For, suppose that 

6'(x) =b” + bye +.. -, 
and choose b such that 

bb — pq =1. 
Then clearly, y 
O(x) =b(pø +00") — p°g -0 x" 
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may be added as an element to the system. Since 
bO(x) = (1+p°g) (pe +00) —bp’g 6-2”, 
it is seen that pọ +08’ may be expressed linearly through 
O(x) and p?, and therefore O(x) may replace py +080 in 
the system. Evident substitutions with O(x) offer the 
required result. 
The degree of (x) may be made less than that of 
6(x), and its coefficients reduced, mod. p. 
We may therefore assume in the system (M,) that 
(a) initial coefficients of 0 and 6’ are unity; 
(A) (b) gis of less degree than 6; 
(c) all the coefficients of the respective functions 
are reduced, mod. p. 
If by any other method of procedure the system (M2) 
in its original form has been reduced to 
(p°, phi, ppi +00), 
and if the conditions (4) are true of the corresponding 
elements of this system, then due to the equivalence 


(1) (p?, p9, pe+66’) ~(p’, pA, pyit6101), 
it may be shown that 0 =6,, Y = pı, 6’ =6}. 
Proof. It follows from the equivalence that 
poi +0:0:=p0:f+(pe+00')g (mod. p’) 
and therefore 
0,01=00g (mod. p), (i) 
the coefficient of the highest power of x in the function g 
being unity. 
In a similar manner 
60’ = 6,019, (mod. p). (ii) 
If these congruences are multiplied together and the 
factor 66'0,9; omitted from the resulting congruence, we 


have 
1=g9.9 (mod. p). 
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If 
g=@" Pema Fe 
and 
gi =d +d" +--+ +dh, 
the first term in the product of these functions is cdz*t* 
+... and the coefficient cd is not divisible by p, since 
neither c nor dis divisible by p. It follows that g =c, and 
gı =d»; and these values substituted in (i) and (ii) show 
that g =1 =g. 
It results that 
66’ =6,9; (mod. p). (iii) 
From (1) we have 
p0:= pd-F + (66’+pye)G (mod. p°). 

From this congruence it is seen that 60’G and therefore 
also G is divisible by p. Writing G=G,p, it follows that 
6,:=6F + (60’-+py)G, (mod. p), 

or 

6:=0(F +6'G;) (mod. p). 

In the same manner it may be proved that 

6=0,(F,+6:G1) (mod. p). 

These two congruences, when multiplied together, offer 
60, = 00,(F +0'G;) (F,+61G4) (mod. p). 
Hence, as above, F+0'G, =1 =F, +0;Gi, and therefore 
6=6, (mod. p). 
Since the coefficients of both 0 and 6, have been reduced, 
mod. p, it follows that 0 =0,, and therefore from (iii) it 
also follows that @’=6). Writing these equalities in 
(1), we have 
(p?, pO, pe +60") ~(p?, pO, pe. t60’, pe+66") 
~(p?, pe, pet+ée’, p(e—¢i))- 
And due to this equivalence, it follows that 
p(e— ¢1)=pt-B+(pe+66’)A (mod. p’). 
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It is evident that 69'A and therefore A must be divisible 
by p. Writing A =pA,, the congruence becomes 
¢—¢:=6(B+A,6’) (mod. p). 
Since the degree of 0 is greater than that of either ¢ or gı, 
it is seen that 
B+A,60’=0 (mod. p), 
and therefore also 
p= gı (mod. p); 
and the coefficients having been reduced, mod. p, it 
follows that ¢ = gı. 

We may therefore regard (p°, p0, pe +600’) as a canonical 
form for the unique representation of modular systems 
which have as an element a prime integer p raised to the 
second power. 

(III) The reduced modular system in which p? enters 
as an element was seen to be (Art. 192) 

(Ms) =(p*, p*f(x), pg(a), h(2)). 
Form the auxiliary system 
(1) (p°, pf(x), g(x), h(x)) ~(p?, pole), pol) +0(x)6’(z)), 
where the conditions (A) above are fulfilled. It is seen 
that 

pO (a) = pf (x) -F (z) +9(x)G(«) +h(x) H(z) (mod. p°), 
so that 

polz) = p*f(x) -F(x)+pg(x)G(x) (modd. pë, h(x); 
and similarly, 
pLpy(x) +0(2)6'(x) J 
= pf (x) P(x) + pg(2)¥ (x) (modd. pë, h(z)). 

Accordingly we may add as elements p(x) and 
p(x) +p0(x)0’(x) to (M;) without altering its equiva- 
lence, thus having 
(Ms) = (p’, pf x), pole), pg(x), p?¢(x) + po(x)0'(x), h(x)). 
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If pf(z) and g(x) are expressed in terms of the elements on 
the right-hand side of (1), it is seen that p?f(a) and pg(a) 
may be omitted from the system (M3) just written, which 
becomes 
(M;) =(p*, p70, p?¢+ poe’, h(x)). 
Further from (1) we have 
h(x) =p?p(x) + p00 + (pe +60’) ¢’; 

and this value substituted for h(x) in (M3) offers 

(Ms) = (p°, p76, p?o+ pee’, pry + p00 + peg’ +60'¢'). 

Owing to the presence of p°, p?6, p?¢+ p60’ in this 
system, we may assume, including conditions (A) already 
made, that 


(a) the initial coefficients of 0, 6’ and ¢’ are each 
unity; 

(b) gy and y are of lower degree than 6; 

(c) 6 is of lower degree than 6’; 

(d) the coefficients of all the elements are reduced, 
mod. p. 


(B) 


Suppose that the original system was reduced by 
another method to a form corresponding to the one just 
written, where the corresponding elements conform to the 
conditions (B), so that 


(p*, p76, p?>o+ peo’, py + p00 + pee’ +60’ ¢’) 

~(p*, p76, p?git pAb, Pit poao + peiei Hog). 
Prove that the corresponding elements are identically 
equal. See Crelle’s Journal, Vol. 119, pp. 161 et seq.; see 
paper also by the author, Crelle, Vol. 122, pp. 265 et seq., 
where Canonical Forms of higher powers of p are given 
and the realms extended from [1, x] to [1, z, y], ete. ; also 
see the papers in Vol. 18 (1901), of the Ecole Normal 
Supérieure and of the Congrés des Mathématiciens, C. R. 
(1900). 
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To determine whether two modular systems in which 
appears a prime p to the same power are equivalent, it is 
only necessary to show that they have the same canonical 
form. 

Art. 194. Definition. A function f(z) is called a 
divisor, modulo p, of another function F(z) if there exists 


a congruence 
F(x) =f(x)g(x) (mod. p), 

in which g(x) is also an integral function with integral 
coefficients. 

As this congruence may be written in the form of an 
equation 

F(x) =f(z)g(x) +ph(2), 
it is clear that f(x) is then and only then a divisor of 
F(z), if there exists the equivalence 
(p, F(2)) ~p, fx) g()). 
In the further discussion we may regard the coefficients 
of both F(x) and f(x) as reduced, modulo p. The 
degree of a divisor of F(x) is at most equal to the degree 
n of F(x). Such a divisor must accordingly be of the 
form 
f(t) =a +a: e e Ha, 

where the coefficients of a; are integers of the series 0, 1, 
---, p—1, and where ven. As there can be in all only 
p"*? such functions, we have the theorem: 

A function F(x) has only a finite number of divisors, 
modulo p. 

Among these divisors there are the units, modulo p; and 
that is, all integers that are not divisible by p. For, if ao 
is such a unit and if ajaj=1 (mod. p), then is 


F(x) =a F (x) =aoF o(x) (mod. p), 
where F(x) =aoF (x). Such divisors are excluded in the 
further discussion. 
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A function f(z) is called a common divisor, modulo p, of 
several other functions fi(x), ---, f(x), if, modulo p, itis a 
divisor of each of them. And the following statement 
is true: 

All the common divisors f(x) collectively multiplied 
together form a divisor which accordingly is the greatest 
common divisor, modulo p, of fi(x), <- +, falx); and if f(x) 
is this greatest common divisor, then is 

(p, f(x), inc) fx()) ~(p, f(z)). 

It is further seen that f(x) is the second element of the 
reduced system that is equivalent to (p, fils), ---, 
fi(x)). In fact, if f(x) satisfies the equivalence 
(1) (p, f(z), a +, fe(2)) ~(p, f(2)), 


then from the equations 


filx) =f (2) ¢:(x) +py:(x), 


fiz) =f(z) gx) (mod. p) =@=1,2, +++), 
it is clear that f(x) is a divisor, modulo p, of the k func- 
tions f;(~); and vice versa, it follows from (1) that 


2) fe) =fie)gi() + + + fe(e)ge(ar) (mod. p). 
If f(x) were another common divisor, modulo p, of the 
k functions, so that therefore 
fila) =f(x) B(x) (mod. p), 
then f(x) must necessarily be a divisor of f(z). For from 
(2) it follows that 
f(x) =f(x)[ei(w)gi(xz) +--+ +¢x(x)g.(x)_] (mod. p). 
And with this the theorem is completely proved. 
The k functions fi(x), ---, f,(x) are said to be relatively 
prime, modulo p, if the associated system 
(p, fila), +++, fa(e)) ~1. 


In this case there are k functions g:(x), ---, g(x) such 


or 
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that 
figitSeget ---+fig.=1 (mod. p), 

where the functions g;(x) are determined as in Arts. 191 
and 186. 

The function F(x) of the nth degree has, modulo p, a 
finite number of divisors, which are of the form 

elz) =% +a" + aa Fa; 
whose degree væn, and whose coefficients are reduced, 
modulo p. These divisors may be determined through a 
finite number of operations as follows: Write down all 
integral functions of the form ¢(x) as above indicated 
and arrange according to their degree. Denote them in 
this sequence through po, ¢i, ---, of degrees vo, 1, ---, 
where yp = S::-S%,5---. Form the modular systems 
(p, F(a), ¢o(2)), (p, F(z), gi(z)), same 

Let (p, F(x), ga(£)) be the first of these systems which is 
not equivalent to unity. It follows necessarily that 


(p, F(z), ex(x)) ~(p, ¢a(z)), 
where ¢,(x) is the divisor of lowest degree of F(x). For 
were 
(1) (p, F(x), er(x)) ~(p, o(2)), 
where (x) = g(x), then g(x) would be a common divisor 
of y, (x) and F(x) and the degree of y(x) must accordingly 
be less or at most equal to »,. This degree cannot be 
less than v; otherwise y(x) would have appeared among 
the previous functions. And were (x) and p(x) of the 
same degree, it would follow necessarily from the 
equivalence (1) that 
(2) gn=ge(zx) (mod. p), 
where g is arational integer. Since the coefficients of the 
highest powers of x in the congruence (2) are unity, it 
follows that g=1. This divisor of the lowest degree of 
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F(x) may be denoted by P(x). We may accordingly 
write 

(3) F(x) = P(x)Fi(x) (mod. p), 

where F\(x) is of lower degree than F(x). 

The divisor P(x) cannot be further factored, modulo p. 

For were 
P(x) =Q(x)R(x) (mod. p), 

where the degrees of both factors are less than that of 
P(x), it would follow from (3) that 

F(z) =Q(x)R(x)Fi(x) (mod. p), 
and that would mean that F(x) had a factor of lower 
degree, modulo p, than the degree of P(x), contrary to 
the assumption. 

In the same manner as was done with F(x) we may 
proceed with F(x) in the congruence (3) and determine a 
factor P(x) of lowest degree, so that 

F(x) =Pi(x)F2(x) (mod. p), 

where P,(x) is irreducible, modulo p. 

It follows from (3) that 

F(x) =P(a)Pi(a2)F2(x) (mod. p); 

and it is clear that P,(x) is also a factor, modulo p, of 
F(a) and is of like or higher degree than P(x). 

Continuing, we derive a factorization 

F(x) =P(a)Pi(z)-++P,(z) (mod. p) 

in like or different irreducible factors, modulo p. It will 
be seen in the next article that this factorization is 
unique. 

Art. 195. The irreducible, modulo p, functions P(x) 
play the same rôle in [1, x] as do the prime integers in 
[1]. A modular system (II) =(p, P(«)), whose second 
element is not factorable, modulo p, is called a prime 
modular system. There exists the important theorem: 
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A function F(x) of (1, x] ts either divisible by a prime 
modular system (II), or it is a unit, modulo (II). 

For the system (p, P(x), F(x)) can be only equivalent 
to (p, P(x)) or to 1; otherwise if it reduced to (p, P(x)), 
then would P(x) be divisible, modulo p, by P(x), which is 
in contradiction with the assumption made regarding 
Br). 

From this follows immediately a second theorem: A 
product F(x)G(x) is then and only then divisible by a prime 
modular system (p, P(x)), if at least one of the factors is 
divisible by this system. 

For if the product F(x)G(x) is divisible by (IE), there 
exists the equivalence 

(p, P(2), F(@)@(2)) ~(p, P(a)); 

and were we to assume that neither F(x) nor G(x) were 
divisible by (II), it would follow necessarily that 

(p, P(z), F())~1 and (p, P(2), G(a)) ~1. 
It would then follow through multiplication that 

(p?, pP, P?, pF, pG, PF, PG, FG) ~1. 

This system is clearly divisible by (p, P, FG) and there- 
fore (p, P, F@)~1. And this means that FG is not 
divisible by P, modulo p. The same theorem is evidently 
true for a product of an arbitrary number of factors. 

Finally we have the theorem: 

If a quantity F(x) of [1, x] is divisible by two prime 
modular systems (p, P(x)) and (p, Q(x)) which are not 
equivalent, then is F(x) divisible by the product (p, P(x))-(p, 
Q(z)). 


For if P(x) and Q(x) are relatively prime, modulo p, 


then is 

(p, P())(p, Q(%)) ~(p, PQ). 
And the fact that F(x) is divisible by (p, P(x)) is nothing 
other than that F(x) has P(x) as a factor, modulo p. 
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If the function F(x), considered modulo p, has as 
divisors both P(x) and Q(z), then, modulo p, it is divisible 
by P(x)Q(x) and therefore also by the system (p, PQ). 

The above theorems may be used to prove the unique- 
ness of the decomposition of a function F(x) into its 
irreducible factors, modulo p. For were there two such 
factorizations, they would be congruent and that is, 

(1) F(x) =P,(x) P,(2)---P,(x) 
=Qi(z)Q2(z)- + -Q,(x) (mod. p). 

Let S(x) denote the product of all factors that are 
identical in both factorizations. The congruence (1) 
may accordingly be written in the form 


S(x)LP(2)- - -P,,(z) —Q(z) -- -Q,,(x) ]=0 (mod. p); 
and since S(x) is not divisible by p, this congruence is 
only satisfied if 


P(z)-++P,,(@) =Q(a) - --Q,,(x) (mod. p), 
where no factor appears at the same time on either side 
of the congruence. 

Since the product Q(x) - - -Q,,(z) =0 (modd. p, P(z)), it 
follows that one of the factors, say Q(x) is divisible by 
P(x), modulo p. The function Q(x) being irreducible, 
modulo p, this is only true if P(z)=Q(x) (mod. p). 

It may happen that the function F(x) has several equal 
irreducible factors, so that the decomposition will take 
the form 


F(x) = P(x)"Pi(a)"---P,(x)’ (mod. p), 
where P(x), ---P,(x) are all irreducible, modulo p. 
ArT. 196. We may next consider the more general 
reduced systems (p, f(x)) and impose the condition that 
they be further decomposed. A pure modular system of 


the second kind (p, f(x)) can clearly be decomposed only 
into factors which are pure systems of the second kind; 
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and if this is the case the numerical element must be the 
same in each of the component modular systems, this 
element being a prime integer, say p. Every such 
system may be supposed brought to its reduced form. 

We have accordingly to solve the question: Under 
what condition is the factorization 


(1) (p, F(z)) ~ (p, Ailz)) (p, E) ~P, Dh, phe, fife) 
possible? 

Since p is divisible by the system on the right hand 
side, it follows that 

p =p°F (x) +pfi(2)G (2) +pfe(2)G:(2) + fila) fo(x) H (2). 
And as all terms contain p as a factor save the last, it is 
clear that H(x) must be divisible by p, say H(z) =pH,(z). 
It follows that 

1 =pF (x) +fi(2)[Gi(z) +fo(x) Hi (x) J+-fo(x)G2(2), 

and from this it is seen that the necessary condition for 
the required factorization is 


1~(p, fila), fo(a)). 
And that is, the two factors fi(z) and f(x) must be 
relatively prime, modulo p. 

Reciprocally, if (p, fi, fe) ~1, and therefore (p?, pfi 
pf.) ~p, then is the right hand side of (1) equivalent to 
(p, fife). 

This system is accordingly equivalent to the original 
system (p, f(x)), if and only if there exists the congruence 


(2) F(x) =fi(@) f(x) (mod. p) 
together with the equivalence 
(p, f(z), fo(x)) ~1. 


With this is given at once the complete factorization of a 
modular system (p, f(x)) into its irreducible factors. 
For if 

S(@) =P(x)"Pi(z)"- - -P,(x)” (mod. p) 
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is the decomposition of f(x) into its irreducible factors, 
modulo p, then is 


(p, f(z)) ~(p, P(x)")(p, Pi(z)") ++ -(p, P.(x)™) 
the complete factorization of the modular system (p, 
f(x)) into irreducible systems. 


Remark. Observe that a fundamental difference exists be- 
tween the factorizations of integers in [1] and the decomposition 
of modular systems in [1, x]. While the divisibility of an 
integer m through another integer d carries with it the de- 
composition into a product dd’, in the case of a modular system 
of the second kind this in general is not the case. For, clearly 
the modular system (p, P(a)") has as a divisor the system 
(p, P(x)), while it is not possible to express (p, P(x)") through the 
product of two systems of which one in (p, P(x)). A distinction 
must accordingly be made between the decomposition of a 
system and of its property of having a divisor. The property of 
being irreducible in no wise precludes a system from having a 
divisor, while on the other hand a system which has no further 
divisor, clearly cannot be further reduced. 

The property that a modular system of the second kind has 
no further divisor characterizes it as a prime modular system, 
while those systems which can be decomposed no further may be 
called irreducible. 


Art. 197. The following theorem offers a resumé of 
what has been proved in the preceding articles: 

THEOREM. A modular system of the second kind is then 
and only then a prime modular system, if it is equivalent 
to a system (p, P(x)), where p is a prime integer and where 
P(x) is irreducible (mod. p). 

For if fo(x)(fi(x), --+, fe(£)) is a mixed system of the 
second kind, it cannot be a prime system unless either 
Jox) or (fi(x), ---, fz(x)) is equivalent to unity. Other- 
wise there would be more than one divisor of the system. 
Were the system equivalent to f(x), it would not be of 
the second kind. Consequently the original system must 
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be (M)~(fi(x), ---, fe(£)), which is a pure modular 
system. If, however, (M) is a pure modular system of 
the second kind, and if m is a numerical element in it, and 
if p* is an integer that divides m, then is (p*, fi(x), =, 
fk(x)) a divisor of (M). If, further, (M) ~(p, fila), =+, 
f.(x)), where p is a prime integer, (p, f(x)) being its 
reduced form, and if P(x) is a divisor of f(x), modulo p, 
then (p, f(x)) has as a divisor (p, P(x)). If, however, 
P(x) is irreducible, modulo p, then is (p, P(x)) a prime 
modular system. 

A prime modular system is never equivalent to unity 
unless P(x) is of the zero degree, and therefore a constant. 

Suppose that (II) =(p, P(x)) is an arbitrary prime 
modular system, where 

P(x) =x" +, A027 +On2t" + + ++ +a 
is an irreducible function, modulo p, in which the 
coefficients may take any of the integral values 0, 1, ---, 
p—l. 

It is evident that every quantity of [1, x ] is congruent, 

modulo (I1), to a function 

Comte ee, ay 
where the coefficients c are to be found among the 
integers 0, 1, ---, p—1. 

These functions are incongruent, modulo (II). Ac- 
cordingly, there exists the theorem: 

The number (II) of all incongruent units for a prime 
modular system (II) =(p, P(x)) is p"—1, where n 1s the 
degree of the function P(x). 

Due to the theorem stated at the end of Art. 189 for 
arbitrary systems, it follows here for every arbitrary 
quantity X of [1, x] which is not divisible by (I1), that 
the congruence 
(1) X”'=1 (modd. p, P(x)); 
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or, if a quantity X,»=0 (modd. p, P(2)) is included, there 
exists the theorem: 

Every quantity X of the realm [1, x] satisfies the con- 
gruence 

Xx” —X=0 (modd. p, P(z)), 
where n is the degree of P(x). 

COROLLARY. Corresponding to every unit e there 
exists a complementary unit e’, such that ee’ =1 (modd. p, 
P(x)). For in the expression (1) above it is only neces- 
sary to put e’ =e”, 

We have proved for a prime modular system (II) there 
exists the theorem that a product is only divisible by this 
system when this is true for one of itsfactors. It follows 
that to every theorem regarding a prime integer p in [1] 
there corresponds a completely analogous theorem re- 
garding (II) in the realm [1, x]. In particular there 
exists here the theorem: 

A congruence for a prime modular system 

G(Z) =g1.2* +9,1Z" "+ --++go=0 (modd. p, P(x)), 
whose coefficients belong to [1, x], cannot have more roots 
within this realm, than the degree of G(Z). 

Without changing the number of the roots of the 
congruence, all the coefficients of G(Z) may be reduced, 
modulo (II), while the coefficient of the highest power 
may be taken equal to 1. For the function G(Z) may be 
multiplied by gi, the complementary unit to gx, and the 
roots of g:G(Z) =0 are the same as those of G(Z) =0. 

If such a congruence is 


G(Z)=Z'+g,1Z''+-++-+go=0 (modd. p, P(z)), 
and if X, is one of its roots, it is seen that 
G(Z) =G(Z) —G(X1) = (Z*¥ - Xi) +- +91(Z- Xi) 
= (Z—X,)G,(Z) (modd. p, P(z)), 
where G,(Z) is a function of the same kind as G(Z) but of 


322 THE THEORY OF ALGEBRAIC NUMBERS 


degree k—1 in Z. Accordingly if X, is any root of the 
congruence G(Z)=0 (modd. p, P(x)), then its left hand 
side is divisible (modd. p, P(x)) by the linear factor 
Z—X,. If further X, is a second root that is different 
from X,, it follows from the above congruence that for 
Ze =X, 
G(X») =(X2—X1)G,(X2) =0 (modd. p, P(z)); 

and since X_,—.X; is relatively prime to (II), it is seen that 
X: must be a root of G,(Z)=0. If then the congruence 
G(Z)=0 of the kth degree had more than k roots, it 
would follow that the congruence G(Z) =0 of degree k— 1 
had more than k—1 roots, in fact, all those of G(Z)=0 
with the exception of X;. If we assume that the theorem 
is proved for congruences of the k— lst degree, it is 
therefore also true of those of the kth degree. Since the 
theorem is evidently true of congruences of the first 
degree Z-++-g,.=0 (modd. p, P(x)), its validity is proved in 
general and there exist precisely the same theorems as are 
the case for the prime integer p in [1 ]. 

In particular if X1, X2, ---, Xm are m incongruent roots 
of our congruence, then is for the variable Z: 

G(Z) =(Z—X1)-++(Z—Xm)G(Z) (modd. p, P(z)), 
where G(Z) denotes an integral function of the (k—m)th 
degree. 

The congruence Z®"— Z=0 (modd. p, P(x)) has exactly 
the same number of roots as is its degree, namely, all of 
the p” incongruent, modulo (II), residues: 

Ro, Ri, -+ "5 Rpr 
of the realm [1, x]; and therefore for a variable Z there 
exists the congruence 


k=pħ—1 
Z”—-Z=Z Tr (Z—R,) (modd. p, P(z)). 
By equating the coefficient of Z on either side of the 
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congruence we have the following generalization of the 
Wilson Theorem 
k=pn—1 


-l= H R= (ao tart . - - +ar2”!) 
=] 

(modd. p, P(z)), 
where the coefficients a; independently of one another go 
over all integral values from 0 to p—1 and are not all 
zero at the same time. 

ART. 198. Write for Z any quantity apt+azr+:-- 
+a,.2"—! of the realm [1, x] with coefficients reduced, 
modulo p; then as proved in the preceding article, is the 
difference Z?”—Z divisible by every prime modular 
system (p, P,(x)) in which the irreducible function P„ (£) 
is of the nth degree. In particular write Z =z and let us 
consider the problem of finding every modular system 
(p, P(x)) which are divisors of the function 

a" —2. 

The theorem may be proved without difficulty that the 
above function is also divisible by every prime modular 
system (p, P,(x)) for which the degree v of P,(z) is a 
divisor of n and including n. For if P,(x) is of degree v, 
then due to the theorem just proved, 

x?” =v (modd. p, P,(x)). 
Raised to the power p”, this congruence offers 

x?” =x (modd. p, P,(x)), 
and in general 

x?” =a (modd. p, P,(z)). 
If then n =hy, and that is, if v is any arbitrary divisor of n, 
it is seen that 2?"—-2 has the divisor (p, P,(x)). 

It may be further proved that x?”—z2 is only divisible 
by such prime modular systems (p, P,(x)) for which v is a 


divisor of n. For suppose that any system (p, P.(x)) is a 
12 
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divisor of x?””—x. Then there exist the two congruences 
vr" =x, xz”’=z2 (modd. p, P,); 
and from these we have as before the congruences 
ze" =z, x?” =x (modd. p, P,(x)). 
If the first of these congruences is raised to the p” 
power, we have with the use of the second, 
(1) gr” = (modd. p, P,). 

From this it is seen, if g and y are arbitrary positive 
integers, that x?” —z is divisible by (p, P,). 

Let d be the greatest common divisor of n and v and 
let a’ and y’ be two integers such that 

gn+y'vy=d. 

It follows for every integer r that 

(g’+rv)n+(y’+rn)vy =d+2rnv. 
Let r be so chosen that g’+rv and y’+rn are positive 
integers and writing these values for g and y in (1), it 
follows that zr” =z; or since x? =x, we have 

(x7) =x =x (modd. p, P,(2)). 

It follows that 2?’—x and therefore also the modular 
system (p, z”°—zx) is divisible by (p, P,(£)). 

Further as will be proved in the next article, every 
quantity F(x) of [1, x] satisfies the congruence 

F(x)?*— F(x) =0 (modd. p, x?*—2); 
and therefore, a fortiori, 
(2) F(x)?*—F(x)=0 (modd. p, P,(2)). 

It has been proved (Art. 197) that with respect to the 
modular system (p, P,(x)) there are exactly p” incon- 
gruentroots. Accordingly, there exist for the congruence 
(2) exactly p” incongruent roots. Since a congruence 
with respect to a prime modular system cannot have 
more roots than its degree, it is necessary that p” =p? or 
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vd, On the other hand, since d is a divisor of v, it is 
seen that d=»=(n, v); and that is, v must be a divisor 
of n. 

We therefore have the theorem: The function x?*—x 
has as divisors all and only those prime modular systems 
(p, Pa(x)) for which the degree d of the function P(x) is a 
divisor of n. 

We shall next denote by d any divisors of n and by 
Pi(x), Pi(x), «++, all, modulo p, irreducible functions of 
x of degree d. Since the function x?”—z is divisible by 
all prime modular systems (p, Pa(x)), (p, Pé(x)), «++, itis 
also divisible by this product, and since 


(p, Pa(x))(p, Pa(x)) = (p, Pa(x)Palz)), 


it follows from previous considerations that x?"—2 is 
divisible by the modular system 

(Pp, IIP4(z)) 
and by no other system (p, P;(x)), where 6 is not a 
divisor of n. The symbol d/n under a product sign is 
read “d a divisor of n.” 

There exists accordingly a congruence 
(3) a?" —2=THapllxPP (a) (mod. p), 
where the first product means that d goes over all the 
divisors of n, whereas k in the second product dis- 
tinguishes the different factors of the same degree, the 
exponent hj? denoting a positive integer which is to be 
determined. 

We shall show that the function on the left of (3) has 
as a divisor each modular system (p, Pa(x)) only once and 
therefore that the exponent h® is equal to unity. 

For were this function to have a prime factor, say 
P(x), to the second power, say 


a" —2x = P(x)?Q(x) +pR(a), 
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where Q(x) embodies all the remaining factors, modulo p, 
it would follow through differentiation that 


pra’? —1 =2P(x)P’(x) Q(x) + P(x)?Q'(x) + pR'(2); 


or, if both sides are considered, modulis p, P(x), and all 
multiples of p and P(x) dropped, it would follow that 


—1=0 (modd. p, P(z)). 


And that is, — 1 is an element of (p, P(x)), which modular 

system would accordingly be a unit system. And this 

requires that P(x) be a constant relatively prime to p. 
It follows that the factorization (3) may be written 


x?” —7=TanP a(x) (mod. p), 
where the multiplication extends over all and only those 
irreducible functions, modulo p, whose degree is a divisor 
of n; and from this congruence results the following 
decomposition of the modular system 

(p, 2?" — x) ~Tlan(p, Pa(z)). 
This result Kronecker (Vorlesungen, p. 225) considered 
one of the most beautiful and important of the whole 
theory. See also Dedekind, Dirichlet-Dedekind, Zahlen- 
theorie, 4*» Edition, § 180. 

ART. 199. In the present article we shall consider 
integral functions of any number of variables with 
integral coefficients and that is, quantities of the realm 
Li U1, Ta, +5 xy]. 

Observe that for any prime integer p there exists the 
congruence 


(tito ++ +24)? =a + +--+ +28 (mod. p). 


If this process is repeated r times, the resulting con- 
gruence is 


(turt: -Hr =r Har o o Ha (mod. p), 
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which may be written 
h=k h=k be h=k 
(r) =L (2% — ax) + Nan (mod. p). 
ħ=1 h=1 h=1 


Writing this congruence in the form of a modular system, 
we have 


h=k h=k 
(Zar) = Van (modd. p, +--+, R — Ern °). 
Next let 


f(a, Bay 5 Zp) Ta n> Ch, Basss ketene: $ -z5 
Tir Ra: 


E,=1,2, +.. 
be any integral function in 21, ---, 2, with integral coeff- 
cients, and that is, quantities of the realm [1, 2, ---, 2, ]. 
Write in the above congruences for x, each of the 

individual terms of the function f(a, ---, 2p), the sequence 
being arbitrary, so that 
k gh Ai ake, 
The modular system thereby becomes 
(fla, Ray tty Z))"=f(a, ee Zp) 
(modd. Ptt, CC, e ki, 7a eh er |” —Ch,...n2t x -2 A +). 
It may be shown as follows that this system is divisible by 
the simpler system 

(p, 2 — z ++, 2—2). 
For due to the Fermat Theorem 

kir- kp = Cki... kp (mod. p); 


(1), +++, ET. E a ET: S 
~ (p, -Crop C rat 2B], +). 
The latter system is divisible by 
CTT aie | 
For, observe that the difference z2}” —z} is divisible always 
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by 2?”—z,, when k; is a positive integer. It follows then 
that 
ae” =a" (modd. pyr, at — 2, ji *); 
and it is further seen that 
gh". 5 -2% — gh. $ «ge 
is divisible by 
(p, ANE. a — 21, Py +). 

Accordingly, it is proved that the system (1) is divisible 
by the latter system. And with this is derived a gener- 
alized Fermat Theorem, which may be expressed as 
follows: 

Every quantity f(a. +++, 2) of an arbitrary realm 
Cl, zı, ---, 2] satisfies the congruence 

fr=f (modd. pie es zt — 21, ak a) 

where p is any prime integer, and t=1, 2, «++, p. 

Art. 200. If the realm is limited to [1, z], the above 
congruence takes the form 
(1) (f(z))”" =f(2) (modd. p, z”"—2z), 
which written as an equation, is 

f(z)” — fe) =pl) +2” —2z)¥(2), 

where (z) and y(z) are quantities of [1, 2]. Observe 
that this is an identical equation true for every value of z. 

We may so choose z that 2””—z vanishes, and that is, 
we may take for z one of the roots of z”—z=0. Neg- 
lecting the root z =0, we shall take for z any of the p’—1 
roots of unity that satisfy 
(2) g7-!—1 =0, 
with the result that the equation (1) becomes for such 
roots 
(3) (f(2))” =f) (mod. p). 
As examples of the latter congruence, let p be of the form 
6n+1, say 7, 13, 19, 31, 37, 43, ---, and let w be a primi- 
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tive third root of unity, say 
ast Qn... 2m —1+iv3 
w=e*% = cos3-+1 sin 3 =— z . 
Since p—1(=6n) is divisible by 3, it is seen that (2) is 
satisfied for r =1 and accordingly, from (3) 
(f(@))?=f(@) (mod. p). 
If, however, p =6n—1, say 5, 11, 17, 23, 29, ---, so that 
p—1 is not divisible by 3, although 3 does divide p?—1, 
then in (2) r =2 and (3) becomes 
(f(w))?*=f(w) (mod. p). 
If p is of the form 4n+1, say 5, 13, 17, 29, 37, ---, and if z 
is a fourth root of unity, for example, z =t, then is 
f(@)?=f@ (mod. p); 
however, if p is of the form 4n—1, say 3, 7, 11, 19, 23, ---, 


then is 
f@”=f() (mod. p). 


2rt 


ExamrLEs. Writing p=e °, show that: 
(f(p))?=f(p) (mod. p), if p=10n+1; 
(f())?"=f(p) (mod. p), if p=10n—1; 
(f(e))” =f(p) (mod. p), if p=5n+2. 


2ri 
In general it is seen that if p =e” , and if p is an arbitrary 
prime integer which does not divide n, then from (2) if r 
is the smallest exponent for which p'=1 (mod. n), we 
have for every integral function f(p) with integral 
coefficients, the congruence 


S(p)” =f (p) (mod. p). 
ART. 201. Returning to the formula of Art. 198 
z” —x2=T1PPP?--- (mod. p), 
djn 
where the multiplication extended over all the different 
prime functions P?(x), modulo p, whose degree d is 
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equal to n or is a divisor of n, it is seen by equating the 
highest power of x on either side of the congruence, that 


pe = >~dNa, 
djn 


where Nz denotes the number of different prime functions 
of the dth degree. It is clear that 


WN e= p= Set PP Ht ts 
where the first summation extends over all the prime 
factors a of n, the second summation extending over all 
combinations a, b, of any two such factors, etc. 

Employ a notation ! due to Mobius: for any factor d 
occurring more than once as a divisor of n, let ea=0; 
otherwise, when the number of factors constituting d is 
odd, let eg = —1, while eg = +1, when d consists of an even 
number of factors of n, and e¢,=1. Accordingly, the 
above formula may be written 


1 i 
N, -aep k 


If the product of all the prime functions (mod. p) of the 
dth degree be denoted by ©, so that 
PPO... =44; 
and if further we put 


Vn = Ida, 
djn 
so that 
log V, = > log &u, 
djn 
we have 


log $, = log ¥a— È log Vat È log Va—-::, 
d ab 


and that is 
PrF y+ + 
ab 
“TW ne 


a abe 


Pa 


1 See Dickson, History, Vol. I, Chapter XIX. 
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Observing the formula at the beginning of this article, we 
may write 
_ (a?"—2) I(x?” — zr). 
oe eee ee 
TI (x?*— x) I (x72 —g)--- 
or finally 


&,(2) =1(a"*—2)*, 


ART. 202. We shall consider next the modular system 
(p, x?—x). Observe that any function whatever of 
[1, x] may be written in the form 

F(x) = (a? — x) V(x) + 8(2), 

where (zx) is of the p— 1st degree. Due to the Fermat 
Theorem, every rational integer a satisfies the congruence 
a?—a=0 (mod. p). If then it is required that F(x) be 
divisible by p for every value of xv, it is necessary and 
sufficient that #(x), which is of the form 

B(x) =a + ax +a? -e Hapa 
be divisible by p; and that is, the congruence 

(z)=0 (mod. p) 
must exist identically. 
It follows that 
P(x) = ph,(z) 

and with this the theorem: ! 

In order that a function F(x) of the realm [1, x] be 
divisible by p for every integral value of x, it is necessary 
and sufficient that it be of the form 

F(x) = p®(x) + (a? — 2) ¥(a); 
and that is, that it be divisible by the modular system 
(p, z” —2). 
This theorem admits the following generalization: The 
1 See Hensel, Crelle’s Journal, Vol. 113, p. 144. 
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necessary and sufficient condition that a function F(x, y, z, 
--) of the realm [1, x, y, z, - ++] be divisible by p for all 
integral values 1, x, y, z, ---, is that F(a, yY, 2, ---) be of the 
form 
F(a, YZ, °° a =pG+ (a? —z) b+ (y? —y)¥ + (z?—z) E+ ae 
where the functions G, ®, Y, = belong to [1, x, y, z, --- Jand 
that is, that F be divisible by the modular system (p, x?—<, 
YAY lt Sa -). 

To prove this theorem, consider F(x, y, z, ---) as a 
function of x and write it in the form 
(1) F(a, Y, Z, -) = (x? —2)QX(2, Y, Žž, )+Q(z, YZ, °° D, 
where Q and Q are functions of [ 1, z, y, z, ---_], and Qis of 
degree at most p—1 in z. 

We may accordingly write Q in the form 
(2) Q(z, Y, Z, *° -) =Q F rQ. SPESE 
where Qo, Qi, Qo, «+, Qp-1, are functions of [1, y, z, +++]. 
If next we give to y, z, ---, any arbitrary integral values 
and require that the function F(z, y, 2, ---) be divisible 
by p for every value of z, it is necessary and sufficient that 
the congruence 

Qo+2Qi+2Qs+ ---+2?-7Q,1=0 (mod. p) 
be identically satisfied. The necessary and sufficient 
condition for this is that each of the functions Q,[7 =0, 1, 
-+, p— 1] be divisible by p for every system of integral 
values of y, z, +--+. Observe that each of these functions 
contains one variable less than the original function 
F(z, Y, 2, * zo) 

Hence, assuming the theorem proved for any number 
of variables, it is seen that the coefficients Q; must be of 
the form 

Qi=pGit VAT e 
where G;, Vi, Z; +++ are functions of [1, y, z, +++]. And 
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from (2) it follows that Q(z, y, z, +- -) must have the form 
(3) Q(x, y, 2, +++) =pG+(y?-y) V+ (2?-z)E+---, 

where G, F, =, ---, are functions of [1, zx, y, z, ---], and 
with this, due to (1), it is seen finally that the function 
F(x, y, z, +-+) must have the form asserted in the theo- 
rem. Since the theorem has been proved for functions 


F(x) of one variable, the inductive method proves its 
validity for any number of variables. 


Remark. The discriminant of a modular system may be de- 
fined as an “‘elimination-resultant”’ of certain systems of equa- 
tions. See Kronecker, Ber. Sitzungsber., 1888, p. 451; Werke, 
Vol. IIL?, pp. 1 ff. 

This discriminant is not to be confused, although it sometimes 
is, with the discriminant of a curve or surface, which offers a cer- 
tain multiplicity (Mannigfaltigkeit) of the first rank (Stufe), 
while the vanishing of the former indicates a multiplicity of a 
higher rank. See § 25 of the Grundzige. König, Einleitung in 
die allgemeine Theorie der algebraischen Grössen, seeks to give a 
systematic development of the Kronecker theory in two direc- 
tions: the one, an algebra of affine transformations, the other, the 
general arithmetic of Kronecker as such. 

See also Lasker, ‘‘Zur Theorie der Moduln und Ideale,” Math. 
Ann., Vol. 60, p. 20. Other references are found in the Encyclo- 
pédie des sciences mathématiques, Tome 1, Vol. 2, pp. 233 ff. 


CHAPTER IX 


NOTIONS INTRODUCTORY TO THE THEORY 
OF IDEALS 


ART. 203. Before taking up the general theory of 
ideals, we shall consider their meaning and import in the 
simpler cases of the quadratic and cubic realms. 

It may be well to introduce the conception of the ideal 
by means of certain well chosen examples. Sommer ! 
employed the following example: Consider as the fixed 
realm of rationality the realm composed only of integers 
of the form 4n+1, and permit in the discussion only the 
operations of multiplication and division in their usual 
sense. 

In the series 1, 5, 9, 13, 17, 21, 25, 29, ---, 45, «++, 117, 
+++, 517, +++ it is clear that the product of any two 
integers of the series is an integer of the series, since 

(4n+1)(4m+1) =4¢+1, 
where n, m, and q are integers. 

The numbers 5, 9, 18, 17, 21, 29, are irreducible in the 
realm of integers thus fixed; for example, 21 is not equal 
to the product of two other integers of the series. The 
number 10857, however, may be factored in the following 
two different ways 10857=141-77=21-517, where 21, 
77, 141, and 517 are irreducible in the fixed realm. 

It is observed, however, that this factorization becomes 
unique if the fixed realm of integrity be extended so as to 
include all rational integers. 

It is then seen that 10857 =3-7-11-47 is the unique 
factorization in the extended realm. 


1 Sommer, Vorlesungen über Zahlentheorie, p. 38. 
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Kummer’s thought, when applied to the above special 
case, consists in replacing the factors 3, 7, 11, 47 by what 
may be called ideals in the restricted realm. In this 
realm observe that the integers 3, 7, 11, 47 as such, do 
not exist. 

Denote the greatest common divisor of two integers 
by (a, b), and observe that (a, b) = (b, a). The expression 
(a, b) is called an ideal. It is here nothing other than 
the greatest common divisor of the integers a and b 
(Art. 113). Note that 3= (21, 141). 

In the extended realm, 3 may be replaced by the 
elements 21, 141, which are entities in the restricted realm. 
Further we may put 

(7) =(21, 77), (11)=(17, 77), (47) =(517, 141). 

It is evident that 

(141) = (141, 21)(141, 517); (77) = (77, 21)(77, 517), 
and 
(10857) = (141, 21)(141, 517)(77, 21)(77, 517) =141-77. 
On the other hand 

(21) = (21, 141)(21, 77); (517) = (517, 77)(517, 141) 
and 
(10857) =(21, 141)(21, 77)(517, 77)(517, 141) =21-517. 
Similarly it is seen that 693=21-33=9-77, where the 
integers 21, 33, 9, 77, are irreducible in the fixed realm. 
Observe that 

(693) = (21, 9)(21, 77)(83, 9)(83, 77). 
Again, 441 =(21)?=9-49. We may write 

(441) = (21, 9)(21, 49)(21, 9)(21, 49). 
Here the ideal (a, b) in the restricted realm is merely the 
greatest common divisor of a, b in the extended realm. 

In the usual realm of integrity we said (Art. 113) that 
a number k is divisible by the ideal (a, b) when k can be 


7 
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expressed in the form k=za-+yb, where x and y are 
likewise rational integers. But if (a, b)=d, then also 
k=2ed, where z is a rational integer. Corresponding to 
every pair of integral values x, y there is an integral 
value z, and vice versa. 

It is clear that (a, b) = (a, b, ma+-nb) where m and n are 
integers. 

Any integer g is said to be divisible by the ideal (a, b) 
if g may be written in the form za+yb=g, where x and 
y are integers. When g is divisible by (a, 6), we may 
add g as an element to the ideal, so that (a, b) = (a, b, g). 

ART. 204. Another illustration due to Hensel! is of 
interest. Let all the rational integers be distributed into 
two classes. Into the class Cy let unity and those 
integers enter which when factored offer an even number 
of prime factors, while class Cı is to include all those 
integers which when factored present an odd number of 
prime factors. It is seen that 

Co=[1, 4, 6, 9, 10, 14, 15, 16, 21, 22, 24, «--], 

C,=[2, 3, 5, 7, 8, 11, 12, 13, 17, 18, 19, 20, 23, ---]. 
Let the integers of one class only, say Co, form a fixed 
realm. It is seen that 

210 =6-35=10-21=14-15, 
which are three products of prime integers in Cy. Ob- 
serve, however, that we may write 
210 = (6, 10)(6, 21) (35, 10)(35, 21) =2-3-5-7, 

= (6, 14)(6, 15)(35, 14)(85, 15) =2-3-7-5, 

=(10, 14)(10, 15)(21, 14)(21, 15) =2-5-7-3. 
Observe further that the ideals in each of the last three 
lines are equal; for example, (6, 10) =(6, 14) =(10, 14). 
If then we call the integers of Cy the real integers and 
those of C, the ideal integers, it is seen that 210 is equal 

1 Hensel, Festschrift zur Feier des 100 Geburtstages Eduard Kummer. 
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to the unique product of the four ideal (Kummer) 
integers 2, 3, 5, 7. Notice also that the elements of the 
ideals, say 6, 10 of (6, 10) are numbers of the fixed 
realm Co. 

ART. 205. Consider next the factorization of 21 in the 
realm 9(V—5), namely, 

21=3-7=(1+2V—5)(1—-2V—5) =(44+V¥—5) (4-5). 
Clearly there is something common to 7 and at least to one 
of the factors (1+2V—5),(1—2V—5). Take the product 
of these factors and form the congruence 

1 —2?(—5) =0 (mod. 7). (i) 
Note that —5=3? (mod. 7), so that (i) becomes 

1 —2?-3?=0 (mod. 7). 

From this it is seen that 1+2-3=0 (mod. . 7). Compare 
this congruence with the factor 1+2V—5. Kummer 
denoted that which is common to 7 and 1+2V—5 by the 
Kummer factor {7, 3}=ki, while the Kummer factor 
ka= {7, —3} denotes what is common to 7 and 1—2V—5 

Observing in a similar manner the congruence 

1 —2?(—5) =0 (mod. 3), (ii) 
it is seen that 

—5=2? (mod. 3); 
and writing the congruence (ii) in the form 
1 —2?.2?=0 (mod. 3), 
it is seen that 
kg = {8, 2} and k= {8, —2} 

are the Kummer factors of 3 and 1+2V—5; 3 and 
1—2V—5, respectively. 

Similarly, that which is common to 7 and 4+7V—5 is 
the Kummer factor k,= {7, 3} while k,={7, —3} is the 
factor of 7 and 4— a and ks= {3, 2} is the Kummer 
factor of 3 and 4+V—5 oe {3, —2} being that of 3 and 


4—V—5. 
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Hence, associated with the factors 
(kika) (kaka) = (kika) (kzk3) = (kiks) (kaka) 
are the integers 

7-3=(44+V—5)(4—V—5) = (1+2V—5)(1—2V—5). 
In the realm of natural numbers the Kummer factors 
have no objective reality. Hence, the name ideal. As 
such they have no quantitative existence. (Smith’s 
Report, p. 110.) 

In the more general quadratic realm R(Vm), m#1 
(mod. 4), we have to do with the factorization of integers 
x+~my (Art. 97). And as above we are led to the con- 
sideration of the congruence 2? —my?=0 (mod. p). 

If w?=m (mod. p) or w?—pr =m, where r is an integer, 
we have a Kummer factor {p, w} defined through the 
congruence 

x-+wy=0 (mod. p). 
This congruence put in the form of an equation is 
L=pe—wy. 
From this it follows that 
r? — my = plp? —Qwzy+ry’). 
Hence, corresponding to the Kummer factor {p, w} of p 
and z+vVmy, there’ is associated a quadratic form 
(p, w, r), and consequently a class of equivalent forms 
with determinant m through which p (connected with w 
as above defined) may be expressed. Then and only 
then when the class to which (p, w, r) belongs is a princi- 
pal class (1, 0, m) can p be expressed through the form 
p=r — m= (a+-Vmy)(2— my). 

In this case and only in this case are the Kummer ideal 
factors {p, w} and {p, —w} numbers (algebraic) and have 
a real existence. 

This offers the condition under which the rules of 
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division that exist in the rational realm are also true in the 
quadratic realms without the necessity of introducing the 
Kummer factors. This is evidently the case when the 
number of non-equivalent classes of quadratic forms 
with determinant m is unity. When the quadratic form 
through which the prime ideal p may be expressed is 
not equivalent to the principal form it is necessary to 
introduce the ideal factors to effect factorization of the 
rational prime integers into irreducible factors uniquely. 
Thus it is shown that the theory of quadratic forms with 
determinant m is exactly correlated with the theory of 
algebraic numbers of the realm R(Vm). (See Art. 272.) 

The same is true for the theory of any higher realms. 
In such realms there occur forms of a higher degree and 
the distribution of these forms into their linear factors 
corresponds to the unique factorization of the integers 
of these realms into their irreducible elements. This will 
be considered further in the chapter on Kronecker’s 
Linear Forms and in the chapter on Factorable Forms. 
While this is the kernel of the matter, the method to be 
pursued in this direction is not so direct as that found in 
the Dedekind theory. 

The Kummer theory may with some modification be 
so changed that the ideal factors of unreal existence may 
be replaced by “ideals” of a concrete form. For, 
if a Kummer ideal prime factor {p, w} of p is defined 
through the congruence 


x+wy=0 (mod. p), 


it is seen that the collectivity (complex) of all integers of 
the form x+-yvm which are divisible by {p, w} with a 
suitable choice of x, y, may also be expressed through 
xr=pz—wy. And that is, the complex of all those 
algebraic numbers that are divisible by {p, w} is of the 
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form 

pz+(vm—w)y. 
It is thus seen that these numbers are all expressed 
through the modul 

a= Lp, vm a w]. 
And it is further seen that any number of this modul 
pz+(Vvm—w)y when multiplied by any integer of the 
realm, say 2’+y’Vm is equal to 

pase! —ryy' + wey’) + (Vm —w) (yx'+pey’—wyy’), 
if we write w?—m=pr. 
Observe that this latter expression is of the form 

pi+(vm—w)Y, 
and that is, a number of the modul a when multiplied by 
an integer of the realm 9t(Vm) is a number of the modul a. 
The counterpart of this in the theory of rational integers 
is: if an integer is divisible by the rational integer a, then 
the product of the first integer by any other integer is 
divisible by a. This might in a measure be used to 
define a rational integer a. It is used by Dedekind to 
define an ideal i=[@, 8], where the element p above is 
replaced by a and where 8 stands for ¥m—w. Ac- 
cordingly, the ideal i is defined as the complex of integers 
a+ 6 where à and u run through all the integers of the 
given realm, and where a and £ are definite fixed integers 
of this realm (see Art. 272, end). 


Tue IDEALS OF THE QUADRATIC? REALMS 


ART. 206. DEFINITION. <A system of integers a, B, 
y, --- of the realm R(Vm), say i= (æ, B, y, -+ +), such that 
every linear expression art Bu+yv+ +, where d, p, v, ++ 
are any integers in R(Vm), forms an integer that belongs to 
the system, 1s called an ideal of the realm. 

1 Report on Algebraic Numbers, p. 5. 
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Any integer 7 that is divisible by the ideal i may be 
expressed in the form r=ad;+8ui1+yrit---, where 
Xi Hn vy «++ are definite integers of R(Ym). Such an 
integer r may be added as an element to iso that i= (a, 8, 
y, **+,7). Thus any integer r is divisible by i when it 
may be adjoined or added as an element of i. 

In particular, an ideal is called a principal ideal, 
when the integers that belong to it are multiples of one 
integer, say a; for example, i= (a, ad, ap, ---) or simply 
t=(@). 

If the ideal contains 1 or any integer that is a divisor 
of 1, it is called a unit ideal, and written i= (1). 

The ideals are denoted by German letters a, b, ---, p. 

DEFINITION. Two ideals (a, B, y, -++) and (a1, Bi, Yi 
-++) of the realm R(Vm) are equal, and written 

len Ba Yo OR je Gas Ei Yig toe) 
if every integer æ of the first ideal belongs to the second ideal, 
that is, if a=a,A+Biut---, and. if, reciprocally, every 
integer a, of the second ideal belongs to the first, so that 
ay =adit+Buit-:-, where dr, m, +++, M, Hy +*+» are integers 
of the realm, with similar conditions for B, Bi, etc. 

For the multiplication of ideals the following may 
serve as a definition: If a=(a, B, y, +-+) and b= (œ, Bi, 
yı, ---) are two ideals of the realm R(Vm), then the product 
of these ideals is had, if every element of a is multiplied by 
every element of b, the terms thus had forming the elements 
of the ideal a-b, that is 


a-b= (am, BB ia i, PO GOD «5 Yan Vea, E -). 
From this definition it is seen at once that the two 
factors may be interchanged and that ab=ba. 
An ideal a is divisible by an ideal b, if there is an ideal 
c of the realm such that ab=c. 
Thus while multiplication and division of integers may 
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be extended to ideals, the conception of addition and 
subtraction cannot be extended to ideals. 

THEOREM. In every ideal of the realm R(Vm) there may 
be derived in an infinite number of ways two integers 
u and ı of the realm such that every number of the ideal may 
be expressed as a linear combination of these two integers 
with integral rational coefficients lı and l in the form 

lieit latz. 

Write the ideal i so that every element is expressed 

through the basis of the realm in the form (Art. 97) 
t=(a,+biw, d2+bow, a3t+bsw, +++, Gi, Ge, ++) 
where ay, bi, de, be, +++, Gi, Go, «++ are rational integers. 

It will be proved first that if aitbiw and a2+bew are 
any two numbers of the ideal, there belongs also to the 
ideal a number a’+b’w, in which b’ is the greatest 
common divisor of b; and bs. For there belongs to the 
ideal the integer x(a +bıw) +y(a1+bow), where x and y are 
rational integers which may be so chosen that xb,+ yb. 
=b’. By repetition, it is evident that the integer g +izw 
belongs to the ideal, where g is a rational integer and 7, 
the greatest common divisor of b, bi, bz, ++». 


Since os is a rational integer, it is clear that we may 
2 


adjoin as an element of the ideal 
aitbiw = a (g+ iw) =i 
2 


Having adjoined g+7.w and g, as elements of the ideal, 
it is seen that a,+b,w may be expressed linearly in terms 
of these two elements and consequently dropped from 
the ideal. 

Similarly writing 


d2+bow — v (g +i:w) = (f2; 
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it is clear that if g is adjoined as an element to the ideal, 
then az+b:w may be dropped from it. By continuing 
this process, the ideal t becomes 
i= (g + iw, 91, 92 93, °° "4 Gi, Go, a DE 
If 7 is the greatest common divisor of g1, g2, «++, Gi, Gz, 


+++, itis possible to determine rational integers a1, ao, ---, 
A, Ao, OO, such that 

agitat HAG HAG +++ I. 
Hence 7 may be added as an element to the system; then, 
since the integers gı, g2, «++, Gi, Gz, «++ are all divisible 
by i, they may be dropped from the ideal, which becomes 
(i, g +iw). 

Suppose further that g is greater than 7 so that g 
=tg'+7, where ii<i. We may then add as an element 
to the ideal gtt2w—g’t=7%:+7%2.w. When this has been 
done, it is seen that g+i:w may be dropped, since this 
element may be expressed linearly in terms of 7 and 
i: +%.0. Thus the original ideal becomes finally 

{= ©, ti +iw) = (GF t2); where = 1, = tit iw. 

When an ideal has been reduced to the form (îi, i1 +iw), 
it is said to be in its canonical form. Further note that 
wi + (i: +7.) is an integer that belongs to the given ideal 
and consequently the coefficient of w is divisible by 7%. 
It follows that 1+17, is divisible by 7, and therefore also č 
is divisible by 72. If w’ is the conjugate of w, it is clear 
also that w’(i:-+t.w) is an integer of the ideal, and it fol- 
lows that 7, is divisible by ze. 

The quantities t1, t2 form a basis of the ideal i. Any 
other basis (Art. 94) say 

= Ati tdite, 

n= oti t bots, 
is had, if the determinant aib: —a:bı = +1. In this case 
i= (Cin by) Sy Ue 
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Art. 207. Applications. We saw (Art. 205) that in 
the realm R(V¥—5) 
21=3-7=(4—V—5)(4+V—5) =(1+2V—5)(1-2V—5). 
It may be proved that 
Qi (3, 4—VN—5)(3, 4-4 V—5)(7, 44-V—5) 
X(7, 4—V—5) =pipadsds 
=e t-E OV — a t= 2y— (7, 1--2v—5) 
X(7, 1—2V—5) = pspedrbs 
=4=—V=5, 1+-2V—sy4-+-4—5, 1—2¥—5) 
xX (4+V¥—5, 1+2V¥—5)(4—V—5, 1—-2V—5) 
= PoProPri Pie. 
For, writing for brevity pı = (3, 4— V¥—5), pe = (3, 4+V—5), 
etc., in the order indicated, it may be proved first that 
Pi=Ps=Po; P2o=Pe=Pio; Ps=Pr=Pu; Pa= ps = piz 
To prove this observe that 
14+2V—5=(4—V—5)-1-3(1-¥—5) 
and 
a= ia NE 9) 13 — V5), 
Hence, 
p= (3, 4—V—5) =(8, 4-V—5, 1+2V—5) i 
= (3, 1+2V—5) =p. 
This follows directly; for 
(3, 4— V—5) = (8, 3+1+ (2—3) V—5) = (3, 1+2V—5). 
And similarly 
po=(4—V—5, 14+2V—5, 9, 21, 3) = (3, 4—V—5) =p.. 
Secondly, it is seen that 
(3, 4+ V¥—5)(3, 4-V—5) 
= (37, 3(4+V—5), 3(4—V—5), 21, 3) = (3) 


while 
(7, 44+ V¥—5)(7, 4— V—5) = (7), 


etc. Then by means of the ideals we have the unique 
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factorization of (21) as the product pipepsp.. Further 
observe that 
(3, 44-V—5)(7, 4+ V—5) 
= (21, 3(44+V¥—5), 7(44+V—5), 11+8V—5); 
and since the greatest common divisor of 3 and 7 is 1, 
it is seen that 4+ V—5 may be added as an element of the 
ideal on the right. Since both 21 and 11+8V—5 are 
divisible by 4+V—5, it follows that 
pops= (3, 4+ V—5)(7, 4+ V—5) =(4+V—5). 
Similarly we have 
Pipa = (3, 4—V—5)(7, 4—V-—5) =(4—V—5), 
pips = (3, 4—V—5)(7, 4+ V=5) =(1+2V—5), 
papa = (3, 4+ V= 5)(7, 4—V—5) = (1—24 —5). 
In this realm it is seen that 
(2) =(2, 1+ ¥—5)(2, 1-5), 
or, since 
(2, 1—V¥—5) =(2, 14+ V=5) =qs, 
we have 
(2) =(2, 1+ ¥=5). 
Thus in the realm 9(V—5), the prime ideal factors of the 
integers 2, 3, 4, 5, 6, 7, 8, 9, 10 are found among ji, P2, 
Pa; Po M1, qa=(V—5). 
As a second example, observe that in the realm R(V10) 
the fundamental units are 3+: ¥10(e, or ¢’) and that 


6=2:3=(4+V10)(4— V10). 
Form the ideals 
(2, 4410) = (2, VIO) =p = (2, 4— v10), 
(3, 44+ V10) =(8, 1+ V10) = ps, 
(3, 4— v10) = (3, 1— V10) = ps. 
It is evident that 
(6)=(2, V10)?(3, 1+V10)(3, 1— V10) = p?pzps; 
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for 
(2, V10)? = (4, 2V10, 10) = (2) 
and ns e7 = ne 
(3, 1+10)(3, 1—V10) =(9, 3+-3V10, 3—3Vi0, 6) = (3). 
Similarly it is seen that 
(2, V10)(3, 14+ ¥10) = (6, 2+.2V10, 3¥10, 10+-V10) 
= (6, 2+2V10, 3V10, 10+ V10, 4+ V10) = (4+ V10) 
and 
(2, ¥10)(3, 1— V10) = (4— VIO). 
In this realm show that 
(5) = (5, V10)(5, V10), 
(13) = (18, 6+10)(13, 6 — V10). 
As a third example consider the integers of the realm 
R(V—15). Since —15= +1 (mod. 4), the basis of this 


realm is ( lw= iva ) , and theintegers of the realm 


are a+bu, where a and b are rational integers. It is 
seen that 
(2) = (2, w) (2, w’) 
(3) =(8, V—15)?=(8, —14+2w)? 
=(3, —1+2w, 83#—(—1+2w))? 
=(3, 1+w)? 
(canonical form). It is also seen that 
(5) =(5, V—15)?=(5, —1+20)?= (5, 2+)? 
(canonical form). 
(17) =(17, 5+w)(17, 5+’). 
In this realm note that 3 is divisible by the second power 
of an ideal, as is also 5; further observe that both 3 and 5 
are divisors of the discriminant of this realm. 
ART. 208. Realms in Which There Exist Only Principal 
Ideals. Such realms are clearly those in which Euclid’s 
Algorithm for division is applicable. For if 7 is the 
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greatest common divisor of the algebraic numbers a, £, 
Ya aes then is (a, f, Y, ---)=(a, oe ye o 1) =(r). 

ART. 209. Congruences with Respect to Ideals. The 
Norm of an Ideal. We say that œ is congruent to zero 
with respect to the ideal a, and write a=0 (mod. a), when 
a is one of the numbers that belong to the ideal a; and 
that is a =Ma +-+ +, where M, Az, » +- are definite 
algebraic integers in the realm to which a= (a1, œs, =» -) 
belongs. Similarly a=8 (mod. a), when a—8 can be 
written in the above linear form. 

If an ideal a is given, all the integers of the realm in 
which a is defined may be distributed into classes, such 
that the integers of every class are congruent to one 
another with respect to the ideal; and no integer of one 
class is congruent to an integer of another class with 
respect to this ideal. Any integer of a class being 
congruent (mod. a) to any other integer of the same class 
may be chosen as a representative of this class. The 
number of representatives is equal to the number of 
classes and no representative is congruent (mod. a) to 
any other representative. Such a system of repre- 
sentatives constitute a complete system of incongruent 
residues with respect toa. The number of representatives 
constituting such a system of incongruent residues with 
respect to the ideal a= (i, 11 +i2.w) is |¢-t2|. This number 
is called the norm of a and is written N(a). It is the 
number of classes into which the integers of the realm 
may be distributed with respect to the modulus a. 
Consider any integer a+bw with respect to a. 

It is seen that a can have any of the values 
(1) a=0, 1, 2, ---7—1 and that b can take values 

b=0, 1, 2, ---22—1 where i, i may be taken positive. 

The system (I) forms a system of čis numbers which 
satisfy the two following conditions: 
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Ist. No two numbers are congruent with respect to a. 

For if 
a, +b.w — (a, +bw) =0 (mod. a), 

then is a,—a:+(b,—b6:)w a number of the ideal a and 
consequently (b, —b:) is divisible by 72. This can be true 
only if b, =b; since both of these numbers are less than 72, 
and then a,—a; must be divisible by 7. It follows that 
a; =ü, for both a, and a; are less than i. 

2nd. Any number A+ Bw of the realm is congruent to 
one and only one of the number a+ bw with respect to a, 
where a and b take values as indicated in (I). For 
writing 

A+Buw—(a+bw) =hitl(i;+i.w), 
we may so determine b( <7.) that 
B- b ae laiz, 
where l is a definite integer, and then a( <i) may be so 
determined that 
A —a— li = hi, 

where l is a definite integer. 

It may be next shown that if |i and ù constitute an arbi- 
trary basis of the ideal a= (i, tı+iz2w), and if =a: +bıw 
and =a: +b:w, then is 


For the basal elements «J and may be written 
u=rits(ii:tiw), 
g=t+tuay +tow), 


where 
Pepa 
t u 
(Art. 94). It follows that 
ai= ri+ si, bi= Siz, 


az: =tr+ut:, bz 1/12, 


INTRODUCTORY NOTIONS OF IDEALS 349 


and consequently: 
ais by 
Q2; ba 


T, 


= ila 


; | = tis, 
5 
where the positive sign is to be taken, since the norm is 
always a positive integer. 

It is thus seen that the norm of an ideal is independent 
of its basis. 

The norm of an ideal 1s the product of conjugate ideals. 
If in the ideal a= (a, 8, y, ---) we write the conjugates of 
a, B, ---, we derive another ideal, say, a’ =(a’, B’, Y, ---) 
which is called the conjugate of a. 

THEOREM. The product of an ideal and its conjugate is a 
rational principal ideal, and in fact 

|a-a’| =t-72=N(a). 
For let 
a= (i, 11 +%20), a’ = (i, titi). 
It was seen in Art. 206 that 7 and 2; are multiples of tz. 
Write i= ai, and 7,;=4a1t2, where a and a, are integers. It 
follows that 


a= (12) (a, a;+w), a’ = (12) (a, ai: tw’) 
and consequently a a’ = (ù)? (a, aitw) (a, arw). 
Further note that 
(a, +w)(a:+w’) =0 (mod. a); 

for a is a divisor of every rational integer of the ideal 
(a, ai tw). Through multiplication we have 

a-a’ = (22)?(a?, a(aitw), alairta), (ait) larto). 

Case I. When m=3 (mod. 4), w=Vm, w’=—Vm, 
observe that 


a-a = (%2)?(a) (a, ate, dito’, = 


JED 
= (%2) (a) (a aitvm, a,—Vm, 2a1, 2m, gn) : 
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Further it may be shown that the greatest common 
ai—m 


divisor of a, 2m, isl. For suppose that these three 


integers have as a divisor the prime number q>2. It is 
ai—m 
qb 
ger, and since aj{—™ is divisible by q as is 2m by hypothe- 
sis, it follows that aj is divisible by q and consequently a, 
is divisible by q. Further since aj—™ is divisible by @, 
then necessarily m is divisible by g?, which is contrary to 
the assumption that m must not contain an integer 
squared as a factor. (Art. 97.) 


clear that if we put a=qb, then must be an inte- 


ai—m 


If 2 were a divisor of a, 2m, , then ai—m must 


be divisible by 4. Since however m=3 (mod. 4) or 
m=4k-+8, a, must be an odd integer =2g+1, say. We 
must then have (29+1)?—4k—3 divisible by 4, which is 
not true. 

It follows that 


teat 
aa’ = (t2)?(a) (a a,+~vm, a,— Vm, 2a, 2m, ai ad 1) 


a 
= (t2)?(a) = (ii). 
Case II. When m=2 (mod. 4), w=Vm, w’=—Vm. 


We then have as in the first case 


(a, atw)(a, aito’) =a(a, aito, a+, a") 


2 
ai—m 
=a(a, 2m, — ,a+o’, ate): 
a 


ai—m 


As above it is seen that a, 2m, have no common 


ai—m 


divisorg>2. If a, 2m, had 2 as a common factor, 
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ai—m 

4k 
must be integral. But as m is divisible by 2, it follows 
also that af must be divisible by 2, and therefore also by 
4. We must then have m divisible by 4, which is not 
true. Hence, as above, it is seen that 

(a, ay +w)(a, a+’) = (a). 
Case III. When 


then writing a=2k (k an integer), it is seen that 


1+Vm —,_1—Vm. 


m=1 (mod. 4), we have w= 5 


In this case 


(a, ai +)(a, aio’) 
aE (e, alai +w), aata’), (a43) -3) 


4 
Ne eer 
( (+3) -7 
=a Oe 


a 


’ dite, ate’, 2a,+1, Vm, a) 


Now if a, m, 2a,+1 contain a prime factor q, then is 

OE 
2 4 
a 


a factor, and consequently g’, we would necessarily have 
m divisible by g’?. It follows as in the two preceding 
cases that 


prime to q, for since (a: +5) contains q as 


(a, aito) (a, a+’) = (a). 
Note that the norm N(a)=7, belongs to the rational 
integers of a. Further note that the norm of a product 
of ideals is equal to the product of their norms, for 
N(a-b-c-++) =a:b-c-+-a'-b’-c’- «> 
=N(a)N(6)N(c)---. 
Art. 210. THEOREM. If a is an arbitrary integer of 
R(vm), the complete system of representatives (Art. 209) 
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with respect to a, consists of |N(a)| integers. For this 
number is the same as the number of representatives 
which constitute a complete system of residues taken 
with respect to the principal ideal (a) =a, say. As basis 
of a, we may take G=a, and g=aw. Further writing 
a=a-+bw, it is seen when m=1 (mod. 4), that 

u=a-+be, 


Tatba, since (fs gs 


It follows (Art. 209) that 
N(a)= etab- T7 = ING]: 


bm 


% 
lym 


In the second case, when m#1 (mod. 4), 
a=a+bow, 
u=bm-+aw, 

and as above, we have 

N(a) = |a?—b’m| = |N(a)|. 


EXAMPLES 


1. Let a=x+iy be an integer of R(z) so that N(a)=2?+y?. 
Since in this realm Euclid’s Algorithm for finding the greatest 
common divisor is applicable, all ideals are principal ideals. If 
@®=x+iy is a prime integer of R(z) that is not rational, then is 
N(@)=2?+7?=00' a rational prime integer in R, say p (Art. 240), 
and consequently the system of residues of #(z) with respect to @ 
consists of p integers. If, however, a rational prime integer in 
R(1), q say, is also prime in (Vm), then is N(q)=q-q=¢@’. 

As an illustration take 5=(2+2)(2—7)=@-o’, where o=2+17. 
The five representatives of the complete system of residues, mod. @, 
are 0, 1, 2,7, 1+%. Every other integer of (7) is congruent (mod. 
a) to one of these five integers, for example 

= —vV—1 (mod. a), 
3=1 (mod. ð), 
4=+1-+7 (mod. ð), 
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etc. Similarly, since 3 is irreducible in R(z), the nine integers 0, 1, 
2, i, 2i, 1+i, 1+22, 2+7, 2+27 constitute a complete system of 
incongruent residues (mod. 3). Show that this number is 13 in the 
case of 2+3:. ie 

2. In the realm #(V—5), it is seen that (3)=(8, 1+V—5)(3, 
TEN —5) and the integers 0, 1, 2, constitute a complete system of 
residues with respect to the ideal (3, 14v —5). On the other hand 
11 is irreducible in n(V—5) and the integers a+76 consisting of the 
121 combinations a=0, 1, 2, ---, 10; b=0, 1, 2, ---, 10 constitute 
a complete system of residues taken with respect to p= (11, 11V=5), 
N (p) being 121. 


ART. 211. THEOREM. An ideal may have as factors 
only a finite number of ideals. For let i=a-b-c---, then 
is N(t) =N(a)N(b)N(c)---, and the rational integer N(i) 
is divisible only by a finite number of rational integers. 
Of course, unit ideals are not counted. 

It follows also that there are only a finite number of 
ideals whose norms are less than a fixed rational integer. 
And this is equivalent to saying that there are only a 
finite number of different ideals? which contain as an 
element a given finite integer a. 

If an ideal is a divisor of a rational prime integer p, 
then p is a number belonging to this ideal and can be 
expressed therefore through the canonic form 

(i, ti ttn). 
Consequently since p may be added as an element of 
this ideal, it is evident that 1=p, otherwise (2, p) =1 and 
the ideal reduces to a unit ideal.’ Since 22 is a divisor of 2, 


1 When this ideal is in its canonical form, its norm =7%2 and this product being 
ess than a given integer restricts 7 and iz and therefore the number of ideals in 
which these integers occur. 

2 For, observe that the norm of an element «æ of an ideal is a rational integer 
that may be added as an element and therefore is divisible by i. 

31f an element æ of an ideal divides 1, and is therefore a unit of the realm, 
then N(a) =1 is an element of the ideal, which may accordingly be called a 
unit ideal, Further observe that the unit ideal (1) consists of all the integers of 
the fixed realm. 
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it is in this case either p or unity. In the latter case the 
ideal is of the form (p, 7:-++w) where 7;<p but otherwise 
undetermined; in the first case the ideal is of the form 
(p, pw), for i is divisible by iz and may be neglected. 

To the two cases (p, 11+), (p, pw) correspond the 
norms p and p?. In the first case the ideal is said to be 
one of the first degree, and in the second case it is said to 
be of the second degree. We thus have the theorem: 

THEOREM. The norm of an ideal, which is a divisor of a 
rational prime integer p is either p or p?. 


EXAMPLES 


1. R(V—5). Let i=(2, 1+V—5), ’=(2,1-V—8). Note that 
i=2, i2=1, so that N(i)=2. It is seen that 


i’ = (4, 2+2V—5, 2-2V—5, 6) 
= (4, 2+2V—5, 2-2V—5, 6, 2)= (2). 
If i=(3, 1+V—5), '=(8, 1—-V—5), then is N(i)=3=ii'. Jf 
i= (21, 10+V—5), i =(21, 10—V—5), then N(i)=21= iť. 
V—15 
2, n(V=15), o= FO, Let i= (2, w), ’=(2, w’). It follows 
that N(i)=2. Tt is further seen that, 


w=( HE) ( a) 
u = E TEE Dare 
=(4,14+V=15, 1—-V=15, 4) 


=(4, 14+V—15, 1—V—15, 4, 2)=(2), 
; 1+V—-15 ; A i n 
since —————-are integers in this realm. If i= (17, 5+w), itis seen 
that N(i)=17=jii. 
3. Derive the complete system of incongruent residues of the 
preceding ideals. 


THE UNIQUE FACTORIZATION OF JDEALS 


ART. 212. If we define prime ideals as such that are 
different from unit ideals and which are divisible only 
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hy themselves and by unit ideals, then it may be proved 
that the decomposition of ideals into their prime ideals 
as factors is unique. 

Before attempting to prove this fundamental theorem, 
we must introduce a series of lemmas. 

THEOREM. Jf a, b, c are any three ideals that are 
different from zero, and if ac=ab, then is c=b. For 
multiply both sides of the expression by a’, so that 
aa’c=aa’b, or N(a)c=N(a)b. Since division by the 
rational factor N(a) is admissible, it follows that c=b. 

IMPORTANT THEOREM. If all the elements of an ideal 
a are congruent to O with respect to the ideal b, then is a 
divisible by b. Let the two ideals be a= (œi, a2, -:-), 
b= (G1, b2, + +) and b’= (6), 6s, +++). Then by hypothesis 

a,=0 (mod. b), a2 =0 (mod. b), 
It follows that 

ai8i=0 (mod. bb’), a18=0 (mod. bb’), Ber 

a261=0 (mod. bb’), a282=0 (mod. bb’), res, 
and consequently 

aĝi =N (b)yn, ab, = N(6) 712, Sass 

0281 = N(b)y12, 2282 = N(b) 22, saen 
where y1, Yi2, -> are integers of the realm. It follows 
that ab’ =N (b) (yi, Y12, +*+) where (yi1 Y12, +*+) consti- 
tute an ideal, say c. We thus have ab’ =bb’c or a=be. 

It follows from this that the greatest common divisor 
d of two ideals a=(a1, œs, --+) and b= (Bı, Bz, +++) is 
d= (a1, a, +++, Bu B2, +++). For an ideal that is a divisor 
of a contains the elements ay, a2, +--+, and if such a divisor 
is also the divisor of b, it must contain the elements 
Bi, Bz, --+. Further any other ideal t which is divisible 


by both a and b is such that d>f. 
13 
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Art. 213. THEOREM. If a product of two ideals 
a and b is divisible by a prime ideal p, and if b is not 
divisible by p, then is a divisible by p; or uf the product ab is 
divisible by y, then at least one of the factors a or b is divisible 
by p. For write a and b as above, and put p = (a1, ae, +++). 
Since by hypothesis 6 is not divisible by p, the ideal 
(1)=(Bi, Be, +--+, 1, © +--+) is a unit ideal, and it is 
possible to find a number £ in b and a number ó in p such 
that 1=6+4. It is also seen since ab=O0 (mod. p) that 
p=(, z ---, ab) and therefore also a,8=0 (mod. p), 
a28=0 (mod. p), ---. Since & is divisible by p, it follows 
that a,(8+) =0 (mod. p), a2(8+4)=0 (mod. p), +--+; or 
since 8+ 4=1, it is evident that a,=0 (mod. p), a2 =0(p), 
-++, and consequently a is divisible by p. 

ART. 214. THEOREM. The factorization of ideals into 
their prime factors is unique. Let i be a given ideal and 
suppose that i= ,-po---p,, where pi, --- are prime ideals. 
If further i=qg1:q2* * * qm, Where qı, --- are prime ideals, it 
must follow that pi-D2-*-Pn=1:q2°**dm. Of course, in 
this expression some of the p’s as well as of the q’s may be 
repeated. It is evident that p, must divide the product 
on the right and is therefore either a divisor of qı and is 
equal to qı, or it is prime to qı and then p, must divide the 
product q2---qm- In this case pı must equal qz or it must 
be a divisor of qs3:+-Gm. Through repetition of this 
process it is seen that pı must be equal to at least one of 
the quantities q. By dividing this common factor out, 
and by continuing the method of procedure, the theorem 
is proved. (Sommer, loc. cit., p. 56.) 

ART. 215. The following theorem offers a practical 
application of determining whether ideals are prime or 
not. 

THEOREM. Every prime ideal of the realm 9(Vm) is 


INTRODUCTORY NOTIONS OF IDEALS 357 


always a factor of a rational prime integer p, or more 
exactly, of a rational principal ideal (p). For if p is a 
prime ideal, then N(p)=p-p’=g, where g is a rational 
integer. Denoting the prime factors of g by pı, po, ---, 
it is evident from the theorem above, since p:p’=p,:po--- 
that one of the factors pı, pz, ++- is divisible by p. 
Further, no two of these factors are divisible by p, for see 
Art. 211. In that case the two prime integers would 
occur as elements in the prime ideal », and as their 
greatest common divisor is 1, the ideal would reduce to a 
unit ideal. If p is divisible by p, it follows also that p is 
divisible by p’ and that pp’=p. It may be observed 
further that only those algebraic integers are divisible by 
p whose norms are divisible by p. For if a is divisible by 
p, then a may be adjoined as an element of p, as also the 
norm of a. Since p is an element of this ideal, it is 
evident that unless N(a) is divisible by p, the greatest 
common divisor of N(a) and p would be unity, and the 
ideal p would become a unit ideal. 

To determine the ideal prime factors of any ideal a, 
first form N(a)=g, say. Then distribute g into its 
rational integral prime factors, and finally those prime 
integers into their ideal prime factors. The fact that 
the norm of every element of an ideal is an element of the 
ideal and hence divisible by p must not be lost sight of. 
In the distribution of the rational prime integer p into its 
prime ideal factors, note that every principal ideal may 
be expressed through one number a, say, in the form (a). 
And every ideal which is not a principal ideal may be 
expressed through two integers in the form (a, 8) where 
a and 8 do not necessarily form a basis of the ideal. 
This is proved below in the form of a theorem. 

Lemma. Jf a and b are two ideals that are different, 
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there exists an integer a of a such that the quotient fe) 
is prime to b.! 
If b=p is a prime ideal, the lemma is at once evident. 


For were a divisible by p for every integer «æ of a, it 


would follow that a was divisible by ap, which is not true. 
For the general case let pı, Po, ---, p- be the different 
prime ideal factors of b, and form the ideals 


a1 =AP2P3" ° - Pz, Q2 = AP1P3” ° < Pr; in Ar =apipe:+-Pr-1 
and let respectively œ: be integers of a; such that tag 
are relatively prime to p:(î=1, 2, ---, r). It follows 
that a=a,+a.+---+a, is an integer as is required in 
the lemma. 

THEOREM. Every ideal i may be expressed in the form 
(a, B), where i is the greatest common ideal divisor of the 
integers æ and B. For choose any two integers a and 8 of 


the ideal such that Se is relatively prime to ®. 


Writing (£ ®) Se iollows that i=(@iee in 


the factorization of p into ideal factors, since p occurs 
itself as one element in each such ideal factor, it is only 
necessary to determine the second element. 


Tue IDEAL Factors OF THE RATIONAL PRIME 
INTEGERS IN THE REALM 3R(Vm) ? 


ART. 216. We saw (Art. 211) that a prime ideal which 
is a factor of a rational prime integer must have one or 
the other of the forms 
(1) p=(p, a+e), 


1 See Reid. The Elements of the Theoru of Algebraic Numbers, p. 318. 
2 See Sommer, Vorlesungen uber Zahlentheorie, p. 59. 


INTRODUCTORY NOTIONS OF IDEALS 359 


(2) p=(p, pw) = (p), w) = (p). 

In the first case (p) = pp’ and consequently (p) may be 
factored into a product of two prime ideals; in the second 
case p= (p) and here p is not reducible. 

A simple criterion may be derived by means of which 
it may be determined whether a prime integer is reducible 
into a product of two prime ideals as follows: 

Case I. m=3 (mod. 4), discriminant d=4m. Let 
p>2 be an arbitrary prime number, which is not a divisor 
of the discriminant d =4m. 

If p is factorable =(pp’) in the realm NR(Vm), then is 


p= (p, a+~vm) =(p, a+vm, a—m). 


It follows that 
a? —m=0 (mod. p), 


otherwise the ideal would be a unit ideal. 
Reciprocally, if the congruence 


x?—m=0 (mod. p) 


admits an integral rational solution x=a, then is p 
reducible, being the product of two prime ideals that are 
different from each other. For if z=a is a solution of 
this congruence but not of the congruence 2?—m=0 
(mod. p?), then are p=(p, at+v¥m) and p’=(p, a—vm) 
two prime ideals that are divisors of p. These two ideals 
are different, since their greatest common divisor is 


(p, atVm, a—Vm) =(p, a+ vm, a— Vm, 2a); 
and as p and 2a are relatively prime, this ideal reduces to 
a unit ideal. 
The fact that 2?—m=0 (mod. p) has a solution «=a, 
which is not a solution of x? —m=0 (mod. p°), is denoted 
in the theory of quadratic residues by the Legendre 
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a 


If p>2, the congruence x?—m=0 (mod. p) admits a 
solution if y2—4m=0 (mod. p), that is, if y2-d=0 (mod. 
p). For among the solutions of the latter congruence is 
evidently an even integer and consequently +=3y is a 
solution of the former congruence. Hence instead of 


symbol 


writing (“) = 1, we may put (£) = ] asthe condition that 


p be factorable. (See Sommer, Vorlesungen, p. 60.) 

If «?7—m=0 (mod. p), or, what is the same thing, if 
y? —d=0 (mod. p) does not admit of an integral solution, 
then p is irreducible in the realm (vm) and (p) is itself a 
prime ideal. The fact that the congruence «?—d=0 
(mod. p) cannot be solved is represented through the 


™ Q- 


We must next consider the prime integers that are 
factors of the discriminant d=4m, namely 2, and the 
odd simple factors of m. The congruence 2?—m=0 
(mod. 2) is satisfied by «=1 or x= —1, two solutions 
which are (mod. 2) equal. Hence as prime ideals we have 


p=(2, 14m) =p'=(2, 1— vm). 
Finally let p be an odd prime factor of m, which can 
be only of the first power, since m by hypothesis does not 


contain squared factors. 
In this case the congruence 


x?—m=0 (mod. p) 
admits the solution z=0 and p is divisible by 


p=(p, Vm) =p'=(p, — Vm), 
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which ideals are different from unity and from p. We 
thus have 
(p) =i 

It is seen that every prime integer that is a divisor of 
the discriminant d, is factorable, being the square of a 
prime ideal. 

If p is a rational prime integer that is a divisor of d; 
and that is, if the congruence y?—d=0 (mod. p) has the 
solution y=0 (mod. p) which is counted twice, then this 
fact is expressed through the symbol 


(9 


EXAMPLES 


1. Realm R(V —5), 2m= —5, d= —20. Itis seen that 2 and 5 are 
the only prime factors of 20, and consequently are factorable into 
the squares of prime ideals. Jn fact w 

(2)=(2, 14+-V—5),  (5)=(V—5)*. 
The congruence 2?+5=0 (mod. p) admits solution for p=3, 7, 23, 
+++, but cannot be solved for p=11, 13, 17, 19, «+>. 

We thus have a. 

(3)=(3, 1+ ¥—5)(3, 1- V—5), 
(H=(7, 83+-V—5)(7, GVE 
(23) = (23, 8+ — 5) (23, 8— V —5), 
while (11), (13), (17), +++ are prime ideals. 

2. Realm N(V35), m=35, d=140. The prime integers which 

divide 140 are 2, 5, 7, and therefore 
(2)=(2, 1+V35)+,  (5)=(5, V35), (7) =(7, V35)? 
The congruence z? —35=0(mod. p) admits solution for p= 13, 17, 19, 
+++, but cannot be solved for p=3, 11, ---. 

We therefore have 


(13) = (13, 34+-V35)(13, 3 — V35), 

(17)=(17, 1+35)(17, 1-35), 

(19) = (19, 44+.-¥35)(19, 4— V35), 
while (3), (11), +-+ are prime ideals. 
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Case II. m=2 (mod. 4), discriminant d=4m. It is 
seen here as in the first case that if p is a prime rational 
integer which is not a divisor of d, then p is reducible or 
irreducible in R(Vm) according as 


Qa Qe 


If p=2, then is 

(2) = (2, Vm)? =°; 
and for an odd prime integer that divides d or m it is also 
seen that 

(p) T (p, Vm)? =), 
In both of these cases the congruence 

x? —d=0(mod. p) 
has the root x=0, which is to be counted twice and as 
above we must write 

d 
(e 


EXAMPLE. R(V10), 4m=d=40. The prime divisors of 40 are 2 
and 5. It is seen that rd 
(2)=(2, ¥10)2,  (5)=(5, V10), 
(13) = (13,6-+ ¥10) (13,6 — V10), 
OTOT CY) =a, 


etc. 


Case III. m=1 (mod. 4); d=m. Suppose first that 
p is an odd prime integer, such that (m, p)=1. If p is 
reducible, it must have as a prime factor p=(p, atw); 
and consequently 


(a+) (a+) = 


must be divisible by p, and therefore (2a+1)?—m=0 
(mod. p) or z2—d=0 (mod. p) must admit a solution. 


(2a+1)?—m 
4 
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We thus have as above (£) =1. 


It may be shown that p= (p, a+w) and p= (p, a+w’) 
are different, for it is seen that their greatest common 
divisor (p, a+w, atw’)=1. It is further seen that p 
is not a unit ideal, nor is it equal to (p). 

Suppose next that p=2. If 2 is divisible by the prime 


(2a+1)?—m 
4 


ideal p= (2, a+w), then from above - must be 


an even integer and consequently (2a+1)?—™ is divisible 
by 8. Hence if 2 is factorable, the congruence 

(1) x? —d=0(mod. 8) 

admits solution. This congruence may be solved if 
d=1 (mod. 8), but cannot be solved if d=5 (mod. 8). 


marinate: (5) BE i Gna 8);and(5) foie 


m=5 (mod. 8). 

When (1) admits a solution, it is seen that p= (2, a+w) 
and p=(2, a+w’) are different, and that neither of them 
is a unit ideal or =(2). 

Finally suppose that p is an odd prime integer which is 


(2a+1)?—m 
4 


a factor of m. Then as above must be an 


integer that is divisible by p and therefore 2a+1=0 
(mod. p). Since z?=d (mod. p) admits the double root 
x=0 (mod. p), we may again write (£) =0. It is clear 


that p=(p, Vm), and p’=(p, —Jm)=p are two ideals 
such that p=p?. If we put 2a+1=p, it is seen that 


—1 
p=(p, a+) = (>, Pte) =)’. 
Observe that 


1 
pe (2a+2w) —p(a+w) =a+o. 
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Hence, 

(p, +e) = (p, P Ca+2u) ) = (p, 20+20), 
: p+l1 2 : ; m 
since p and =z are relatively prime. Since 2a+1=0 


(mod. p), it follows that (p, 2a+2w)=(p, vm). 

The three different cases considered above when 
expressed in compact form give expression to the follow- 
ing theorem: 

THEOREM. A rational prime integer p is reducible or 
irreducible in the realm R(\m), whose discriminant is d, 
being the product of two different prime ideals, the product 
of two equal prime ideals, or finally irreducible, according as 


Ot Or eG 


It is thus seen that the problem of the resolution of a 
prime integer into its prime ideal factors in the realm 
(Vm) reverts into the fundamental problem of quadratic 
residues, and that is, whether or not the congruence 
x’-+m=0 (mod. p), or more generally whether the con- 
gruence x?-++ax-+b=0 (mod. p) admits solution.’ 


EXAMPLES 


1. Find the three prime factors of the norm of (10++(—5) and 
therefrom the prime ideal factors of this number. 

Find the product of 4—5, (3, 1+4 =5), (7, 3+V¥—5). 

2. Prove that (3, 1++~—5) has four prime ideal factors and 
determine the product of (2, 1-+¥—5), (3, 1+-~—5), (7, 3+V¥—5), 
(23, 8+ =5). 


EQUIVALENCE OF IDEALS. CLASSES OF IDEALS 


Art, 217. Derinition. Two ideals a and b of the 
realm R(vm) are said to be equivalent and written a~b if 


1 It is of interest to read in this connection the article Elementary Theorems 
Relating to Ideal Factors. See Smith’s Report, p. 108. See also Report on Alge- 
braic Numbers, p. 17, by Dickson, etc. 
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their quotient is equal to a number of the realm; or if there 
are two integers a, B in R( NM) such that 
5=S œr (B)a=(a)b. 

If a is a principal ideal, then this fact may be denoted 
by writing a~(1). 

From this definition follow at once the following 
theorems for equivalences: 

THEOREM 1. Jf a~b and b~c, then is a~c. 

THEOREM 2. If a~b and c~bd, then is ac~bbd. 

THEOREM 3. If a and b are equivalent ideals and if cis a 
third ideal such that ac is a principal ideal, and that is, 
ac~(1), then is also be~(1). 

Kummer used this as the definition of equivalence. It 
has the same meaning as the definition first given, for if 
ac~be~(1), 

then is 
aN (c) ~bN(c) 

and therefore a~b. 

THEOREM 4. Jf ac~bd, and if a~b, then is c~d; for 
ac~be~bd, and therefore c ~ò. 

COROLLARY. If a~bthenisalsoa’ ~b’; for aa’ ~(1) and 
bb’ ~(1) and therefore aa’ ~bb’ and a’ ~b’. 

From this conception of equivalence follows the next 
definition. 

DEFINITION. All ideals which are equivalent to one and 
the same ideal, form an ideal-class or class of ideals. 

Accordingly every ideal determines an ideal-class, 
which class contains an indefinite number of ideals. 
All principal ideals are equivalent to the ideal (1) and 
taken collectively form the principal class K =1. 

The classes of a realm may be denoted by K, Ki, Ka, 
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If the ideal a; belongs to the class K; and a; to the class 
K;, and if b=a,a; belongs to the class Kna, then K, is 
called the product of the classes K; and K; and is sym- 
bolically written K,=K;K;. 

We may accordingly multiply the classes by one 
another, noting always the identity K;=1-K,. Since to 
every ideal a; there may be found a corresponding ideal @;, 
such that a;a; is a principal ideal, there is associated with 
every class K; always one and only one class K; such that 
KKE. = 1 = K. 

Two classes which stand in such a relation are called 
reciprocal and may be written K;=Kr' or K;= Kz". 

We may also introduce the notion of division into the 
process of computation of ideal-classes: An ideal-class Kn 
of the realm §(m) is said to be divisible by an ideal- 
class K; of the same realm, if there is an ideal-class K; in 
R (Vm) such that K, = K,K;. 

The exposition of ideal-classes thus defined renders 
possible the following: 


ART. 218. FUNDAMENTAL THEOREM. The number of 
ideal-classes of a quadratic realm is always finite. There 
is in every ideal-class at least one ideal whose norm is less 
than |VD}, D being the discriminant of the realm. 

The proof of this theorem depends upon the following 
lemma: 

Lemma. In every ideal a of the realm R(Vm), whose 
discriminant is D, there is always a number a whose norm 
in absolute value = |N (a) xD]. 

For suppose the ideal written in its canonical form 
a= (i, tı+iz2w); and in the case of a real realm write 


fi = tat (i +iow)y, 
Te =i10+ (ii +izw")y. 
1 Seo Smith’s Report, p. 112. 


INTRODUCTORY NOTIONS OF IDEALS 367 


In the case of an imaginary realm put 
f= let QistiLoto'Dyl, 


w+w’ being real, and 


Fis 1 
* v2 
which is a real quantity. Regarding the sign +, that 
sign is to be taken which gives the posvéwe sign to 
A=ii,|VD| = |N(a)VD|. 

Further in the case of a real realm let kı and ky be any 
two real quantities such that kiko=A=|N(a)VD|; and 
in the case of an imaginary realm impose the additional 
condition that kı =k:=k. 

It follows from the Minkowski Theorem that two 
rational integers x and y that are different from zero 
may be found such that |f:| Ski, |fo| Ske (Art. 26). 

In the case of the real realms, it is seen that a=f; is an 
integer of a such that 

la | = fi | = [tx (iitiw)y | Shi; 
Jo’ | = |fo| = [ta (ti tiew’)y| She. 
It follows that 
laa’) = |N (a) | Skik: = |N (a) vD]. 
In the case of imaginary realms, it is seen, if 
tea lf. and pee Vis 
ce) Z 


{0-rbte(w—w')y}, 


that 
|N(a) | =} R+] Sik +H) Sh? = |N(a)vD|. 


Important Remark. The theorem is also true for principal 
idealsa=(a). (See Art. 206.) As every number of this ideal is of 
the form Aq, where A is an integer in R(Vm), it follows from the 
above theorem that there is an integer Aq, say, such that 

N(Aa)S | N(a) yD]; 
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and, since for principal ideals (Art. 210) N(a@)=N(a), it is seen 
that there is always an integer of the realm, A, say, such that 
NO)S|VDI. 


Proof of the Fundamental Theorem. Let a be an ideal of 
the class A, and let a be a number of this ideal such that 
|N(a)|=|N(a)VD|. Further there is in B, the recipro- 
cal class of A, an ideal b such that a-b= (a); and conse- 
quently N(a)N(b)=N(a)=|N(a)VD|. It follows that 
N(b)=|VD|. Thus it is seen that the class B contains 
an ideal b whose norm =|VD). By interchanging the 
class B with the class A, it is seen that in the class A 
there is an ideal whose norm £ | VD]. 

Since | VD| is a finite number, and as there are only a 
finite number of ideals whose norm is less than a fixed 
number, it follows that the number of ideal-classes is 
finite. Cayley, Works, V, p. 141. See H. J. S. Smith, 
Collected Works, Vol. I, pp. 191 et seq. 

This number of classes, which will be denoted by h, 
is one of the most important constants that occurs in the 
discussion of the realm 9(Vm). 

ART. 219. The Theorem 3 of Art. 217 may be used to 
determine whether or not two ideals are equivalent. 


EXAMPLES FOR THE EXAMINATION OF THE EQUIVA- 
LENCE OF IDEALS 
1. In the realm RVS) it is seen that 
CAE ENE) 
for multiplying by (3, I NE), we have 
(3, 14y 58, 1—V¥—5) =(3)~ (1) 
and 
@,14-V=5)3),1=V si = eS 
It is also seen that 


Cleves) ~ (6) 1— V5) ton e E V5) ~ (a 
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Observe that m~ ad 
(= V=5X3, 1+ V=5)= (1+ ¥—5)(3, 1- V—5). 


— 2 
2. In the realm R(V —23), on LEN 28 (2, w) % (2, w) for 


2 
(2 w)?= (: 2 -22+2 =) 
, U Ww, i 


while (2, w)(2, w)=(2)~1. Observe that (3, w)~(2, w). For 


= (4, 2w, —6 +w) = (4,2—w) x (1), 


(3, w) (2, w) = (6, 2w, 3w, w, w) = (6, w) = (w), since c= w. 
w 


3. Tn the realm R(V31) it is seen that 
(3. 1+ V31) « (3, 1— V31); 
for 
(3, 1+ V31)?= (9, 2— V31) = (1), 
while pe ~ 
(3, 1- V31)(3, 1+V31)=(3)~(1). 
On the other hand E. 
(3, 1- V31)~(5, 1- V31), 
for pn 
(3, 1+V31)(5, 1 — V31) = (4+ V31)~(1), 
and algo 


(3, 1+V31)~ (5, 1 +31). 


EXAMPLES FOR THE EXAMINATION OF THE NUMBER 
OF IDEAL CLASSES 


1. For the realms (i), #(V—2), R(V—3), the Euclid method for 
finding the greatest common divisor is applicable and consequently 
in all these realms the ideals are principal ideals and in each case 
h=], 

2. For the realm (V5), m= —5m3(mod. 4), so that D= —20 

= 
and |VD| <5. In this realm 2 and 3 are reducible and in fact 
(2)= (2, 1+ V—5)(2, 1—V—5)= pep’, veo’, N(p) = 2 
(3)= (3, 1-4-V—5)(3, 1-V—5) = 01-01, N) = 3. 
Due to the fundamental theorem every ideal of R(V—5) must be 
equivalent to at least one of the ideals (1), v, pi or pi, for these are all 


the ideals whose norma are less than | VD]. It was shown above 
(Ex. 1, above) that p~pi~p; * (1), and consequently the number of 
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class-ideals is here h=2. The representatives of these two classes 
are (1) and (2, jan 

3. For the realm R(V—23), we have m=1(mod. 4) and D= —23, 
so that IVD] <5. The integers 2, 3, 4 are resolvable into factors 


EE 
that are not principal ideals. We have o= F, w+ =l, 


w=a—6, 
(2)= (2, w)(2, w’)=a-a’ and Ni(a)=2; 
(3) = (8, w)(3, w’)=b- b’ and N(6)=3. 

It is seen that œ= (4, 2—w), a&=(8, 2—w)=(2—w)~(1); a 
=(2, w’)=(2, 1—w), a~a’; b= (3, w), P=(9, 6—w), ba’ = (18, 
3+a)=(3+w)~(1), so that b~a, at~b~a’; b~ab~ (1). The 
representatives of these ideal classes are accordingly, (1), a, a’; or 
(CU), fi @28 wie CO ts tae 

4. For the realm R(W31), m=3(mod. 4); d= 124 and | VYD] <12. 
Of the prime rational integers that are less than 12, it is seen that 
2, 3, 5 are reducible, while 7 and 11 are irreducible. It is ob- 
served that 

(2) = (39+7V31)(39 —7 V31), 
being the product of two principal ideals; while 
(8)=(3, 1+ V363, 1—V31)=a-a’,  N(a)=3, 
(5)=(5, 1+V31)(5, 1—V31)=0:0,  N(b)=5. 
It was seen above that a, a’, b, 6’ are not principal ideals and that 
a~b, a’~b’. It may also be shown that a= (9, —2-e yam), a? 
= (7 va), ~a. 

The numbers 4, 6. 8, 9, 10 can therefore only lead to ideals that 
are equivalent to the ideals (1), a, a?, or 1, b, 6*, or (1), a, a’, so that 
h=3. 

5. In the realm n(v—5) show that h=2; in RCV), h=1; in 
R(V—31), h=3; in R(V—43), h=1; in R(V13), h=1; in R(V82), 
h=4; in R(V—=61), h=6. x 

To obtain all prime ideals whose norms are less than | VD] we 
have to solve the positive rational prime integers into their prime 
ideal factors. By-multiplying these ideals together, we are able to 


obtain all those ideals whose norms are less than | vD|. ividently 
this number is finite. 
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ART. 220. For practical purposes this above method of 
determining the number of ideal-classes is sufficient. 
There is, however, an analytic method for determining 
this number, a method which belongs to the “ Analytic 
Theory of Numbers” and which is explained later 
(Vol. II, Chapt. IX). This theory was introduced by 
Dirichlet! and extended by Dedekind, Kronecker, and 
others. 

The different powers of an ideal that is not a principal 
ideal, namely 

fy EG GR, © 

are different ideals and determine correspondingly classes 
of ideals A, A?, A’, ---. But since there is only a finite 
number of classes of ideals, the series A, A’, A’, --- 
cannot extend indefinitely and represent different ideal- 
classes. If we call A*t* the first class which is identical 
with a preceding class A“, then is A*t"=A? and conse- 
quently A"=1. The following two assertions may be 
made: 

1. The classes A, A?, ---, A™ are all different, while 

Alth= Al, Atti = A? 
etc. 

2. The smallest exponent hı for which A®^=1 = K (Art. 
217) is a divisor of the number of class-ideals h. 

Proof. If the collectivity of classes is represented 
through A, A’, ---, A”, then h=h,, but if there is 
another class B that is different from any of these classes, 
then also AB, A?B, ---, A™B are all ideal-classes different 
from one another and different from the classes first 
written. If this constitutes all the classes of the realm, 
then is h=2h,. If, however, there is another ideal-class 
C different from all the ideal-classes, just written, then 


1 Coliected Works, Vol. I, pp. 357 and 411. See also Bachmann, Zahlentheorie, 
Vol. III. 
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also AC, A?C, ---, A™C form again k; new classes of 
ideals that are different from one another and different 
from all the ideal-classes hitherto introduced. By con- 
tinuing this process it is seen that h=nhy. 

A direct consequence of this fact is the following 
theorem due to Hermite (Oeuvres, Paris, 1905, Vol. I, p. 
274): 

THEOREM. If the quadratic form X?+ mY? is divisible 
by p, where p, X, and Y are rational integers and p a 
prime integer, then some power of p, say p*, may be ex- 
pressed in the form p*=2?+my? where x and y are rational 
integers. For it is evident that (X-+-i¥mY)(X —iVmY) is 
divisible by p, and consequently p is factorable in the 
realm §(V—m) into ideal factors, say p, p’, where 
p=(p, X+V—mY), p'=(p, X—~V—mY), pp’=p. Further 
if A is the class to which p belongs, and A’ the class to 
which p’ belongs, A*=1; and since e+ivVmy is a number 
of the principal ideal, it follows that p*=a+iVmy, if 
m#1 (mod. 4); p’*=2—iVmy, and therefore p* =2?+ my. 
We further have pt =t+ws if 


m=1 (mod. 4); ph= (143) 4 hot A4p* = (2t-+s)?-+ms?. 


Hence s is an even integer. 

ART. 221. The Function! (a). In the theory of 
rational numbers it is asked to determine the number 
e(n) of all integers that constitute a complete system 
of residues with respect to n and which are relatively 
prime to n. 

In a corresponding manner, if a is an arbitrary ideal of 
the realm R(Vm), it is required to determine the number 
of all the integers of (vm) that constitute a complete 
system of residues with respect to a and which are 


1 Seo Dickson's History, Chapt. V; Euler's ¢-function, ete. 
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relatively prime to a. The prime factors of a are sup- 
posed known. The number in question is denoted by 
(a), where for the unit ideal a=(1), (a) =1. 

First let a=p be a prime ideal of the first degree so 
that p= (p, a+w). The number of integers of a complete 
system of residues with respect to p are represented 
through the N(p) integers 0, 1, 2, ---, p—1. For let 
b+cw be any integer in R(Vm). Note that 

b+cw=cla+w)+pgt+r, 


where g is a rational integer and r one of the integers 0, 1, 


2,---, p—1. And that is b-+-cw=r (mod. p). Of these 
integers only O is not prime to p. Hence for this case 
1 
&(p) =N(p) -1=N 1-yil: 
@)=¥()-1=NO)| 1- 


Consider next the powers of p= (p, ai1+w) and observe 
that p? must be equal to (p?, aa+w), when reduced to its 
cononical form, since N (p?) =p”. With respect to p° as a 
modulus it is seen that any integer 

A+ Bw = B(a.+w)+gp?+7, where Tope, 
Giving tor the values 1, 2, ---,p, p+1, ++, 2p, +++, p-p, 
it is seen that there are p? — p classes of incongruent (mod. 
p°) integers that are relatively prime to p, so that 

BY 2 1 X 
2) =| 1-77 


Similarly, since p? = (p°, a3+w), we have 
1 
D) = Np? Eco 
(p°) = N (p°) NO) 
ete. 
Secondly let p be a prime ideal of the second degree 
p= (p, pw)=(p). In this case the numbers of a complete 


system of residues are had through r+sw, where r, s take 
all values 0, 1, 2, ---,»—1. Among these numbers there 
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is only one, namely 0, which is not relatively prime to p, 
and we again have 


eW) =NG) -1 =Ni -yrl 
We further have 
p = (p*, p*w*) = (p*). 
The numbers r-+-sw form a complete system of residues 
with respect to p*, if for r, s the numbers 0, 1, 2, ---, p, 
p+1, ---, p* are substituted. This gives p?*=N(p*) 
combinations, and among these numbers there are values 
of r, s found in the series 1p, 2p, 3p, ---, p-p making 
pP numbers that are not prime to p*. Here again it 
is seen that 
BW) =N -N= = NW] 1-7} 

To prove the theorem in general, assume that ®(a) is 
determined for the case that a= přpż. - -pi where there 
are n different prime factors of a, and seek to determine 
(a) where a,;=p'ptp?---pks, there being an additional 
prime factor other than a has, and which is prime to a. 

When brought to their normal forms, let 

a=(a, ait aw), 
p” F (2, 1 +120), 
and 
ap’ = (ai, G+dotow), 
the norm of the last expression being atazt: = N(a)N(p*). 

The integers r-++sw which form a complete system of 
residues with respect to a, are had by giving to r the 
values 1, 2, ---, a, and to s the values 1, 2, ---a,. The 
integers 7-+sw which form a complete system of residues 
with respect to a; are had by giving to 7 the values 
1, 2, ---ai, and to s the values 1, 2, -+-, aot. Among 
the latter system of integers are the 7272@(a) integers which 
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are relatively prime to a as is seen by writing the numbers 
that constitute r in the form 1, 2, 3, ---, la, a+1, a+2, 
+++, 2a, 2a+1, «+, ta and the numbers that constitute s 
in the form 1, 2, 3, ---, las, a2atl, a2t2, ---, 2a, 
2Zao+l, +--+, tee. 

Among these at- asis =1t1.6(a) = N(p*)b(a) numbers are 
some which contain p as a factor. The number of these 
integers may be computed if we observe the system of 
residues with respect to ai-that are relatively prime to a 
and which are divisible by ». This number is the 


number of the residues with respect to = =ap* which are 


relatively prime to a and this number we have just 
seen is ®(a)N(p*—). 
It follows that 
Bla) = N(p*)@(a) — N (pE a) 
1 
= @(a)N(p* 1-75) 
@N | 1-75 

Applying this recursion formula in general to the ideal 
a=pipe---pr, it is seen that 


(a) =N(o)|1 -rili a5 | [i-r] 


THEOREM. If the ideal c is the product of the two ideals 
a and b which are relatively prime to each other, then is 
&(c) =&(a) P(b). 
For if 
C= pipa +- Paqiqi + + Qm”, 
then is 
B(c) =N (pi + + par) N (qi > + qm”) 


= O(a $ 
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THEOREM. If t runs through all the ideal divisors of the 


ideal a, then is 
L(t) = N(a). 
Proof. First let a=p*, so that the divisors of a are 
1, p, p?, ---, p*. It follows that 


EP = 14+4(p) +8(p?) +--+ +4(p*) 
=1+(1- p ENON +N] 
= N(p*). 
For the general case put a=pips---pi. It is seen that 
the divisors of a are the terms that appear in the product 
(1-+pitpit +++ DOT pet - + +p) 
PAT pat pat +++ Epa); 
and consequently 
L(t) =[1+4(p.) +--+ +4(pP)] 
X[1+8(p2) ++ ++ +&(p2) J 
X [1+ (pn) ++ ++ +&(pr") J 
=N (pi) N (pe) ++ +N (pan) = N (a). 

ART. 222. Fermat’s Theorem for Ideals.' Let a be 
an ideal of the realm R(Vm) and let a be an arbitrary 
integer of R(Vm) that is relatively prime to a, then always 
the following congruence is true 

ač% =1 (mod. a). 
(Gauss, Theor. Res. Big., Art. 50). 

Proof. Let pi, p2, «++, p, be the v= (a) numbers that 
form a complete system of residues with respect to a and 
which are relatively prime to a. 

It follows that 

pı& =ç; (mod. a), 
p:a =o2 (mod. a), 
wise dade aea <a A 
p,a=c, (mod. a), 


1 For complex primes, see Smith’s Report, p. 118. 
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where o,, -+ +, o, are again numbers of the same complete 
system of residues with respect to a. For no two of 
these numbers can be congruent. 

If, for example, o,=0, (mod. a), then also a(p,—p,) 
=0(mod. a), and as a is relatively prime to a, we would 
have (Art. 213) p,=p, (mod. a) which is contrary to the 
hypothesis. 

Further, none of the ideals (o) can have a factor t in 
common witha. For it would follow that pæ contains 
t as a factor, and since œ and a are relatively prime, it 
would follow that p, is divisible by t, which is contrary 
to the nature of py. 

It follows that o1, o2, ---, o, are a complete system of 
residues with respect to a which are relatively prime to a, 
and consequently, neglecting the sequence, must be the 
same as the series of numbers p1, p2, -+-, Pr 

It results from the multiplication of the above con- 
gruences that 

pipe: * + p,0° =- t oa, (mod. a), 
or 
a? =1 (mod. a). 

Corotuary I. If «æ is an algebraic integer in (Vm) 
that is not divisible by the prime ideal p of degree 
f(=1, or 2), then is 

a?—=1 (mod. p). 
In other words the congruence 
a” =a (mod. p) 
is true for any arbitrary integer a. 

CoroLLaARY II. If @ is an integer that is not divisible 
by the prime ideal p of degree f, and if e is the smallest 
rational integer for which 


a=] (mod. p), 
then e is a divisor of p’—1. 
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For suppose that e is not a divisor of pf—1, and that 
the greatest common divisor of p/—1 and e is e,<e. 
Then it is always possible to find two rational integers x 
and y such that 

ex-+(p! —1)y=e1; 
and since 

a“ =1(mod. p) and a‘’—)u=1 (mod. p), 
it also follows that 
atov =] (mod. p), 
or 
a“=]1 (mod. p), 

where e,<e contrary to the postulate of the corollary. 
It follows that e must itself be a divisor of p/—1. 

Corouiary III. For an arbitrary kth power of p, the 
following congruence exists: 

ar oi-D=] (mod. p*). 

Art. 223. General Congruences. An integral function 
of one variable ¢ of degree g with integral coefficients 
that belong to the realm (vm) may be considered with 
respect to an ideal-modulus o. A congruence with one 
unknown £ is of degree g, if the coefficient of the highest 
term £ is not divisible by a. 

If the congruence 

Oak = pase ae ered) (mod o) 
is given, where a, a, ---a, are integral coefficients, one 
of the fundamental problems is: 

Determine integers p in R(vm) such that £=p satisfy 
the congruence. If p is such an integer, it is called a root 
of the congruence. 

The simplest cases are for prime ideals for which the 
following fundamental theorem is true: 

THEOREM. A congruence of the gth degree with respect 
to the prime ideal p as a modulus, in which the coefficient a 
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of the highest term is prime to y, 
JE) =at +a,&"+---+a,=0 (mod. p), 

can have at most g roots incongruent with respect to y. 
(Cf. Lagrange, Hist. Ac. Berlin, 1768, p. 192). 

Proof. If pı is a root of the congruence, then is 

f(eı)=0 (mod. p) 
and 
f(é) =f) —f(o1) = (&—p1) f(E) =0 (mod. p), 

where fı is of degree g—1. If further po, -+-, pọ are other 
roots, then is 


SE) =a(£—p1)(E—p2)- + -(E—p,) =0 (mod. p). 
For integers ¢ this congruence can only be satisfied if p 
divides one of the factors, and that is if £—p,=0 (mod. p), 
which proves the assertion. (See Art. 197). 

ART. 224. Primitive Numbers with Respect to a 
Prime-Ideal. (Cf. Gauss, Disg. Arith., Arts. 52-55). 

Let a be an integer of R(Vm) that is not divisible by 
the prime ideal p of degree f(=1, or 2); for example a 
number of the complete system of residues with respect 
to p. It was seen above that there is always a divisor e 
of the number p/—1 for which the congruence 

o°=1 (mod. p) 
is satisfied. 

If e is the smallest exponent which satisfies this 
congruence, the numbers a, a’, a’, ---, a! are all 
different with respect to the modulus p. 

For if there were two different integers e; and ez of the 
series 1, 2, ---, e—1 for which the congruence 

a*=a® (mod. p) 
were true, then also 
a®(a®**— 1) =0 (mod. p), 
and since a“: is prime to p, it would necessarily follow that 
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the congruence 

at—“=] (mod. p) 
was true contrary to the hypothesis that e is the lowest 
exponent for which such a congruence exists. 

If e is the smallest rational integer for which the 
congruence 

a°=1 (mod. p) 
is true, a is said to belong to the exponent e with respect to y. 

A number @ of the realm which belongs to the exponent 
p/—1, that is, where e=p/—1 is the smallest exponent 
for which 

o*=1 (mod. p), 
is called a primitive number with respect to p. (See 
Smith’s Report, p. 49). 

The series &, &, a, ---, &?™ present different (mod. p) 
numbers of the realm 9%(Vm) which are prime to p; that 
is, they constitute a complete system of residues (mod. p) 
which are relatively prime to p. 

That this definition has a real meaning is seen in the 
fact that there exist such primitive numbers. To prove 
this, application may be made of a theorem which is a 
generalization of one that is due to Gauss. 

THEOREM. If eis a rational prime factor of p’—1 and 
p is a prime ideal of degree f which is a divisor of the 
rational prime p, then there are in a complete system of 
residues with respect to p always (e) numbers that belong 
to the exponent e. 

Proof. It will be proved first that if there is a number 
æ which belongs to the exponent e (a divisor of p/—1), 
then there are at least, but not more than, ¢(e) incon- 
gruent numbers of the realm with respect to p, which 
belong to the exponent e. For, if r is a number of the 
series 1, 2, ---, e—1, that is relatively prime to e, then 
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a’ must also belong to the exponent e, and cannot belong 
to a lower exponent. 

For if a belongs to the exponent e, it follows that 

a**=1 (mod. p) or (a")*=1 (mod. p). 
Since further r is prime to e, the congruence 
a=] (mod. p) 

can exist only if re,=0 (mod. e) or e,=0 (mod. e) (cf. 
Art. 222). If we write instead of r those numbers rı, 72, 
-++, r, of the series 1, 2, ---, e—1, which are prime to e, 
we have g(e) different numbers which belong to the 
exponent e, since, as seen above, the numbers a, a’, ---, 
a° are all incongruent (mod. p). Those powers a’, 
whose exponents s have a common factor d with e belong 


to the exponent 5= ose. 


Besides the numbers given above, there are no others 
which belong to the exponent e. For such numbers must 
satisfy the congruence 

= 1 (mod. p); 
and from a theorem above, this congruence is satisfied at 
most by e integers that are incongruent (mod. p). 

We have thus proved the lemma: if there 1s a number a 
which belongs to the exponent e, where e is a divisor of 
p! —1, then there are (e) such numbers. 

We may now prove the assertion: there exist primitive 
numbers with respect to the prime ideal p. For of the 
p/—1 incongruent (mod. p) numbers of a complete 
system of residues with respect to p, each one must 
belong to a definite divisor of p/—1. 

If then tı, t, «++, tm are the divisors of p/—1 to which 
there belong numbers of the system of residues just 
mentioned, we must have: 


o(ti) + (te) +++ + e(tm) =p —1=N(p) -1. 
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On the other hand we have seen that >-¢(t)=N(p)—-1 
where ¢ goes through all the divisors of p/—1 including 
pfi—1. 

It follows that there exist numbers that belong to the 
exponent p/—1, and in fact o(p’—1) such numbers, 
which are all incongruent (mod. p). 

ART. 225. Wilson’s Theorem. If pı, Po, --+, p, are 
the incongruent numbers of a complete system of residues 
with a to a prime ideal p, that is not a divisor of 2, then 
ts pi+po**-py= —i(mod. y). 

For ee & be a primitive number with respect to p. 
We may then write 

p1=6" (mod. d), 


~êy 


p,=ã&” (mod. p), 
where e1, €2, :--, €, are, neglecting the sequence, the same 
as the numbers 1, 2, ---, N(p)—1. 
It follows that 


ae LINTI 
P1p2"**py=@ (mod. p). 
Further since any integer a, say, satisfies the congruence 
aX-l=1 (mod. p) 


or 
NG@)-1 N@)-1 


(a 2 —1)(& 2 +1)=0 (mod. p), 
it is seen that the one or the other of these factors 
=0(mod. p); and when we write 6 a primitive number 


instead of a, it is seen that 
N@®)-1 


w ? +1=0 (mod. p), 
since N (p)— 1 is the lowest exponent such that 
@v@-l= +1 (mod. pì. 
By means of the Wilson Theorem it may be determined 
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in which cases the congruence 

P= =l (mod. D 
p being any prime ideal that does not divide 2, admits 
solution through integers of the realm (Vm). 

It is evident that in the realm R(V—1) the congruence 
may be solved, and therefore in the following we may 
neglect this realm. 

1. Suppose that p is a prime ideal of the first degree, 


and accordingly that 1, 2, ---, p—1 or -PZ -P73, 


—3 p—1 : 
, —2, —1, +1, F2, ==, 2o ; P= constitute a sys- 


tem of incongruent numbers. 
It is then seen that 


pes Sa? pol 
pi-p2*--p,=(—1) ? (1-2-3---25*) =(-1) 7; 


and consequently that 
=a 
(sites —1 (mod. y). 

Hence the number yz is a solution of the congruence 

g= —1 (mod. p), 
when and only when 

p—1=0 (mod. 4). 

2. Suppose next that p is a prime ideal of the second 

degree. In this case the numbers r+sw for 


a] =9 =1 

rae PS, eel i ae eee ve, 
together with the numbers 

OF et NO St Re, R 
J ? 9 , ? i I ? G) 
and 
—1 2—3 p—1 
iar wine —f 2 W, oP eS =o , Psy i 5} U) 
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form a complete system of incongruent numbers (mod. p). 
It follows that 
p—l z 
Pi Pes py = eae i ) 
A 
X(1-2-3-- ae wT (ri+s1w)?, 


where r, runs from 1 to P=, and sı runs from 


= MN SA 2 
-P> to per5, Writing P-D tpl in the form 


(p—1) (27) it is seen that this product is an even 


integer and consequently 


pı'Ppz'**P, == —1 (mod. p). 
It follows that the congruence 
#=—1(mod. p) 


is in an arbitrary realm always solvable for a prime 
modul p of the second degree. 

ART. 226. Linear Congruences with Respect to Ideals. 
In the case of the linear congruence 

ag=ß (mod. i) 
the question is: under what condition can such a con- 
gruence be solved through an integer of the realm? 

First Case. Let the ideal (a) and the ideal i be 
prime to each other. If then for ¢ all numbers p of a 
complete system of residues with respect to i are written 
api, ape, ***, ap, these numbers must again form a 
complete system of residues: for if 

ap,=ap,; (mod. i), 
then is 
a(ps—p:)=0 (mod. i). 
And, since e is relatively prime to (i), it would follow that 
Ps=p: (mod. i), 
contrary to the hypothesis. 
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The integer 8 can therefore be congruent with respect 
to i to one and to only one of the numbers ap. 

If ap=8 (mod. i), then is =p a solution of the con- 
gruence and the only possible one of the entire system of 
residues. Besides this solution, every integer of the form 
p+azity(t,;+i.w) satisfies the congruence, if 2, 2:+tow 
form a basis of i, and z, y are rational integers. 

Due to the Fermat Theorem, 

a? =1 (mod. i), 
and consequently 


E=a?O18, or p= bat O, 
Note that with rational integers the equation 
ax+by=1 


may be solved by means of continued fractions, if a and b 
are relatively prime. This is no longer possible in the 
case of ideals in the realm #Vm, since the Euclid Algorithm 
is no longer applicable. (Art. 111). 

Seconp Case. Take next the more general case 
where (a) and i have the greatest common (ideal) divisor 
ð, so that (a)=ad and i=i>. Then clearly the con- 
gruence 

a£=B (mod. i) 
is solvable only if 0 is a divisor of 8, so that (8) =bbd. 
For if 
(a&—8) =ti=ti’d, 
then we must have a —8=—6=0 (mod b). 

If, however, 6=0 (mod. ò) is satisfied, then the 
congruence admits solution as is shown below. 

By hypothesis a and i are relatively prime. It is 
always possible to find an integer 6 of the realm such that 
Ist (ô) is divisible by the first but no higher power of b, 


and 2nd @) di is prime toi. (See Art. 215). 
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Further determine an integer à of the ideal 5, which is 
prime to i, and write 


The numbers a; and 8, are integers of the realm and 
if the congruence a= (mod. i) is solvable through an 
integer of the realm, say =p, then also the congruence 
a= (mod. i’) is satisfied by the same integer and 
vice versa. 
For if the congruence 
ap=6 (mod. i) 

is true, then also 

Aap=8 (mod. i), 
or 

6a;p =68, (mod. DE 
and consequently 

œp = bı (mod. wi 


Reciprocally, if 
ana E= En (mod. i}, 
then also 
6a\p =68, (mod. he 
or 
Aap=8 (mod. i); 
and since ) is relatively prime to i, it follows that 
ap=8 (mod. i). 
Further since a; is prime to i*, the congruence 
ay&—B8,=0 (mod. i’) 
may be satisfied by an integer p, and consequently also 
the given congruence af=8 (mod. i) has p as a solution, if | 
the greatest common divisor of (a) and i is also a divisor 
of (8). 
We may write all the solutions of the congruence 
ai£=86, (mod. i*^) in the form ¿=p +r +yli +w), (x, y 
rational integers) where 2° and 7j+-7jw form a basis of i’, 
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while all the solutions of the congruence a= (mod. i) 
are of the form £=p+si+t(7,+72w) (s, t rational integers), 
where 7 and iiiw form a basis of i. Observe that 
NW =N(O0)N (Ww). 

These latter ii, integers repeat themselves in the 
sequences of the former 7°73 integers, so that there are 


Ve 


* 


T incongruent numbers with respect to the modulus i 
which satisfy the original congruence, and this number 
is N (b). 

What has been proved may be formulated as follows: 

THEOREM. A linear congruence a= (mod. i) may be 
satisfied by an integer of the realm, if and only if the greatest 
common divisor 6 of the ideal (œ) and the ideal i is also a 
divisor of the ideal (8), and in this case the congruence has 
exactly N(b) incongruent solutions. 

This theorem is in its entire development true, if the 
modulus t is replaced by an integer y of the realm; and 
the result may be formulated as follows: 

A Diophantine equation with integral coefficients a, £, Y 
belonging to the realm R(vm): 


at+yn=8, 
admits solution (and therefore infinitely many solutions) 
if the greatest common ideal divisor of (a) and (8) is 
also a divisor of (y). 

The following theorem for simultaneous congruences is 
often of use: 

THEOREM. If a, a2 are two ideals that are prime to 
each other, and if o1, a2 are any two integers of the realm, 
there is always an integer £ which simultaneously satisfies 
both congruences 

£=a, (mod. a), =a, (mod. az). 
14 
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Proof. Suppose that the integer p of the realm satisfies 

the congruence 
£=a, (mod. a). 
Suppose further that a; = (7, 7; +2), so that the general 
solution of the above congruence is £=p+oi1+7(t1+1.w), 
where o and 7 are integers of the realm. In order that £ 
may also satisfy the second congruence, the integers c 
and 7 must be so chosen that 
ptoitr(ytiow) = Qo (mod. a1), 
and 
ot+7(t,; +120) =a2—p (mod. az). 
Next write c=Aé, and 7=Bé£, and so choose A and B 
as rational integers that 
At+B(ti+iw) = aj, 

say, is relatively prime to az, which is possible since aj is 
an integer of the ideal aı, which ideal is prime to ae. 

It is then seen that £& may be determined as a root of 
the congruence 

ait =a: —p (mod. oz). 

The quantities e and 7 thus determined offer the required 
value of & (Sommer, Vorlesungen, etc., p. 91). 


Remark. The congruences x,f=a, (mod. ay), K2e=a. (mod. 
az) where xı is prime to a; and kz to a2, and where a; and a» are 
relatively prime, may through multiplication by respectively 
KPOD-1 ond KZ- be brought to the two forms of congruences 
above considered. 

Exampie. Derive the necessary and sufficient conditions for 
the solution of two simultaneous congruences where x, and a; as 
also x, and az are no longer relatively prime. 


a 
QUADRATIC CONGRUENCES AND THE SYMBOL (<) 


ART. 227. The most general congruence of the second 
degree with respect to the modulus p is 


(1) af’+2a,é+a2=0 (mod. p), 
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where a, œi, aœ are arbitrary integers of the realm. If a, 
a1, œz are all prime to p, the above congruence has a root, 
if the congruence 


a(ae?+2a,£+ a2) =0 (mod. p) 
admits solution and vice versa. (Read Smith’s Report, pp. 
55 et seq.) 
The last congruence may be written 


(atta) +aa:—ai=0 (mod. p); 


and the question whether the congruence (1) is solvable in 
integers of R(Vm) is identical with the question whether 
the combined congruences 


(2a) o’ +a'=0 (mod. p) 
(2b) aé+a,=c (mod. p) 
may be solved. Since (2b) admits solution when ø 
is known, the question to be answered is whether (2a) is 
solvable. 

If in the original congruence a or æ are divisible by p, 
this congruence reduces to one of the first degree. 

[f on the other hand a is divisible by p, the congruence 
(1) reduces to 

a +a:=0 (mod. p). 

Since «œ is prime to p this congruence admits solution if 
(3) aN (ae -+- as) =0 (mod. p) 


can be solved. 
Due to the Fermat Theorem the last congruence takes 
the form 


#+a°=0 (mod. p); 


and the question as to the solution of the general con- 
gruence of the second degree resolves itself into the 
question respecting the solution of a congruence of the 
first degree in the special cases or of a pure congruence of 
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the second degree of the form 
(1) £—q@=0 (mod. p). 


It is therefore only necessary to consider this con- 
gruence, and we begin with the case where the prime 
modulus p is not a divisor of the principal ideal (2). 

If æ is divisible by p, we have the congruence #=0 
(mod. p) which admits a double solution. Hence only 
the case where a is relatively prime to p is left to be 
considered. 

If is a primitive number with respect to p, there is an 
integral positive exponent a such that 


&*=a (mod. p); 


and it is evident that the given congruence (1') is solvable 
only when a is an even integer, say a =2a,, in which case 
£=6™ is the evident solution as is also £=—6*. We 
shall next see that the sufficient and necessary condition 
for this is that 


N&)-1 N@)-1 


a ? =(6*) 7 =+1 (mod. p), 
a result which may be expressed as follows: 

THEOREM. The quadratic congruence #=a (mod. p) 
with respect to a prime modulus p, which is not a divisor of 
(2) ts for an integer a, prime to p, solvable by two incongruent 
integers of the realm, when and only when 

N@)-1 
a ? =-+1 (mod. p). 

ART. 228. If a congruence =a (mod. p), where æ is 
not divisible by p, is solvable, we say a is a quadratic 
residue ! with respect to p; and if this congruence does not 
admit of solution, we say that œ is a quadratic non- 
residue with respect to p. 


1 Dirichlet, Zahlentheorie, p. 75. 
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The first case is denoted by the symbol 


= 


while in the second case, the symbol 


is used to denote that there is no solution. 
Due to the generalized Fermat Theorem 


am] (mod. p); 

or 

N@)-1 N&)-1 

(a * —1)(a ? +1)=0 (mod. p). 
Both factors on the left are not divisible by p; for in 

N@)=-1 

that case 2a ? would be divisible by p, which is not 
N@®—1 

true since neither 2 nor a ? is divisible by p. It 
follows that either 


N@®)-1 N&)—-1 


a ? =1(mod.p) or a ? =—1 (mod. p). 
In the first case we have 
N@)—-1 N@)-1 


a ? =(6) ? =1 (mod. p), 
which is true if a is an even integer, and we then have 


(= 


In the second case we have 
N()—1 N(y)—-1 


a ? =(&) ? =-—1 (mod. p) 
and consequently a is odd and therefore 


If, therefore, p is not a divisor of 2 and if wis any integer 
of the realm R(Vm) that is not divisible by this prime 
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ideal, it is seen that œ is a quadratic residue or non- 
residue with respect to p according as 
N@)-1 N@)—1 
a ? =+1 or a ? =—1 (mod. p). 
Both cases are expressed through the congruence 


N@®)—1 
ain =(2), (mod. p). 


Due to the theorem relative to the existence of primi- 
tive numbers, and the fact that 4, a, ---, &Y®-! repre- 
sent a complete system of incongruent numbers with 


N() 


respect to p, it also follows that there are aal imi incon- 


gruent quadratic residues and an equal number of non- 
residues with respect to the prime ideal p, where p is not a 
divisor of 2. 

THEOREM. If a and ß are two integers of R(Vm) that 
are not divisible by p, then is 


9-00 


Proof. We have 


xoz B es d . 
Ge R 


and therefore 


QO- E) motn 
It follows that 
06-6) 


The case where p is a divisor of 2 or of the ideal (2) 
may be treated independently. 

For if in the realm R(Vm) the ideal (2) is reducible into 
two factors p and p’, then N (p) =2 and (p) = 1, and there 
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is only one incongruent integer (mod. p), namely p=1. 
Since a by hypothesis is prime to p, it is seen that 
a=1 (mod. p), and consequently #=1 (mod. p) is 
solvable. 

In Art. 216, Cases I and II, it was seen that 2 is either 
=pp’ or to p’, when m=2 (mod. 4) or m=3 (mod. 4); and 
it is irreducible (Art. 216, Case III) when m=1 (mod. 4), 
and that is, when m=5, 13, 21, 29, etc. In this case 
N(p)—1=3. Here the integers 1, w, 1+ form a system 
of incongruent residues, mod. (2). Observe, however, 
that 

#=1 (mod. p) admits solution §=1, 
=w (mod. p) 9 f: E=1+7w, 
#=1+ow (mod. p) “ Goo E= 


Hence in all cases (<) = +1 where p= (2) or is a divisor 
of (2). 

ART. 229. If we wish to extend the previous con- 
siderations by taking a quadratic congruence 

#—a=0 (mod. a), 

in which a is an arbitrary ideal modulus, we must first 
consider the case 
(1) #—a=0 (mod. p*), 
which is a congruence with respect to the kth power of a 
prime ideal. This case alone we shall discuss here. 

I. Suppose that p is not a divisor of (2). It is evident 
that the congruence (1) can be solved only if the con- 
gruence £—a=0 (mod. p) admits solution, and that is if 


op 


But if this condition is satisfied and if à is a solution of 
the latter congruence, where à is also prime to p, there 
are an infinite number of roots of the form £=\+7pp, 
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where p is a prime rational integer that is divisible by p, 
and where p runs through all the integers of the realm. 
Among these numbers A+ 7p there must be a root of the 
congruence 

#—a=0 (mod. p*), 
if such a root exists. 

We first put k=2 and assume that p is not divisible by 

p. We must then determine p so that 

(A+pp)?—a=0 (mod. p°), 
or 

2php +h? —a=0 (mod. p°). 
If *—a=0 (mod. p?), it is only necessary to put p=0. 
If this case is excluded, we must determine whether or 
not an integral value may be found for p such that the 
congruence 

2pr\p +d? —a=0 (mod. p?) 
is satisfied. 

Since à satisfies the congruence »—a=0 (mod. p), 
it follows that p, the greatest common divisor of 2p\p and 
(mod. p?), also divides *—a, and consequently the 
resulting congruence admits solution. If p=po satisfies 
this congruence, then £=A+ pp is a solution of the 
congruence £?—a=O0 (mod. p°). 

[In an analogous manner it may be shown that the 
congruence 

¿=o (mod. p?) 
admits solution; and in general the following theorem is 
had: 

THEOREM. If p is a prime ideal of R(Vm) and is not a 
divisor of (2) and is not a divisor of the discriminant of the 
realm, and if a is an integer of the realm that is not divisible 
by p, then the congruence 

#=a (mod. p*) 
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admits solution or not, according as 


GJ (= 


If p? is a divisor of the rational prime integer p, and 
that is; if p is a divisor of the discriminant (Art. 216, end of 
Case III), the discussions respecting the solution of the 
general congruence must be somewhat modified. 

It is easy to see that in this case the congruence 

#—a=0 (mod. p*) 

is only solvable for an arbitrary exponent k, if 
&—a=0 (mod. p?) 

admits solution. 

II. The case where (2) is divisible by the prime ideal p 
may be settled in a manner similar to the preceding case 
and offers the following theorem: 

THEOREM. If pis a prime ideal of the realm R(Vm) 
and ts a divisor of (2), and tf a is an integer of the realm that 
is relatively prime to y, then the congruence £—a=0 (mod. 
p*), where k is an arbitrary rational integer, admits solution 
if, and only if the congruence 

£—a=0 (mod. p°) (i) 
has a solution, in the case that p is a prime ideal of the first 
degree, and if secondly 

#—a=0 (mod. p?) (ii) 
has a solution, where y is a prime ideal of the second degree. 

Observe that if n satisfies the congruence 7?=a (mod. 
2°), so that 

n—a=2y, 
and if we substitute £=7+A2? in the congruence =q 
(mod. 24), we have 
0= 2 —a=23[y+An4+ 2d? | [mod. 24], 
and this congruence may be satisfied since à may be 
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determined so as to satisfy the congruence y+)y=0 
(mod. 2). 
Similarly, if 
#—a=0 (mod. 2"), kS8, 
can be solved so that 7?—a=2*y, then by the substitu- 
tion £=7+)2* it is seen that we can solve ¢2—a=0 
(mod. 2**), 

The question for what values of a are the congruences 
(i) and (ii) solvable, may be determined through a 
discussion of all possible individual cases. It is seen that 
for both cases we must have 

a=1 (mod. p’) or a=1 (mod. 2’); 
and in either case there are four incongruent solutions, 
namely +1 and +3. 

A method is not given here for the calculation of the 


symbol (<). In a later chapter a more general symbol 


and the accompanying theory is discussed (see Chapter 
X). A more detailed account of what has been given 
above with numerous illustrative examples is found in 
Chapter XII of Reid’s The Elements of the Theory of 
Algebraic Numbers. 

ART. 230. Units! of the Quadratic Realm. Among 
the integers of a realm appear the “ units ” which play 
an interesting rôle. By these units is understood every 
integer of the realm which is a divisor of +1, or, what 
amounts to the same thing, every integer whose norm is 
equal to +1. Ina discussion regarding algebraic units it 
must first of all be proved that there exist such units 
which are different from +1. 

TueorEM I. Jn an arbitrary imaginary realm, the 
only units are +1. However, in the realm R(V—1) other 


1See Smith’s Report, p. 98; Sommer, Vorlesungen, etc., p. 98. 


C 
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units are +V—1, and in the realm R(V—3), further units 
1+V-3 
2 — 

Proof. Consider first the realm #(V¥—1). In this 
realm x+v—ly is a unit if its norm = +1; and that is if 
v+y=+1. It is clear that xz?+y?=—1 cannot be 
satisfied by real values of z and y. However, the 
equation z?+y?=+1 may be satisfied by the four 
systems of values as given in Art. 99, which offer the 
units +1, +7, which are the four fourth roots of unity. 

Further in the realm 3t(¥—3), whose basis is 1, 


are + 


8 an integer s+ may be a unit of the 
realm, if 


and that is, if 
(tay) Eada E 
It is evident that when the lower sign to the right is 


taken, the corresponding equation cannot be solved in 
real integral values of x, y. However, the equation 
ea y= 
admits six solutions with the corresponding units +1, 
+= E a d n A ‘= Lee 
2 2 
(Art. 99) quantities, that are the six sixth roots of unity. 


ART. 231. For every other arbitrary imaginary realm 
NR (Vm), an integer of the form 


xtvmy, if m1 (mod. 4), 
or of the form 


preety 


+w 


if m=1 (mod. 4), 
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can be a unit only if 
v—my = +1 
in the first case, and if 


(+i) -F= 


in the second case. Note that m is a negative number in 
both cases, as the question before us is regarding imagi- 
nary realms. 

In the first case |m|=2 and in the second case |m] 57. 
In either case the only solutions are r= +1. It follows 
that +1 are the only units in the general imaginary 
realms. 

THEOREM II. In every real realm R(Vm) there exist an 
infinite number of units different from +1, and among 
them there is one fundamental or principal unit e which in 
absolute value is greater than 1 and is such that every unit of 
the realm may be expressed in the form e, where e is a 
positive or negative rational integer. 

The proof of this theorem is divided into two parts: 
First, it is proved that in every real realm (Vm) there are 
an infinite number of units which are different from 
+1; and then the fundamental unit «is derived which has 
the properties stated in the theorem. 

The first part of the proof is identical with the proof 
that the equation 

r —my = +1 [if m#1 (mod. 4)], 
or 


(+3) -T= aki [if m=1 (mod. 4)] 


admits solution in integral rational values of z, y (at 
least for +1 on the right hand side of the above equa- 
tions) for every positive integer m. 

Denote the discriminant of the realm by d and observe 
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that 1, w= Vm are a basis when m#1 (mod. 4) and that 1, 
1+vm 


=w constitute a basis when m=1 (mod. 4). 


y 
Consider the linear forms with real coefficients 
J =L—wy, 
f'=x— w'y, 


with determinant w—w’, which is positive and equal to Vd. 
It is clear that 


ff =z? —my’, when m#1 (mod. 4); 
and 


ff =2-+ayt Ty, when m=1 (mod. 4). 


Due to the Minkowski Theorem (Art. 26) if k and kı 
denote real positive quantities such that kk,=~d, it is 
always possible to find rational integers x, y such that 
lf| = |r— oyl 5k, 
If’| = |z—-o’y| Ski. 
First let k=1 and k,= Vd and determine two rational 
integers 21, yı such that 


|t1—wy1| =1, 


\ti—w'y1 | = Vd. 
Let 
Oa ae COUT and a =Ti— w yY. 
Next let 
Talal and ky = 24. 
2 |a] 


and determine two rational integers xz and yz so that 


|a|] 
2 , 
24d 


PE PA (em oe 
|£ velar 


|t2—wy2|S 
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and write a,=2—wY2, @2=X2—w'y.. Then write 
_ 2vd 


k= sol ky Teal’ 
and determine integers x3, ys such that 
a l 
2Vd 


|z3—w'ys| =—_, 
|æ] 


|zrs— wys | 5 


and put a3=23—wy3, &3 =23—w'Ys, ete. 

Note that x1, yı are not the same as £2, Ya, and that 22,y2 
are different from 23, ys- 

In this manner we may determine an infinite series of 
integers a1, a, a3, ++, such that |ai| > laz] >ļaæsl e.. 

Note, however, that (ai), (@2), (@3), --- form an 
infinite number of ideals whose norms are all in absolute 
value =Vd. On the other hand it was proved (Art. 211) 
that there are only a finite number of ideals whose norms 
are less than a given quantity. Hence in the series above 
the ideals must repeat themselves, so that (a1) = (a), say. 


Since [a| > |a| it follows that "#41. 


It is further seen that is an integer, and also that a 
r 1 
is an integer, the reciprocal of the first integer. 
Hence (Art. 90) we may write a, =¢,a,, where e, is a unit 
that is = +1, and where 


E la| 
le, | = | ar, | S15 
Since e is a unit, N(e-)=+1, and it is clear that 
N(ê)= +1. 
Hence in every real realm there are algebraic units 
whose norms = +1. At the same time it is proved that 
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Pell’s equations 


z- my =l when mæ#Æl (mod. 4), 


tyt e=] when m=1 (mod. 4), 


always admit solution in integral values of x, y. (See 
Art. 99.) 
However, it has not been shown! that the equations 


r—my=—1 and 2 ayt yy = beat 


admit solution. Only for special values of m has it been 
determined whether or not these equations admit 
solution. 

ART. 232. After it has been shown that in every real 
realm there are units which are different from 1, it is 
easy to see that the powers in positive and negative 
integral exponents of such a unit e offer an infinite 
number of other units that are different from e,. 

If e is any unit, then for any integral exponent a, the 
following equation is true: 

Ne) Nee), 
and consequently also e is a unit. 

If, further, a, a; are integers such that a>a,>0, and if 

ele, then is |e*| > |e, 
while if 
le eas then is le kceri] 

It is evident that e° and e“ are different from each other 
and that their product is not equal to +1. 

Corresponding to every integer e, whose absolute value 


3 : zel 
is less than 1, there is another unit zi whose absolute value 


is greater than 1. 


1 See H. Schubert, Unterrichts und Vorlesungsprazis, Vol. 2, p. 160, Leipzig, 
1905. 
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If the equations 
1 
ve—my=—-1 or æ+Hry + 


an T RE 
A 


admit solution; and that is, if in R(Vm) there is a unit e, 
such that NV(e,) = — 1, the odd powers of e, give an infinite 
number of units whose norm = —1, so that there are an 
infinite number of solutions of the above equation. The 
even powers of e, on the other hand offer an infinite 
number of solutions of the equations 


—my=+1, +y = +1, 


since N (e°) = +1. 

The units whose absolute value are greater than unity 
may be arranged according to their magnitudes. If x, yı 
and we, yz are positive integral solutions of 


-my = +1 or (a+3y)?— T= +1, 


and if zı ><», then also it is seen that yı > yz and vice versa. 

It is also observed that if m#1 (mod. 4) and if 
ni=aity.Vm is a unit in R(Vm); if further z; is positive, 
then |7;| >1 when yis positive. If further nı = zı +yı V, 
n= 22+y2Vm are units of this nature, and if yı and yz are 
both positive, and if y:>y_ then also is |ņı| > |n2| and 
vice versa. 

If the solutions of the equations 


z — my = +1 or ee tayt P= 41 


are determined for the upper sign and as far as possible 
for the lower sign, and if the corresponding units 7; are 
determined when |7;|>1, and if they are arranged 
according to the magnitudes of y; we have the absolute 
values of 7; themselves, the smallest one corresponding 
to the smallest value of y. Denote this unit by e, where 
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neglecting the factor — 1, e is completely determined and 
is the fundamental unit of the realm, being such that 
lel >1. 

If n is an arbitrary unit of the realm such that |7| >1, 
then a positive integer e may be found such that 


e= lls lem! 
or 
tattle jil, 
Jer] 


From this it would follow that there is a unit 3 of the 


realm whose absolute value lies between 1 and |e|; but 
this contradicts the definition of e. It follows that »=e*. 
In the same manner it may be shown that a unit 


; ; 1 5 
whose absolute value is <1, is equal to + = where e, is a 


positive rational integer. And it is thus proved that all 
the units of the realm R(Vm) may be expressed in the 
form e° where e goes through all rational integral 
values (see Gauss, Disq. Arith., V, 200). 

If the realm contains units whose norms = —1, it is 
evident that the norm of the fundamental unit must be 
—1. For if 7 is a unit whose norm = +1, then 7 raised 
to all rational integral powers offer units whose norms 
=-+1. 

Write «=ai1+y.w where yı is positive, and observe 


that xı, yı (when m#1 (mod. 4)) and a+, yı (when 


m=1 (mod. 4)) offer the smallest integral positive so- 

lutions of the equations: 

1l—m 
4 


The positive signs to the right are to be taken when 


iia: S or FHT y= 1. 
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N(e)=+1; and when N(e) = —1, the negative signs on 
the right must be used. 

If it is not certain that the norm of the principal unit 
is —1, that is, whether the two above equations with 
negative sign to the right, admit solution, we may 
proceed as follows: 

By solving the equations 


2—my=+1 or pay ++ p=, 


compute the unit 7 which is least in absolute value and 
such that |y|>1. Write 7=2,+0y1. 

[f e and not n were the fundamental unit where 
N(e) = —1, then since N(e) = +1, we must have 


e= (t+ oy) = ty = £(21-+ 01). 


If these equations do not admit solution in integral 
values of x, y, then ny and not e is the fundamental unit. 


ART. 233. What has been proved above for the 
imaginary and real quadratic realms may be summarized 
as follows: 

Tue DIRICHLET THEOREM. In a quadratic realm all 
the units may be expressed in one and in only one way 
through a fundamental unit in the form pe’ where p is a 
root of unity which belongs to the realm (for the case 
R(V—1) or R(V—8)) and is otherwise equal to +1, and 
where e= +1 for imaginary realms, and is different from 
1 for real realms. 


EXAMPLES 
1. For the realm R(-V3), the fundamental unit is e=2+3. 
Note that the equation 
a? —3y?= +1 
may be solved only for the upper sign, and that x=2, y=1 are the 
smallest (positive) values for the solution of the equation 2? —3y?= 1. 
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Further units are 
m=e=744N3, 
m= =26+15V3, 
etc. We further have 


= 7-43, 
e= 26-1573, 
etc. The norm of all the units is +1. 
2. R(V14). The smallest integral solution of the equation 
z*—14y?= +1 
is had for z=15, v=4, so that 
e= 15+4V14, 
e=449+120V14, 
&=13455+3596V14, 
etc. 
f=1=15-4V14, 


€ 
€2= 449 —120V14, 
etc. The equation 
x—14y°= -1 
does not admit solution in integral values of 2, y. 
3. R(V5). The smallest integral solution of the equation 
esr yp i 
is s=0, y=1, so that 


=w, and N(e)=-—1, 
e=l1+w, N(e)= +1, 
e=1+2w, N(é)=—-1, 
etc. It is also seen that 
dada 


ART. 234. Realms in Which There Is an Odd Number 
of Classes. 

THEOREM.! Every integral or fractional number œ of 
the realm R(Vm), whose norm is +1, may be expressed as the 

1 Hilbert, Zahlb., Chapter XV, § 54; Sommer, Vorlesungen, p. 107. 
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quotient of lwo conjugate algebraic integers in the form. 
Y 

Proof. An integral or fractional number œ of the 
realm R(Vm) may always be expressed in the form 


a,b 
a=—+-u, 
C C 


where a, b, c are rational integers whose greatest common 
divisor is unity. 

Further, since N (a) = +1, it is seen that a and b are 
relatively prime. 

The proof must be divided into two parts according as 
m=1 (mod. 4) or m#1 (mod. 4). 

Case I. mæl (mod. 4), w=Vm. If we put 

a= (aba) = ZEW, 


+yw 


it is seen that x and y are to be determined from the 
equations 
a b 
YS le enn 
( ye pe 


b a a) 
te (4+1 )y=0. 


These equations may be solved in integral values of z, y 
if the determinant vanishes; and that is, if 


g b? 
a Bd 


is zero This is true since the determinant just written is 
1—N(a)=0. As solutions we have 


M p 
w=-(a+e), eri 
where ¢ is a common divisor of a+c and b. 
Case II. = 
m=1 (mod. 4), —ltvm site a 


2 
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Again we may write 
cc 
= _(a+bw) = 
a= K +bw) = Peeve 
We have for the determination of the integers x, y the 
two equations 


* 1 Bm 
o+1- a ocr aaa 1—N(a)=0 
As in the still case we may write 
a+c p 
v= RI UET 


t being any divisor of a+c and b. 
In both cases y has the form 


La+e+ba) =2(1 +0). 


If as a particular case æ is an integer of the realm and 
consequently a unit, we may write for y the expression 
le. 

ART. 235. THEOREM. If the discriminant of a real 
realm R(Vm) contains only one prime number, then the 
norm of the fundamental unit of this realm is —1. 

It is seen that the discriminant of the realm 9t(v2) is 
8 =23, while that of the realm 9t(vp) is p, if p=1 (mod. 4). 
These are the only quadratic realms whose discriminants 
contains only one prime factor. 

Suppose that e is the fundamental unit. Further 
assume that N(e)=+1. Then due to the preceding 


theorem we may write «= ce where y is an integer and 7’ 
F 
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its conjugate. It follows that ey’=y or (y)=(y’). 
Hence (y) being an ambiguous ideal? is divisible only by 
ambiguous ideals. Besides rational integers the only 
ambiguous ideal (Art. 216, third case, end) is vp. It 
follows that (y)= (a) where a is a rational integer, or 
(y) =(Vp), where 2 is included among the prime rational 
integers. 

In the first case y=na and in the second y=nVp, 
where 7 is an algebraic unit. 

It further follows that 

nyp 
—1/Vp 
And consequently e contrary to the assumption is not the 
fundamental unit. 

This theorem proved by Lejeune Dirichlet, Works, I, 
224 is also proved by Hilbert, Zahlb., XVII, § 68. = 

THEOREM. If the discriminant of a realm R(Vm) 
contains only one prime integer p, the number of classes h 
of the realm is odd. 

If contrary to the assertion, we assume that A is an even 
integer, we can determine an ideal t which is not a princi- 
pal ideal such that ?~1 anditi’~1. (Note that if ais any 
ideal, a° ~1). 


a 
e= +7’, or e= = +7’. 
na 


It follows that i~i or p=a, where œ is an algebraic 


number (rational or integral). And since i= at’, it is seen 
that. 
N(i) =N(a) Ni’) or N(a) = +1. 
As shown in the preceding theorem, the norm of the 
fundamental unit e being —1, we may write 


ae en 
x, 


1 An ambiguous ideal is one that is equal to its conjugate and which is not 
divisible by a rational integer. 
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and 
r 
«=L if N(a)=—-1. 
gi 


It follows that 

Qi Gt. 
Hence the ideal (yi) can have as factors only rational 
integers and ambiguous ideals. 

The realm R(V—1) has the ambiguous ideal (1+V—1), 
and every other realm (Vm) [in which m=2, or 
m=p=1 (mod. 4) ] has the ambiguous ideal Vm. 

It follows that (y)i=(a), or =(aVm) or a(1+V—1). 
And these are all fundamental ideals so that in each of 
these cases i~(1). This is, however, contrary to the 
hypothesis that i was not a principal ideal. 

Art. 236. The Hilbert Number-Rings.' If a, 8, 
y, «+: are arbitrary algebraic integers of the realm 
M (Vm), the aggregate of all integers which are had from 
these algebraic integers together with rational integers 
through the usual operations of addition, subtraction, 
and multiplication, and that is the aggregate of rational 
integral functions of a, 8, y, +++, with integral rational 
coefficients forms what Hilbert (Zahlb., Chapt. IX) 
called a “number ring” (Zahlring), or ring. It is 
simply a realm of integrity as defined in Art. 182 and 
Art. 28. 

A case of some interest is presented in connection with 
the realms of rationality (vm) where m=1 (mod. 4). 
It was seen in Art. 98 that a basis of all integers of such 
1+Vm 

ais 
may study the ring or realm of integrity that has as basis 
the two elements 1, Vm. This ring may be denoted by 
t(vm). 


1 See Report on Algebraic Numbers, pp. 59, 74. 


realms is 1, w= Associated with such a realm we 
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It is evident that 

Ist, every integer of r(Vm) is an integer of R(vm); 

2nd, every integer of r(v¥m) has the form x2+yvm, 
where x, y are rational integers; = 

3rd, if wi, w and wi, w3 are two bases of the ring (rv), 
then 

wi =rwı F Sw, w = tw; FUw, 
where the rational integers r, s, t, u are connected by the 
relation ru—st= +1 (see Art. 94). The expression 
ee 

1, —vm wy, we 
is called the discriminant of the ring. It is (see Art. 98) 
a multiple of the discriminant of the realm (Vm). 

If i=(a, B, y, ---), then is 

(a, b, 15 °° >) a (a, b, sty adi tBrt+yrA3s+ aS -), 

where Ai, A», Az, +- are integers of the ring. The notions 
and definitions which have been given for bases of ideals, 
norms of ideals, conjugate ideals, products of ideals, ete. 
are at once applicable to ring ideals. 

If, for example, i, = (a, 8, y, ---), and if 7 is the greatest 
common divisor of all the rational integers of this ring; if 
further a=a,+b:Vm, B=a.+b.Vm, ---, and if % is the 
greatest common divisor of bı, be, ---, then the basis of 
the ring ideal i, is i, 7, +7.0, where N (1; +120) =0 (mod. 2), 
since every rational integer that may appear as an 
element of the ideal i must be divisible by 2. 

It is also seen (Art. 209) that N(i,) =tte. 

However, all the theorems that have been derived for 
the integers of a realm of rationality 3t(vm) are not at 
once applicable to the associated ring ideals. 

For example in the ring r(¥—3) the number 4 may be 
factored in the two ways 

4=2-2=(14+V—3)(1—V—3), 


2 * vale) 
Wi, We 

fe fe 
Gy, We 


Wi, We 


=4m 
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where 2, 1+ ¥—3, 1—V—3 are irreducible integers of the 
ring. 

For it may be shown that no rational integral values 
of x, y satisfy either of the equations 

(1+V—3) =2(2+yv—3), 
=(1+V—3)(4+yV—8). 

If we wish to set up the ideal prime factors of 4, we do 
not find that such a factorization is unique, as is the case 
for the realm R(V—=3). 

For write 

i; =(2, 1+V¥—3), v= (2, 1-V¥=3). 
We have at once 
i,t = (2?, 201+ V—3), 2(1 aa 4) 
= (2)[2, 1+ V¥—3, 1-V¥—3]=(2)(2, 1+ V—38). 
Note, however, in the realm #(V—3), that 
i= (2, 1+V—3) =(2, 2w) =(2), 
is a principal ideal and that in this realm 
1+V-3 
2 


=wWw=e, 


say, is a unit. 

It follows that 1+V—3=2e and 1-V—3=2e. In 
general an ideal of the realm R(Vm) is not at the same 
time a ring ideal; however, there are always an infinite 
number of realm ideals which are at the same time 
ring ideals. 

ART. 237. The greatest common divisor of all realm 
ideals which are at the same time ring ideals is called the 
leader of the ring or ring-leader. This ring-leader for the 
realms (vm) is the ideal (2). 

THEOREM. A realm ideal i is a ring ideal, if and only 
af the realm ideal is divisible by the ideal (2). 

For if i is a realm ideal which is divisible by (2) and if 
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i=(2)ti, where i = (2, 4: +22), then clearly i contains only 
integers of the ring of the form 2i, 2¢:+7.(1++Vm) and 
consequently is a ring ideal. Hence if the realm ideal 
i=(a, b+cvVm) is at the same time a ring ideal, then a 


ahi) which 


is an integer in the realm ideal, is not an integer in the 
ring ideal. Similarly b—c must be even; otherwise 
(b-+cvVm)w’ [an integer of the realm ideal] 

= (b—c)w! +cw'(Vm+1) =(b—c)w'+e Lom 
is not an integer of the ring ideal. 

From this theorem it follows at once that the ideal (2) 
is the ring-leader of the ring t(vm). = 

If i=(a, B, y, -:+) is an ideal in R(vm), where 
a=ataw, B= A etc., and i = (a, 8, Y, - een E 
ideal in r(¥m), where a= a = AR a -++, the 
ideal i is the associate of the ideal i,, and if i is prime to the 
ring leader (2), then i, is called a regular ring ideal. 

It may be shown that the simple theorems for divisi- 
bility, which are true for the realm ideals, are also true of 
regular ring ideals, if the product and quotient of two 
ring ideals are defined in an analogous manner as they 
were for the realm ideals. 

This is put into evidence through the following two 
theorems: 

THEOREM. If iis an ideal of the realm R(Vm), which is 
prime to the ideal (2), there always exists in the ring r( Vm) 
a regular ideal i, which is associated with the ideal i. 

Proof. Let i be the realm ideal 

i=(a, b+cw) 
with basal elements a, b+cw. If further iis prime to (2), 


a must necessarily be an odd integer; and as a is divisible 
by c (Art. 206), c must also be odd. 


must be an even integer, otherwise a-w=a 
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This being supposed, the ring ideal 
t-= (a, 2b+4+2cw) 
is associated with the realm ideal i. 
For, due to the fact that 


ET IE, HAEL (2b -+2cu) tg) 


it is evident that 
(2,—a(b-+e0)) +9$7 (2b-+-2eu) )=(a,5F*(26+2eu) ), 


2 2 
and since a and stl are relatively prime, 
(o 257 (2b+20u) ) = (a, 2b-+2cw). 


ART. 238. THEOREM. The product of two regular ring 
ideals is an ideal associated with the product of the associated 
realm ideals. 

If, as in the preceding proof, 

i= (a, b+cw) and h= (a, bitew) 
are two realm ideals associated with the ring ideals 
i= (a, 2b-+2cw) and b-= (a1, 2b: +2cw), 
it is seen that 
ih =(aa,, a(bitcw), ai(b-+ew), (b+ cw) (b1+¢eiw)) 
= (aa), a(2b;+ 2c), a:(2b+2cw), 
4(b+ cw) (bi +c1w)) = irh. 
For due to the fact that 4 and aa, are relatively prime, it 
is possible to find two integers k and g such that 
maa,+g4=1. 
Hence 
kaa,(b+ cw) (bi +¢e1w) +94(b+ew) (b1 +61) 
= (b+cw) (bi +.) 
may be added as an element to the last written ideal, 
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while 


a+l1 


—aay(b-+ ew) +a (2b+2cw) = ai(b+cw) 


and 


—aya(b; +e) Hail 


(2b; +2c1w) =a(bi+cw). 

And when these two expressions have been added as 

elements, the equality of the above ideals follows. 

a,t+1 
2 


Observe that aa, and a have only the common factor 


a. 

This theorem taken with the preceding theorem shows 
that every regular ring ideal may be decomposed into a 
product of regular prime ring ideal factors in only one way. 
It is evident if i, is a regular ring ideal and if i is the 
associated realm ideal, prime to the ideal (2), that i may 
in a unique manner be factored into a product of prime 
ideals, which are all prime to (2). To each of these prime 
factors there corresponds a regular ring ideal, and their 
product is associated with the realm ideal i. But, as 
i, is the ring ideal associated with i, it is seen that this 
product of ring ideals is i,. 

The norm of a regular ring ideal is equal to the norm 
of the associated realm ideal, and the theorems regarding 
the norms of regular ring ideals have their analogies in 
those of realm ideals. 

Two regular ring ideals a, and 6, are equivalent and 
written a,~b,, if there exist in the ring realm r(V¥m) two 
integers a, 8, so that Ba, = ab,. 

All equivalent ideals belong to a definite class, and 
there are a finite number of these classes (Art. 218). 

Regarding the units of the regular ring ideals, the 
following theorem is proved. 
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TuroremM. The units of an imaginary ring r(vm) are 
+1; while there are an infinite number of units of every real 
realm ring which may be expressed through the fundamental 
unit e in the form e, where e takes all possible positive and 
negative integral rational values. 

Proof. It follows from Arts. 99 and 231 regarding 
realm ideals that it is only necessary to prove the above 
assertion for real realms and real rings. The proof is 
given in two parts. 

Let a be an even integer, that is, m=1 (mod. 8), 

4 
and let e=x-+yw be the fundamental unit in the realm 
R(Vm). 


It follows, since 


N(e)=+1 Sateen y”, 
that y is an even integer while z is odd; and consequently 
e=ath+ovm 
is also a unit in r(Vm) so that e=e,. 
am is an odd integer; so that m=5 (mod. 8); 


and if again e=x+-yw is the fundamental unit of (vm), 
then from the relation 


If next 


+1 =o tay tity, 


it follows that 1st, y is even, x odd; or, 2nd, y odd, z even; 
or, 8rd, y odd, x odd. For lst case «=e, as above. 
However, for the 2nd and 3rd eases note that 


e =z tyw 
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is a unit of the ring, since 
—1 
n=32yle+y) +y (1+7 ; 


which is an even integer. 

Hence for the 2nd and 3rd cases it follows that e, = e. 
Further note that the norm of the fundamental unit e, 
is positive or negative according as N (e) is positive or 
negative. 


CHAPTER X 


THE QUADRATIC LAW OF RECIPROCITY AND 
ITS ANALOGUE IN THE 
QUADRATIC REALMS 


ART. 239. The Realms 9(V¥—1), 2(v2), R(V—2) are 
Limiting Cases of this law and as such are here con- 
sidered.} 

As will be seen in Art. 264, it was a desire to derive the 
general reciprocity law as Gauss had done for the cubic 
and biquadratic residues, that led Kummer in his arduous 
studies of the ideal numbers. And this was an under- 
lying notion of Kronecker in his investigations of the 
higher forms, and their decomposition into linear factors. 
It is therefore not out of place to devote some space to 
the discussion of this Law of Reciprocity and later in 
Vol. II to the discussion of the Kronecker forms. 

Art. 240. The Realm R(V—1). Next to the realm of 
rational numbers the simplest realm‘is the realm R(V— 1). 
In this realm it has been seen that Euclid’s method of 
finding the greatest common divisor is applicable. 
Hence (Art. 208) every ideal is a principal ideal. 

If an odd prime rational integer is factorable in this 
realm, it consists of two prime ideals, so that 

(p) =p-9'; 
and consequently, 
p=(a+V—1y)(a—V—ly) 


t With Sommer I follow the treatment of Hilbert, Bericht der deutschen 
math. Vereinigung, Vol. IV, pp. 280 et seq. See also Smith's Report, p. 75, and 
p. 120 for Kummer’s Law of Reciprocity. 


417 
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or 
p=}. 

Since p is an odd integer, this representation is only 

possible if, say, x is odd and y even; and consequently, a 

necessary condition for the factoring of pis p=1 (mod. 4). 

See also Art. 246. 

This condition is also sufficient; that is, if p is an odd 
prime integer, such that p=1 (mod. 4), then p is factor- 
able in R(z). For the quadratic realm R(Vp) has as a 
fundamental unit e whose norm is —1 (see Sommer, p. 
109; see also theorem in Art. 235). This carries with it 
also the consequence that there exists the equation 

os WE d ; 

It follows that the congruence 

(22+y)?+4=0 (mod. p) 
admits solution. If the rational integer z is chosen to 
satisfy the congruence 
2z=1 (mod. p), 
it is seen through the multiplication of the above con- 
gruence by 2? that. 
X?+1=0 (mod. p) 
admits solution and vice versa. 

If X =a is a solution of this congruence, it is seen that 

p may be decomposed into two factors so that 
(p) = (p, a+1)(p, a—1). 

Further, since all ideals in this realm are principal ideals, 
it follows that 

p= (x-+ty)(x—1y). 
Since a prime number p=3 (mod. 4) is irreducible in the 
realm 9t(V¥—1), it follows that the congruence 

z?+1=0 (mod. p) 
does not admit solution when p=3 (mod. 4). 
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The integer 2, which is a divisor of the discriminant 
d= —4 of the realm 9(V¥—1), is decomposable into the 
two ideal factors (2) =(1+V—1)(1—V—1) =(1— V¥—1)? 
in the realm (i). In this case (l4+V¥—1) are the 
ambiguous ideals of the realm. We accordingly have the 
theorem due to Fermat and first proved by Euler, 
namely (see Kronecker, Werke, Vol. 2, pp. 3 et seq.): 

The quadratic congruence 

x?+1=0 (mod. p) 
admits solution when and only when p is of the form 
4n+1; or, a number of the form 2?+1 can only have 
divisors of the form 4n+1. 

In other words 


(=)-+1 i oeat, 
and 
(=) =-1, if  p=3 (mod. 4), 


which statements are connected through the formula 


(=c 


The following is a consequence of what has just been 
proved: If m is a rational integer which contains prime 
factors of the form p=4n+3, the congruence z?+1=0 
(mod. m) does not admit solution; and that is, the 
Diophantine equations 


r — my = —1 and a pay +e = —1, 


cannot be solved. It follows further that the funda- 
mental unit e of a realm R(Vm), whose discriminant 
contains a factor of the form 4n +3, is such that always 
the norm 


NO- FI 
15 
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ART. 241. The Realm R(V2). All ideals are principal 
ideals since the Euclid method of division is applicable. 
Of particular interest are those rational prime integers 
which are factorable in this realm. 

If p is an odd prime that is factorable in (V2), there 
are two rational integers x, y which satisfy the equation 
p=2? —2y’. 

The fundamental unit is 
e=1+v2, M()=—1. 

It may be proved that if p =x? — 24? admits solution, then 
also —p=27—2y? admits solution: for we may write 
(p) = (w@+-yv2)(1+ V2) (z —yV2)(1— v2), 

or 
—p=(2+2y)? —2(x +y) = zi — 2yi. 

The Diophantine equation p=2?—2y’, where p is an 
odd prime number, can only be satisfied if x is odd and y 
either even or odd. In the first case 

p= (2n+1)?—2(2m)?=4n(n+1) —8m?+1, 
or 
p=1 (mod. 8). 
In the second case 

p= (2n+1)?—2(2m+1)? =4n(n+1) —4m(m+1) -1, 

or 

p=-—1 (mod. 8). 

These conditions are sufficient for the solution of the 
equation p=2?—2y’; and that is, for the decomposition 
of p into factors. For, write pı=p when p=1 (mod. 8) 
and put pı= —p when p= —1 (mod. 8). It follows that 
pı is a prime of the form p,;=1 (mod. 8) and hence from 
the theorem (see Art. 235), the realm R(Vpı) contains an 
odd number of classes. Further (see Art. 216, Case 
IIT), since z?—p,=0 (mod. 8), the ideal (2) is factorable 
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in the form (2, a+w)(2, a+w’), where a is a rational 
integer. It follows that either 

= (2) = (2, 1+)(2,1+’), or p’p=(2) =(2, w)(2, w’). 
Since the number of classes h is odd, there exists an odd 
number 2g+1 which is a divisor of h and for which 
p+] and p+ are principal ideals, so that 

pH = (a+yw) and pot] = (4+ yw’). 

Through multiplication, 


20+] — 2+ayt+ye DP 

It follows that 
(2x+y)? —4-20+1=0(mod. pı). 
Due to the Fermat Theorem there is a rational integer k 
such that (27°*?)'=1 (mod. pi). It is seen through 
multiplication of the above congruence by (27¢+*)*-1, that 
—2=0 (mod. pı). 

If z=a is a root of this congruence, it follows that 
(pi) =(pi, a—V2)(p:, a+~V2). Further, since in the 
realm 9t(V2) there exists only the principal class (h = 1), it 
is seen that 

(p1) = («+-yv2)(«—yv2). 
At the same time it is evident that the congruence 
x’?—2=0 (mod. p) may be solved only when p=+1 
(mod. 8). Observe that the prime integer 2 admits the 
factorization (2) = (V2)(V2), as is required in the general 
theory. 

We may now enunciate the following theorem (see also 
Art. 216, Case III): 

THEOREM. The quadratic congruence x? —2=0 (mod. p) 
is solvable when and only when p= +1 (mod. 8); and that is, 
an integer of the form x?—2 has only divisors of the form 
snl. 
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It follows also that £) = +1, if p is an odd prime of 


the form p=-+1 (mod. 8); while (=)- —1, if p=+3 


(mod. 8). These two formulas may be expressed in the 
pial 


one formula (2) =(-1) ®- 

ART. 242, The Realm R(V—2). Through similar con- 
siderations it may be shown that the quadratic congruence 
x?+2=0 (mod. p) admits solution for odd prime numbers 
p=1 and p=8 (mod. 8) and is not solvable for p=4 or 
p=7 (mod. 8); and that is, 


(= ?)= A fet ree pa 


We derived in Arts. 240 and 241 the two formulas 


(S)--nF ma (2); 


and it also follows at once from the formula 
GGG) 
p DINDI 
pol pE z1 
ee cnt: 


ART. 243. The Quadratic Law of Reciprocity for Odd 
Rational Prime Integers. After determining the limiting 


cases for (=) and (=), we are next concerned with the 


value of (p/q) where p and q are any odd primes that are 
different from each other. Legendre, 1785, and again in 
1798, found that 


that 


Gaaah, 


which is known as the Quadratic Law of Reciprocity. 
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Euler! had already noted that a certain reciprocity 
existed regarding the possibility of solving the two 
congruences 

x? —q=0 (mod. p) and x?—p=0 (mod. q), 
(see Euler, opus cit., Anal. 1, 1783, p. 64). 

The following proof of this law is due essentially to 
Kummer (Abh. der Kgl. Akad., Berlin, 1861). See also 
Hilbert, Zahiberichi, Chap. XVII, §§ 68-69. 

For convenience, denote positive prime integers of the 
form 4n+1 by p, Pı, po, --+, and let q, qı, q2, -+ +, denote 
positive prime integers of the form 4n+3. Then in the 
proof the three combinations of]integers p, pi; P, 4; 4, qı 
are to be considered separately. 

First Case. If the quadratic congruence 


z —p=0 (mod. pı), 
admits solution, that is, if (p/p1) =1, then as seen above 
pı in the realm R(Vp) may be resolved into two different 
prime ideals so that 


(pi) = (pi, A+) (pi, a+o") = pp’. 
Since the number of classes h in this realm is odd, the 
discriminant containing only the one prime number pı, 
there is always an odd number h,;=2g+1, which is a 
divisor of k, and is such that the hı power of p as well as 
of p’ are principal ideals. Further, the norm of the 
fundamental unit «e is —1. Hence, if pp’ = — pı, then is 
N(e)pp’=+p:. Accordingly, we may write 


pit = (x+yw)(z+yo’), 
or 
pit! = (x+y/2)?—2 1 


1 For the history of this subject see Kronecker, Vol. II, p. 3, and further see 
Bachmann, Niedere Zahlentheorie, Vol. I, p. 200; Baumgart, Zeitschrift fur Math. 
u. Physik, Bd. 30, p. 169; Dirichlet-Dedekind, Zahlentheorie (4° Edition) p. 95. 
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From this follows the congruence 
(2a+-y)? — pi(2pi)?=0 (mod. p); 
and from this congruence follows as above, 
2?—p,=0 (mod. p). 
It is thus seen that if (p/pı)= +1, then is (p,/p) =1. 

It also follows further that if (p/p.1)=—1, then 
(pi/p) = —1; for if (pi/p) = +1, it must necessarily follow 
that (p/pı) = +1 contrary to the hypothesis. 

SeconD Case. In the congruence xz?—p=0 (mod. q), 
suppose that (p/q) = +1, so that q in the realm (vp) is 
factorable. It follows that 

(q)=(q, a+bw)(g, a+bw’). 
Due to the fact that the number of classes of (Vp) is an 
odd number (see theorem in Art. 235) it is seen that if e 
is the fundamental unit in R(Vp) that N(e) = —1, and as 
above there exists an equation 


gt = (2+8) -37 
From this it is seen that the congruence 
z*—q=0 (mod. p), 
admits solution, and that is, if 


(pig)— +1, then is also (q/p) = +1. 


Reciprocally, it may be proved that if (¢/p) =1, then is 
also (p/q)=1. For if z?—q=0 (mod. p) admits solution, 
then due to the fact that 


p—i 
(—q/p) =(—1/p)(q/p) = (q/p)(—1) * =(Q/p), 
it is seen that «?-+q=0 (mod. p) admits solution. This 
latter result may be derived independently as follows: 
The congruence 2?= — 1 (mod. p) is solvable, since p is 
of the form 4n+1. If zis a solution of this congruence, 
then associated with the congruence z?—q=0 (mod. p) 
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there is a second congruence (zx)*—2?¢=0 (mod. p), in 
which z is relatively prime to p, and consequently, 
z’-+q=0 (mod. p). Since, (—g¢/p)= +1, it follows that 
in the imaginary realm R(V—q), the prime integer p is 
factorable and since —q = 1 (mod. 4), and as the norm of an 
integer in an imaginary realm is always positive, it 
follows as above that x?—p=0 (mod. q) admits solution. 
It has thus been shown that if 


(a) (p/gy=+1, then also is (q/p) = +1; 
and if 


(b) (q/p) = +1, then also is (p/q) = +1. 

And from this it is seen at once that if (p/q) = —1, then 
also (q/p) = —1; for if (g/p)= +1, then from what was 
just proved (p/q) = +1, and not —1. 

TurrpD Case. Let the two prime numbers be q and qi. 
lf in the first place (¢/q:)=—1, then is (—g¢/q1)=+1, 
since (—g/q:1)=(—1/qi)(g/q:) and (—1/q)=—1. The 
prime number gı is factorable in the imaginary realm 
R(V—q), and as —qg=1 (mod. 4), the discriminant of this 
realm consists of only one prime factor. The number of 
classes is odd, and as in the preceding case (qi/¢) = +1. 

In the second place suppose that (¢/q:) = +1, then the 
fact that (q:/¢) = —1 does not follow from the preceding 
methods. A proof, however, as given by Hilbert, loc. 
cit., is had, if we consider the realm R(Vqqi). For this 
realm it is seen that m=qqi=1 (mod. 4), and the dis- 
criminant of the realm is D=qq,. In this realm (end of 
Case III, Art. 216) the only prime numbers that are 
divisible by the square of prime ideals are q and qı. 
Write (q) = q? and (qı) =q}. Here q, qı and qqı = Vqqi= Vm 
are the only ambiguous ideals. It is evident that qq: is a 
principal ideal. It may be shown as follows that q and 
qı are also principal ideals. 
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Let e be the fundamental unit in R(Vgqı), where (Art. 
240, end) N(e)=+1. Hence due to the theorem in 
Art. 234, there is a number a of the realm #(Vgqi) which 


is not rational, but is such that 5. It follows that 


(a) = (a@)’, and that every ideal which is a divisor of (a) 
is also a divisor of (a)’. Suppose then that (1), (a) is of 
the form ya where 7 is a unit of the realm and a a rational 
number, or (2), suppose that (œ) =7Vqgqi. In the first case 


na 
Ta ae 
and in the second, 
Ne 
ae = +7; 
791 


and this is a ee to the assumption that e is a 
fundamental unit of R(vgqgı). Hence the only other 
forms that (a) can have are (a) = (a)q and (a) =(a)q, and 
in either case q~1, qi~l. It follows by taking the 
norm of q, that 


+qı= (a+y/2°—By? : 


or 
+4gı = (2r +y) — gg. 
This Diophantine equation may be solved only if 2x+y 
is divisible by qı. It may therefore be written more 
simply 
+4=q: X? —q Y”. (i) 
To determine the sign of the left-hand side we may make 
use of the assumption that (q/q) =1. Writing equation 
(i) in the form of a congruence, it is seen that 
q¥?+4=0 (mod. qı), 
or 
i4q=0 (mod. qı). 
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Hence, in virtue of the assumption it is seen that the 
minus sign is to be taken. It then follows from (i) that 
ik ee ch 

or 
qiX?= —4(mod. q), or X= —4q:(mod. q), 
and finally, 
Xi+4qi:=0(mod. q). 

Thus with the assumption (q/q) = +1, we have neces- 
sarily (—gı/9) = +1, or (q:/q) = — 

To repeat the results thus established, we have 
simultaneously 


(Qa) = ti and (gi/g)=—1 
and further 
S and S a 
With this is established completely, the reciprocal re- 
lations between the prime numbers q and qı. 
ART. 244. The above results combined may be stated 
in the theorem. 
THEOREM. If p and q are any odd positive prime 
integers, their mutual residue character is expressed through 
the Legendre formula 


(pla) (a/p) =(—1) 


with the limiting cases 


aS 
a ae 


G- 


See also H. J. S. Smith, Vol. I, pp. 55 et seq. and 
Wertheim, Anfangsgründe der Zahlentheorie, pp. 320-22.1 


1 Among the references to the treatment of the quadratic law of reciprocity in 
the quadratic realms mention may be made of the following: 

D. Hilbert, Math. Annalen, Vol. 51, pp. 1-127, and Gott. Nachrichten, 1898. 

Das allgemeine quadratische Reciprocitdtsgesetz, etc., by K. S. Hilbert. 
Göttingen Dissertation, 1900. 
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EXAMPLES OF THE LAW OF RECIPROCITY 


G00 
=“ 000-0 
OO- e O-O-O- 


2. 


it is seen that 


(27/17) = (10/17) = (2/17) (5/17) = (5/17). 
(5/17)(17/5)=1,  sothat (5/17)=(17/5)= (2/5)=—1. 
3. Show that 


(ar) E (a 


601 a dth 402 i 
1013 and that 929 =+1. 
4. Show that 


(2)- —1, for  #=73, 97, 241, 313, 409; 
and 
(=) =-1, for 2=193, 337, 457, 673. 


5. Show that the solutions of (=) =1 are 


th Bye 0; ail, 2a, d i E, 37000) 
81, 77, 73, 61, 59, 57, 51, 49, 45, 43, 


where n is any integer. 


z=82n+ Í 


Quadratische Reciprocititsgesetze in algebraischen Zahlkérpern. By Gottfried 
Ruckle. Göttingen Dissertation (1901). 

Das quad. Reciprocitatsgesetz im quadratischen Zahlkérper mit der Classenzahl 
1, Göttingen Dissertation (1898) by Heinrich Dérrie. 

Der Klassenkorper der quad. Körper, etc. Göttingen Dissertation (1903) by 
Rudolf Fueter. 

Various papers by Ph. Furtw&ngler in the Abhand. und Nach. von der Kgl. 
Ges, der Wissenschaften zu Göttingen. See also Math. Annalen, Vol. 63. 
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6. Show that the solutions of (=) = —l are 


11, 13, 23, 31, 33, 37, 39, 43, 47, 55, 61, 65, 67, 69, 73, 


aiian a 83, 89, 91, 93, 97, 99, 101, 103, 109, 111, 113, 115, 117. 


ART. 245. A generalized form of the Law of Reci- 
procity due to Jacobi! (Werke, Vol. VI, p. 262) is as 
follows. 

If p, q, r, +++, are any positive integers that are 
relatively prime to the integer a, we may introduce by 
definition the symbolic equality 


Ga) GG) 


Then, if P and Q are any factorable integers that are 
relatively prime, it may be proved that 


OQO- 


ART. 246. Expressions of Integers through Sums of 
Squares. Through the factoring of numbers in special 
realms it is possible to derive by means of the theory of 
ideals certain interesting theorems which have been 
known for a long time. Possibly others may be dis- 
covered in this manner. 

I. The Realm R). (1) In Art. 240 it was shown that 
in the realm R(V—1) every rational prime integer of the 
form p=4n-+1, and p=2 were essentially factorable in 
only one way in the form 


=(z+v—ly)(@@—v—ly), 
and that any other factors differed only from the numbers 
x+V—ly by multiples of +1 or +V—1. Otherwise 
formulated, this means that every prime number of the 


1 Jacobi, Ueber die Kreistheilung, etc. Monatsbericht der Akad. der Wiss, zu 
Berlin, Oct. 16, 1837, pp. 127-136; Crelle, Vol. 30, pp. 166-182. See also 
Report on Alg. Nos., p. 72. 
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form p=4n-+1 or p=2 may be expressed as the sum of 
two squares p=2?+y? in essentially only one way. 
Dickson! refers to this as Girard’s Theorem. That the 
theorem was known in the time of Diophantus, see 
Jacobi, Vol. VII, p. 332. 

The derivation of the two numbers x and y was done by 
Legendre ! by developing Vp in a continued fraction. 

If one wishes to derive by trial the integers x and y, the 
following observation may shorten the work. 

From the equation p=2?+ y’, it follows that 
(1) (zz)?+1=0 (mod. p), 
where z, reduced (mod. p) lies between —p/2 and + 7/2. 
If w is a solution of the congruence (1), it is seen that x 
must be a divisor of w+ap, where a is a rational integer. 


It is clear that x is not larger than 5 and that a must 


be such that w+ap is situated between — N and EN . 


(2) If p and p: are any two odd prime integers of the 
form 4n +1, then in the realm R(V—1) 
p=(x+ty)(x—ty), 
pı = (zı +y) (zı — iyı). 
There are two combinations of these factors, the one 
being 
Ppi= {(z+iy)(zı+iyı)} (Œ —iy)(zı—iyı)} 
=(X+iY)(X—iY) 
and the other 
ppi = { (x +iy) (zı —ty:)} {(z —iy)(zı+iyı)} 
= (X, +7Y)) (Xy —1tY). 
Thus it is seen that the product pp; may be expressed as 
the sum of two squares in two essentially different ways. 


1 See Dickson, History of the Theory of Numbers, Vol. II, p. 228; see also p. 234. 
A table for the values of z and y is given for the primes from 1 to 12,000 by 
Jacobi, Vol. VI, pp. 265 et seq. 
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If 
pr=2—=(1 4) =), 


2p =(1+1)(1—12)(a+iy)(x—ty); 
and since 1+7=7(1—7), it follows that 2p may be ex- 
pressed as the sum of two squares in only one way. 

Il. The Realm R(V¥—2). In this realm the only units 
are +1 and the number of classes his =1. Observe that 
p=2= —(vV—2)? while every rational prime integer of 
the form 8n+1, or 8n+3 is factorable as the product of 
two different prime numbers in essentially only one way 
and of the form (see Art. 242) 

p=(2+vV—2y)(x2—V—2y). 
And this otherwise formulated is: 

Every positive odd prime integer p of the form 8n-+1 or 
8n+3 may be expressed in only one way in the form 
p=x?+2y’, 

where x and y are rational integers. 

Values of x and y for p of the form 8n+1 are given by 
Jacobi, Vol. VI, p. 271. 

III. The Realm R(V—3). Here again h=1. If p 
= 22+ 8y?, then there is an integer z, such that p? = X?+-3, 
or X?+3=0 (mod. p). a oe observe that 


A-O- -A 


Hence in order that p be factorable, p must be of the form 
p=3n+1. And p being of this form, the equation 


- (ert) (a) 


may be satisfied in only one way, where z is an odd and y 
an even integer. 


then is 


+V-3 


a are the cubic roots of unity 


Noting that ——=—— 
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=w, w*, say, write 


p=(atbw)(a+be?), 


p= {w(a+bw)} ((a+bu?)w*}, 

p= {w(a+bw) } {(a+bw*)w}, 
etc. Then the condition that x be odd and y even is 
satisfied: 


(1) for a+bw (a being even, b odd), 

(2) for (a+bw)o (a being odd, b even), 

(3) for (a+bw)w = —b+(a—b)w (where a and b are both 
odd). 

Otherwise expressed, there is only one way of factoring a 

prime integer p=1 (mod. 3) in the form 


p= («+yvV—3)(a—yV—3); 


or 


and that is: 

Every rational prime integer p of the form 8n+1 may 
always and in only one way be expressed in the form 
p=r+3y’. 

These theorems may be extended to the exposition of 
factorable rational integers through the form 2?+ 2y? and 
v?+3y", x?+my?. By means of the theory of ideals 
innumerable special cases ! for the presentation of integers 
through the forms z?+my? may be derived. This is 
treated later when the relations existing between the 
composition of forms and the theory of ideals is given 
(Art. 283). For primes of the form 3n+1 see Jacobi’s 
table in Jacobi’s Werke, Vol. VI, p. 268. 

IV. The Realm R(V2). In this realm h=1, while there 
are an indefinite number of units derived by raising the 
fundamental unit e=1+-v2 to different integral powers. 
In this realm prime integers p of the form 8n+1 and 
8n+7 are factorable (Art. 241). 


1See Dickson, History, etc., Vol. III, p. 3, where many references are found. 
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From the factoring of (p) into its prime ideal factors, 
namely, a 
(p) = (e+yV2)(a—yv2) 
combined with the units of the realm there arise an 
infinite number of expressions of the numbers p in the 
form z?—2y?. For if p=z?—2y?’, then is 
—p=(a-+2y)?—2(2+-y)? 
(Art. 241). Further since 
—p=(atyv2)e(a—yv2)e’, 
it is seen that 
—p=(x—2y)?-2(a—y). 
And writing 
p=(x+yv2)e(e—yv2)e?, 
we also have 
p= (82+4y)? —2(22+3y)?. 
And thus we have the theorem: 

Every positive or negative prime integer, which when 
taken positive is of the form 8n+1, may be expressed in an 
infinite number of ways in the form x?—2y’, and all the 
different ways are had from a single way through application 
of the units -+e* of the realm, k a positive integer. 

In this connection many other interesting examples are 
found in Legendre, Théorie des nombres, Vol. I, Second 
Part. See also Dickson, History of the Theory of Numbers, 
Vol. II, p. 255; Vol. III, p. 55; Cunningham (Tables. 
Quadratic Partitions. London) for values of x, y in 
pH=V+y, party, p=2+ry(r= —5, 7, 3, —3, +9, 
etc.). 


HILBERT’s SYMBOL FOR NoRrM-RESIDUES ! 


ART. 247. Having distributed the ideals into classes 
the next step in the classification is to distribute the 


| 1 Hilbert, p. 286, 


| 


= 
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classes into genera (Gauss, Disg. Arith.), this being an 
extension in the quadratic realm of an analogous distri- 
bution and classification in the realm of rational integers. 
This classification is simplified through the introduction 
of asymbol that is an extension of Legendre’s symbol and 
due to Hilbert (Zahlberichit, Chap. 17, §§ 64-66, 70, and 
Chap. 18, §§ 71-78). 

DrrFiniTion. Let p be a positive rational prime 
integer, while m, n are two arbitrary rational integers, 
the only restriction being that m must not contain a 
squared factor. If further there are algebraic integers a 
of the realm 9(Vm) such that n=N(a) (mod. p°) for 
every rational positive integer e, then this fact is denoted 
by putting the symbol 


(=) equal to +1. 


If, however, there is no integer «a of the realm (Vm) which 
is such that 

n=N(a) (mod. p), 
and if the congruence 

n=WN(a) (mod. p°) 


cannot be satisfied by integers of the realm for every 
positive integral value of e, this fact is denoted by putting 


(32)--1 


In the first case the rational integer n is called a norm- 
residue and in the second case a norm-non-residue of the 
realm (Vm) with respect to p as a modulus. As in the 
case of the Legendre symbol, there are certain properties 
of the Hilbert symbol which simplify computation in 
numerical examples. Before expressing these properties 
in definite rules we may make the following remarks. 
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I. In the realm (vm) observe that 
N (a) =(xz—vVmy)(x+Vmy), if m#1 (mod. 4). 
Hence, if a 
n= (x—Vmy)(x+ Ymy) (mod. p°), 
then also 
n=kn, = (kx—Vmky)(ka+Vmky) (mod. p°). 
It follows that 


(=) = (=) ìf n= kni, 
p p 


where k is a rational integer. And it is evident that the 
formula is also true when m=1 (mod. 4). 

II. Of the numbers that form a complete system of 
incongruent residues with respect to p as a modulus, 
namely, 1, 2, ---, p—1, half are residues (mod. p) and 
the other half are non-residues (mod. p). See Dirichlet- 
Dedekind, § 33 (4t Edition). Denote the residues by 
Ti, Ta, ***, Tp1 and the non-residues by 1, nz, +++, Np—1- 

2 2 


If any one of the non-residues be denoted by n, then 
among the differences dj=ri—n, dz=rz—n, +++, dp-1 
2 


=1p-1—n, there is at least one non-residue (mod. p). 
2 


This is evident for the case n=3. If pis >3, observe 
that no two of the d’s can be congruent (mod. p). It 
follows that no two of the d’s can be congruent to one 
and the same residue. 
Suppose next that all the d’s were quadratic residues, 
so that, say, 
d,=r;, (mod. p), 

where r+ is to be found among the r's above. Hence, 

r1—n=rx, (mod. p), 
or, 

N=r1—Tr, (mod. p); 
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and similarly, 


Cr ee 


where Tey Tay °? *» Teed, Is the same system of residues 


2 
(mod. p) neglecting the order as r1, r2, +++, 1p-1. Through 
2 
addition it is seen that 
p — 


nP =0 (mod. p), 


which is not true since neither n nor 


t is divisible by 


p. It follows that at least one of the d’s must be a non- 
residue. We may show that at least one of the d’s is a 
residue. For, assuming that they are all non-residues, 
it is seen that 
dj=r1—-n=m, 
T2—N=M, 


Tpi- N= Nkp_1 
Ts = 


Observing (see Dirichlet-Dedekind, § 43) that 
titret:++-+1rp-1=0 (mod. p) 
2 
as is also the sum 
ryt, +++ +4, =0 (mod. p), 
S 
it follows through ps the above congruences that 
-nP =0 (mod. p). 
And this is not true. 
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Similarly if r is any one of the pS residues 11, Te, «+ 


Tp—1, then among the differences r:r, niin, nı—r, Some 
a 


> 


are residues and some non-residues (mod. p). 

ART. 248. The signs which are to be associated with 
the Hilbert symbol are determined by means of the four 
theorems which follow. 

THEOREM I. If n,m are two rational integers while p 
is an odd prime integer which is a factor of neither n nor 
m, then is 


(A) (=) =41, 


®) Conc): 
p p p 
If further both n and m are divisible by the first power 
only of p, then is 


=nm 
© e) 
P p 
Proof of (A). First let m=2 (mod. 4) or m=3 (mod. 
4). The first theorem asserts that 


n=2?—my’ (mod. p), 


or 
x?—my?—n=0 (mod. p), (i) 
admits solution in rational integral values of z, y. 


1. Consider the case (“) =+1, (=) =-+1. A solu- 


tion is at once offered by taking y=0 (mod. p) and for zx 
any value that satisfies the congruence x?=n (mod. p). 


2. Take next the cases (2) =N £) =+1. In these 


cases we may write m=z? (mod. p), where z is a definite 
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rational integer and then (i) takes the form 

x? —2%y?—n=0 (mod. p). (ii) 
Since n=”, (mod. p), where n; may always be taken as an 
odd integer, we may always choose y so that 


and z so that 


These values satisfy (ii) and therefore also (i). 

3. The remaining case is had when (2) =-1, (2) =-—1. 
Observe that a non-residue multiplied by a residue is 
always a non-residue, while the product of two non- 
residues is a residue. Hence the product my? for the 
integers y=1, 2, ---, p—1, goes over all non-residues 
(mod. p) twice. And when for z all the residues (mod. p) 
are substituted successively in x?—7n, there is at least one 
non-residue (see previous article). And thus it is seen 
that (ii) admits solution in this remaining case. 

If m=1 (mod. 4), theorem (A) resolves itself into 
proving that 


n= (2+5) -o (mod. p), 


or that the congruence 
4n=(2x+y)?— my? (mod. p), 
admits solution. 

The above proofs are at once applicable and with 
them it is proved that for the first power of p, there 
exists always an integer a of the realm R(Vm) such that 

n= N(a) (mod. p). 

It remains finally to prove that there is an integer a 

in the realm R(Vm) which is such that n=N (a) (mod. p°), 
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where p° is any positive power of p. The proof is one of 
induction. 

Suppose that a,=a+bw is an integer of the realm 
R(vm) for which the congruence n=N(a:) (mod. p°?) is 
satisfied. 

1. When m#1 (mod. 4), a?— mb? —n=gp*, where g is 
arational integer. Further, in the expression z? — mb? —n, 
put z=a+up', y=b+vp*", and choose u and v such 
that 2ua—2mbv+g=0 (mod. p). It is clear that 

n=N(x+yw) (mod. p°). 

2. A similar proof is applicable when m=1 (mod. 4). 
Thus it is proved that if there exists an integer a, in 
R(Vm) such that n=N(a1) (mod. p*), it is possible to 
determine two rational integers x, y such that 

n=N(x+wy) (mod. p°). 
As it was shown that there is always an integer a such 
that n=N(a) (mod. p), it is seen that the congruence 
n=N(x+wy) (mod. p°) may always be satisfied; and this 


fact is denoted by the symbol (=) =l 


ART. 249. Proof of (B). If m=p, the congruences 
x? — py —n=0 (mod. p°), when p#1 (mod. 4), (24+)? 
—py’—4n=0 (mod. p*), when p=1 (mod. 4), admit 
solutions for all positive integral values of e, if and only if 


£) =1, and cannot be solved if £) =-=]. 
p p 


If n=p, the congruences x? — my? —p=0 (mod. p*) and 
(2a-+y)? —my? —4p=0 (mod. p°) may be solved when and 
only when x?—my?=0 (mod. p), or (2x+y)?—my?=0 

m 


(mod. p), and that is when E) =1. It follows that 


69-66): 
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The theorem is at once applicable if n or m is divisible by 
p, say n=n;p. It is seen that 


yr era) 

p p p 

Proof of (C). If both m and n are divisible by p, say 
m=pm, n=pn, but neither of them by p?, then the 
congruences in question z?—my?—n=0 (mod. p°), and 
(2a+y)? —my? —4n=0 (mod. p°), admit solution when and 
only when a congruence of the form pX?—m,Y?—n,=0 
(mod. p) exists. And the necessary and sufficient con- 
dition for this is, as shown above, that 


mY?-+n,=0 (mod. p) or (m:Y)?+mn,=0 (mod. p), 
a condition which is denoted by the symbol (=a ) =], 
It has thus been proved that 


e- 


THEOREM II. If m and n are two arbitrary rational 
odd integers, the following relations exist 


(A) CORE 


n, 2 2,n a 
(B) (75?) =(7.")=(-0. 
In the proof of Formula (A) we have to show that there 
exist solutions of the congruences 
(1) 2?—my?—n=0 (mod. 2°), if m#1 (mod. 4), 
and 


(2) Ary 


while in the proof of Formula (B) it is necessary to show 
that there are solutions of the congruences 


(3) xz? —2y?—n=0 (mod. 2°), 


ZM —n=0 (mod. 2°), if m=1 (mod. 4): 
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and of 
(4) 2?—ny?—2=0 (mod. 2°), if n#1 (mod. 4), 


(5) a +ry+ 7 —2=0 (mod. 2°), if n=1 (mod. 4). 


It is evident that all of the above congruences may be 
solved for e=1. We first show that they may be solved 
also for any value of e greater than 3, if they permit 
solution for e=3. 

Suppose for example that «=a, y =b, is a solution of the 
congruence 

x? —my? —n=0 (mod. 2°) 
and that a?—mb’—n is not divisible by 2%. Write 
z=a+2?u, y=b+2%. It follows that 

r —my?—n =a? — mb? —n+8(au—mbv) +16(u? — m’), 
and consequently, 

x? — my? —n=0 (mod. 2$) 
provided 

oa + au—mbv=0 (mod. 2), 

and that is, 

1+au—mbv=0 (mod. 2). 
Since either a or b must be an odd integer this last 
congruence admits solution. Similarly, if a: and bı are 
solutions of 

x? —my?—n=0 (mod. 24), 
we may derive solutions of this congruence when the 
modulus is 2°, 26, ---. 


Next suppose that z=a, y=b, is a solution of the 
congruence 


ay ++TMy?—n=0 (mod. 2). 


Write z=a+8u and y =b+8v and determine u and v such 
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that 
av+bu+1=0 (mod. 2). 


The corresponding values of x and y satisfy the con- 
gruence 


a+eyt y -n=0 (mod. 24). 


It only remains to determine what values of m and n 
satisfy the congruences 
xz?—my? —n=0 (mod. 8), 
2+ayt+ Ty —n=0 (mod. 8). 
These may be put down in a table,! the even integers being 
added for future reference. The values are, of course, 


given for m and n (mod. 8). The values of n are those 
for which the corresponding congruences are solvable. 


3 


Pe Wes ea od Ee 
= 

w | oloal a] o 

alelo wl] a 


pd 
~ 


~J 
—_ 
or 


2 


And from this table it is seen when m and n are odd that 
nm, mM\ r_i 
‘ee ) Sone, 


(27) -=+ 


1 Hilbert, Bericht, p. 290; Sommer, Vorlesungen, p. 135. 


) 


For example, 
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showing that there is a solution of the associated con- 


gruence; while 
Uf 3 a 3 = — 


and the corresponding congruence does not admit 
solution. 
When n is an odd integer it is seen that 


e 


or —1, according as n= +1 (mod. 8) or n= 3 (mod. 8). 
And this is 


The above table may be used for a discussion of the cases 
where p=2 and m or n as well as when both m and n are 
even integers. 

ART. 250. THEOREM III. Jf m, n, mi, m1, are rational 
integers and all odd, then is 


a EPG) 
(B) (5 ”) T =) ("3"); 


$ 2m, 2m\_ [mm 2m \ . 
o m) (=p) 


Proof of (A). It is clear that the congruence 
x2?—2m,y?—n=0 (mod. 2°) can be satisfied only when 
there are solutions for the case e=3. We may therefore 
take for mı and n the values 


mıfjn 
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These values give a positive value to the symbol in the 
formula 
(2S) =(-y er, 


And this is a verification of the formula 


n, mom) = ee )("3 mı 


Proof of (B). To determine the value of the symbol 
(78 my, the two cases 


(1) m=83 (mod. 4) 
and 
(2) m=1 (mod. 4) 


are to be considered. 
For the case (1) it may be proved that the congruence 


—my? —2n,=0 (mod. 2?) 
is satisfied for the values in the table 
Thy m 


L on 5i 7 


Oe 7h elpa 
These values together with the values for which 


(5 MA 
2 


may be united in the expression 


2n1, m ua yaa 
(F) e FF, 


en _ (2, m\ (rm, m 
2 2 2 


where m#1 (mod. 4). 


and that is 
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Case (2) where m=1 (mod. 4). In this case it is to be 
determined whether the congruence 


ay tye —2n,=0 (mod. 2°) 


admits solution. This congruence may be written 
(22+y)? — my? —8n=0 (mod. 2+2), 


or 
X?—mY?—8ni1=0 (mod. 2%). (i) 
There is a solution for e,=3, if 
X?—mY?=0 (mod. 2°) (ii) 


has a solution. 

Reciprocally, the congruence (i) has a solution for 
eı=4ande:,>4if X and Y are such rational integers that 
X? — mY? =0 (mod. 2) while X? —mY?#0 (mod. 24). And 
that is, X and Y cannot be even integers. It follows that 
the congruence (ii) admits solution only for m=1 (mod. 8). 
In particular, there are then two rational integers, x, y, 
which are solutions of the congruence (i); and it may be 
proved as above that this congruence may be solved for 
every value of e provided m=1 (mod. 8). In the present 
case the nature of the integers nı is immaterial; and we 
simply have 


0h if m=1 (mod. 8), 


an am Tt) = — if  m=5(mod.8): 


or, finally, 


2n, m\ _ (2, m\ (Mm, m a 
( 5 )=( 5 )( 5 i where m=1 (mod. 4). 


Proof of (C). The value of the symbol (=) 


depends upon the property of the congruence 
x? —2my? —2n,=0 (mod. 2°). 
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This congruence admits solution for all values of e for 
which there are solutions of the congruence 


2m x? — (Qmiy)? —4m ini =0 (mod. 2°"), 
Hence z must be an even integer. Write x=2X and 
miy=Y. The congruence divided by 4 then becomes 
Y?—2m,X?+m,n,=0 (mod. 2°71). (ii) 
Upon comparison of (ii) with (i) it is evident that 


2ni, 2mi\ _ { —mim, 2m \ | 
2 2 


ART. 251. THEOREM IV. If m,n, mi, m, are arbitrary 
rational integers, having no squared factors and if p is a 
rational prime integer, the following relations are true: 


(A) (===) apie 

mo Ge) 

© ()-C2)(2) 
(na) -(xn)(em). 


Proof of (A). This relation is evidently true, since 
—m is the norm of vm, so that for every integer p 
—m=N(vm) (mod. p°). 
Proof of (B). Take first p a prime integer ~2. Then 
if n and m are prime to p, it follows from Theorem I that 


oy ash ei 


If further n=mp and m not divisible by p, 


FEOF) 


(See (B) Theorem I). If m=pm, and when n is not 
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divisible by p, 


Cres) 


Finally if m and n are both divisible by p, it follows from 
(C) of Theorem I that 


—mn 
(7=")=("")-= if 
p Pp p 
Take secondly the case where p=2. From Theorem 


IIT this follows immediately if at least one of the numbers 
mornisodd. If, however, both m and n are even, then is 


n,m\ (2m, 2m\_ f Mm, 2m 

(Sek 2 prt 2 ) 
_ {-—mm, 2\ f-—mmn, m) 
A a 


(see Theorem III, (C)); while 


m, n\ _ {—mim, 2\ (mm, mj), 
2 2 2 


Further, PEN 
LU pe 
(=)= 


EMi M\_ cmaci at 
(=e N= 1) 


Since m, = +1 (mod. 2) and nı= +1 (mod. 2), it is seen 
that 


and 


—mn—1 m-n 
2 2 
And this proves (B). 
Proof of (C). Let p be a prime integer not equal to 2. 
Suppose first that p is relatively prime to both nn, and m. 
In this case 


EENE 


=0 (mod.-2). 
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If however m= pm, then is 


(Mn )-G)-G)G)- CH) Cs™) 


An analogous formula may be derived if nn, is divisible 


a let p=2. Observe that if m, n, and nı are odd 
integers 
eee Guede): 
and that is, 
mh t+ (mod. 2). 


It is then at once evident i Theorem II that 


-Cae 


Again, observing when m, n, nı are odd integers that 


n’nīi—l_n?—1 + 
= d. 2 
lot (mod. 2), 
it is seen through direct i that 


nm, 2) _ (n, 2\ fm, 2). 
ata) 
If either of the integers nn, or m is divisible by 2, apply 
Theorem III with the results just established. 
Proof of (D). First apply Formula (B) of the present 
Theorem, then (C) and finally (B) to the resulting 
factors. 


Remark. If N(a) is the norm of æ in the realm (Vm), then, 


since 
ee 2) MIERE 
p 


for every prime integer p, it follows that 


o 
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ART. 252. The Character-System of an Ideal. Ifaisa 
rational integer and if further lı, lo, ---, l are the ¢ 
different rational prime factors of D, where D is the 
discriminant (fundamental invariant) of the realm 
R(Vvm), the complex of the t units 


ene ey Ns i l 


is called the character-system of the integer a in the realm 
R(Vm). (See Dickson, History, Vol. III, pp. 81-88, 90, 
190,201.) Denoteitby U,. If this definition is extended 
to the ideals of the realm (Vm), a distinction is to be 
made between the real and imaginary realms. 

The norm of all integers of imaginary realms are 
positive rational integers. If ais an ideal of an imaginary 
realm R(Vm), we put n=N (a) which is a positive integer; 
and the character system for n as defined above is called 
the character system of the ideal a. If, however, a is an 
ideal of a real realm 9t(Vm), then the character-system 
U_, is first determined for the number — 1 in this realm ! 
and a distinction is made for the two cases: 

1. Where U_, consists of only positive units. 

2. Where U_; contains both positive and negative 
units. 

In the first case N(a) being always a positive integer, 
the complex of the r(=#) units is called the character- 
system of the ideal a in the realm (vm). In the second 
case, let, say l, be a prime integer for which 


et eee, V 
( a aa 


then, if we put n=+WN(a), that sign + or —, is to be 
taken for which 


1 Hilbert, Zahlber., § 65. 


ya ht 


‘cle 


qe 
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Next write r=f—1, and define as the character-system of 
the ideal a in the realm R(Vm) the r units 


(> m (> m J (2 m 
l á ls d l; 


(See Sommer, p. 141.) Due to the definition of the 


symbol (= ) the character-system of a principal ideal 


consists only of positive integers. Observe that for 
imaginary realms the integer n is always positive while 
for real realms m is positive always. 


EXAMPLES 


1. In the realm #(V—21), the discriminant D= —84. The 
prime divisors are l= 2, l= 3, l3=7. Observe that for the number 
—1, the character system is 


a) 
C-A- 


Hence for any number, say 3, we have the character-system 


ea -Oe O 


If 


a=(5,3+V—21), n=N(a)=5, 


we have for the character-system of a 


e)a P)O- C-O- 


2. In the realm R(V34), the discriminant D= 186, hL =2, l=17. 


| 
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In this real realm the character-system of —1 is 


Lilaa 1—1 1—1 17-1 
Ge N 


()-@)- 


and here r=i=2. _ 
For a= (3, 147434), n= N(a)=3; and the character-system of a is 


3, 34 pes ENA 3, 34 
G#)-o» TE ‘Gs )- (ż)--: 


3. In the real realm R(V51), D=204, .=2, b=3, 13=17. The 
character-system of —1 is 


m PE) ONEA mal A ats) NET 
Pee I) sey S a 


Observe that associated with 3, for example, there is a negative 
unit and as there are both negative and positive units, we have 


r=t—1=2. Let a=(, 6+-51), so that 


5 Wy ec eee ae ee 
3 =A 4 = +1, 1 n= h 


Hence, the character-system for a is 


—5, 51) ; —5, 51\ _ 3 
2 Ta at TaN ai 


ArT. 253. THEOREM. All ideals of one and the same 
ideal-class have the same character-system. 

Proof. Let a and b be two ideals of the realm R(Vm), 
which belong to the same class. Hence (Art. 217), there 
are two integers of ®(vm), say a and B such that 
(a)a=(8)b. Write N[(a)a]=N and N[(6)b]J=Ni, so 
that N=N,. Further, put +N(a)=n and +N(b) =n. 
Hence, for all prime numbers, in particular, p =li, lo, «--, 
la we have 


Gosee 
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since (=) is always= +1; and 


C gee, 


Since N = N,, it follows that 


Pp P 
And this is true for p=l1, lo, +--+, le. 

ART. 254. Distribution of Ideal-Classes into Genuses. 
It is clear that all classes which have the same character- 
system may be united into a group; and we may say these 
classes belong to a genus. The genus which contains the 
principal class, may be called the principal genus. Its 
character-system consists of only positive units. 

Due to the formula 


GS Cr Ce): 


it is seen that the multiplication of the ideal-classes of 
two genuses offers the ideal classes of one genus, whose 
character-system is had through the multiplication of the 
corresponding characters of the two genuses. In par- 
ticular, it is seen that the character-system of the square 
of an ideal class taken out of any genus consists of only 
positive units, so that the square of every ideal class 
belongs to the principal genus. 

The following theorem may be proved in regard to the 
number of classes which belong to a genus. 

THEOREM. The genuses into which the ideal-classes are 
distributed all contain the same number of ideal-classes.! 

Proof. Let Hı, Hz, Hs, ---, Hs, be the classes which 
constitute the principal genus. If this does not include 
all the classes of the realm, let K be a class which does 


1 Sommer, p. 143. 
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not belong to the principal genus. It is proved below 
first that the classes KH,, KH», ---, KH}, are all different 
from one another; and secondly, they all have one and the 
same character-system and therefore belong to the same 
genus. For, let i, hi, be, +++, by, be ideals, respectively, 
of the classes K, Hi, H, +++, Hs. Itis clear, for example, 
that ih; is not equivalent to ibe for (see Art. 217) otherwise 
bi1~bo, which is not true. Hence, KHi4%AKHA,. And 
similarly KH;~KH;(i, j=1, 2, --+, f; 1#). 
Further note that 


(Ex n) j (280, =) (22s m) 


with similar expressions for he, ---, by. 

It is clear by considering the right-hand side of these 
equations that all the classes KH,, KH2, ---, KH;, have 
the same character-system. If all the ideals of the 
realm 9¢(Vm) are contained in the classes Hı, Ha, ---, Hy; 
KH., KH, ---, KH;, the theorem is proved. If, 
however, there are ideals that do not belong to any of 
these classes, denote such a one by [ and let I belong to 
the class L. Form the classes LH, LH», ---, LH; As 
above, denote by i an ideal of the class K and let ii, = (¢), 
where (+) is a principal ideal (Art. 218). Hence (.){=iti 
=ia, where a=il. From the relation (.){=ia, it is seen 
that 


ANOD m\- (N0 
a cee Ga VLA 
li 


Further if Z had the same character-system as K, or 
KH., it is clear that 


aN Arom), where k=1, 2, Cory 
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Were this the case, it is seen, due to the relation (DI = ia, 
that L= KH,, which by hypothesis is not true. 

By continuing this process it is seen that eventually all 
the ideal-classes have been reached. And this proves the 
theorem. 


Remark. In Art. 235 it was proved that if the discriminant of 
the realm (RV m) contains only one prime integer, the number of 
ideal-classes is an odd integer. In this case the character-system 
consists of only one unit. As this unit could be either +1 or —1, 
it is clear that the number of genuses could be at most 2. There 
would then be an even number of ideal-classes. However, since 
this number must be odd, there can be only one genus. Further, 
as there are principal ideals in every realm, and the genus to 
which such ideals belong is a principal genus, the character- 
system must be +1. 

This is a special case of the general theorem of the following 
article. 

ART. 255. THEOREM. Jf m and n are two rational 
integers, which have no squared factors, and if both mand n 
are not negative, then is 


PN 


where the product is taken over all possible prime integers p. 
Proof. From Theorem I (A) of Art. 248, for every odd 
prime integer p( 2), which is not a divisor of either m or 


n, (=)=+ Hence if m and n are positive odd 

integers that are relatively prime, there remain in the 

computation of the value of II (=), besides p =2, only 
p? 


those prime integers that are divisors of m orn. And we 
have simply 


ENED OE) 
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where pi, ---, p,, are the prime factors of m, while qi, +», 
q, are the prime factors of n. 

By definition (Art. 245) the Jacobi symbol is defined 
through the equality 


(i) GG) Ge) 
(7) Ne) Ga) 


and it was seen that 


OGO- 


It was also seen that 
n—1 m—1 
m) = (— 1) TH are 


(C 


With this it is proved that II (=) = +1 under the given 
p 


conditions. 

Secondly let m and n be taken as above, with the 
exception that either m or n is negative. 

If n is negative, write n= —nı, where nı is positive. 
We then have 


n(27 m) = n(— Nna, =en) n(=" i O (™ *), 
D p ? p 
where the second E on the right = +1. 

The Jacobi symbol (=) means 


G-GA 


where the p’s are defined as above. Hence, 


ERRI 
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(=}2) 0 


(Art. 249) and also (Dirichlet-Dedekind, Zahlentheorie, p. 


107) ' ; 
(=)=(-p*. 

The theorem is again proved in this case. 

If m were negative = — mı, the theorem is proved by 
using (B) of Theorem IV, Art. 251. 

Thirdly take the case where m and n are odd integers, 
which have the one common factor r, so that m=r: mı, 
n=r-n,. It is seen that here 


a) Ca" (FG) (sd 
Cr )(-*) GG) GG) 


a. ne 7—1 a. r—1 met 7—1 my—1 n;—1 


=(— 1) ? 2 mr aa a bas ee 


It remains to consider the cases in which either m or n 
or both m and n contain the factor 2. 
Let m be odd and n even =2n:, say. It is seen that 


n(7 2) =n(2: a (™ =) =n(2 m). 
p? p D p D p D p 


Further, using the Jacobi symbol, Teme that 


eal A ac 


And that is, 
2n1, M 
II ee = 
a( p ) We 


Next, let m=2mu,, while n is odd; then due to the fact that 


6-6) 


However, 
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the theorem is again proved. 
Finally, let m and n be both even, say n=2m, and 
m=2m,. In this case, 


n( 7 am) =n (2 ms) n(™ amt) =(2: am) 
D p p p p p p p 
=n (72)n(2) -1(7:2). 
D p D 


When 72, it is clear that (Gr J= +1. And further, 


C5 = +1; for in the realm R(V2) it is seen that 2 is 


the norm of 24+ v2. 

It may be shown as follows that at least one of the 
numbers m and n must be positive in order that the above 
conclusions be true. For, suppose they were both 
negative and put m= — mı, n= —m, where m; and n, are 
both positive. We may then write 


es) 
(Ee) (A) 
(5) -85-4 


Remark. If m is negative, and if N (i) is the norm of the ideal 
iin the realm R(4m), then n= = N(i) is to be taken positive in the 
computation of the character-system of the ideal i; if, however, m 
is positive, then n= + N (i) may be taken either positive or nega- 


tive with the condition, however, that n(+”)- +1. 
? p 
ART. 256. Let i be an ideal that is not a principal ideal 


and give to n the values +N (i) as indicated above, where 
| i without loss of generality may be assumed to be free of 


| 
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rational factors. We may then write 


1=n(=")-1(%*), 

BN p p 

where the product denoted by II’ extends only over the 
prime factors of m and n together with the prime factor 
p=2, if either m or n is an even integer. 

If as above qi, q2, «++, Q, are the odd prime factors of n 
which are not also factors of m, then due to the assump- 
tion relative to n, namely, that it is the norm of an ideal 
which is not a principal ideal, it follows that 


m m m 
Ae —}]=+1 06 —)=+1, 
C) ‘ath es i i ©) ti 


We then have remaining the equation 


m(™™)=+1, 
p\ P 


where the product II is taken only over the prime factors 
of m with possibly the prime integer p= 2. 

Next observe that when m=2 (mod. 4) or when 
m=3 (mod. 4), then D=4m, and that when m=1 (mod. 
4), then D=m. 


Denoting by II” (=) the product taken over all the 
p 


prime factors of the discriminant of the realm R(vm), 
where 7 is the norm of any ideal (not principal) of the 


realm, then is 
mà% 2) = +1, 
? P 


if m=2 or 3 (mod. 4); while if m=1 (mod. 4), 
EEE) 
p p 2 D p i 


Observe that ("5") = +1, if m=1 (mod. 4), when nis 
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odd. The integer n (as norm of an ideal that is not a 
principal ideal) contains 2 as a simple factor only if 2 is 
factorable in the realm R(Vm) and that is (Art. 216, 
Case III) when m=1 (mod. 8) and in this case (see 
Theorem B, Art. 250) . 


n, m\ _ i 
(F-H: 


with this it follows that 


w (+2) a #1) 


and that the product of the units which constitute the 
character-system of an ideal that is not a principal ideal 
is =+1. Further, observing that the character-system 
of a principal ideal consists only of positive units, it 
appears that the results of the investigation just made 
may be formulated in the following theorem: 

THEOREM.! The product of all the r units of a character- 
system of an arbitrary ideal is always equal +1; or, a 
system of r units +1 can present the character-system of an 
ideal, only if their product is equal +1. 

The number of different arrangements of the units +1 
and —1 taken r at a time is clearly 2’, while the number 
of such arrangements, whose product is +1 is 277. 
Thus in a quadratic realm there are possible at most 
27! genuses. 

The question now before us is: corresponding to the 
above possibilities, do there in fact exist genuses and if so, 
how many are there in a fixed realm? It will be shown 
that there are 2"! such genuses. Before taking up this 
proof, however, a careful investigation of the properties 
of the ambiguous classes of the realm is necessary. 


1 Hilbert, Bericht, p. 293; Sommer, Vorlesungen, p. 149; Dirichlet, Zahlen- 
theorie, p. 319; Gauss, Disg. Arithm., Arts. 229-31. 
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ART. 257. The Ambiguous Classes. In the quadratic 
realm 9(Vm) it may happen that when — Vm is written 
for Vm in an ideal, that ideal remains unchanged. If a 
and a’ are two conjugate ideals in general they do not 
belong to the same ideal class. Those special classes of 
the realm R(Vm) which contain both a and a’, where a is 
not a principal ideal, are called ambiguous classes. 

Every ideal of an ambiguous class is equivalent to its 
conjugate; and that is i~i’. 

The square A? of an ambiguous class A is a principal 
class and reciprocally, if the square of an ideal-class is the 
principal class, this class is ambiguous. Those classes 
are clearly ambiguous, which contain ambiguous ideals. 
It is also conceivable that there are ambiguous classes 
which do not contain ambiguous ideals. 

To find the number of ambiguous classes, we may 
proceed in such a way that first those classes are de- 
termined which contain ambiguous ideal, and to this 
number add the number of ambiguous classes which do 
not contain ambiguous ideals. 

In virtue of the theorem (Art. 216 under Case ITI) 
regarding the ideal factors of the discriminant of the 
realm, it was seen that every prime rational integer which 
is a divisor of this discriminant is equal to the square of 
an ambiguous ideal. If then l, l», +++, lẹ are the 
different prime rational factors of the discriminant and 
l, Iz, +++, In the corresponding ideal-factors of these 
prime numbers in the realm 9(Vm), it is clear that there 
are t different ambiguous prime ideals. The product of 
any two, of any three, etc., of these prime ideals are again 
ambiguous ideals; or, neglecting the product of all these 
ambiguous ideals, which is equal to the ideal (vm), their 
number is 2‘'—1. In other words, not including the 


a 
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principal ideal which is equivalent to (1), there are 
2t*—1 different ambiguous ideals in the given realm. 

To calculate the number of different ambiguous classes, 
which are determined by the ambiguous ideals of the 
realm, Hilbert introduced the notion of the independent 
ambiguous classes. (See Hilbert, Bericht, p. 303.) 

DEFINITION. Asystem of ambiguous classes is called a 
system of ambiguous classes independent of one another, 
if no class can be expressed through the product of any 
powers of the other classes, and where none of the 
classes is the principal class. 

For the ambiguous independent classes, which arise 
from the ambiguous prime ideals of the realm there 
exists the following fundamental theorem: 

Art. 258. THEOREM. The t ambiguous ideals which 
are divisors of the discriminant of a quadratic realm (Vm) 
determine (1) in the case of an imaginary realm always t— 1 
independent ambiguous classes, and (2) in the case of a real 
realm either t—2 or t—1 independent ambiguous classes 
according as the norm of the fundamental unit of the realm 
is +1 or —1. Corresponding to the two cases there are for 
the imaginary realm 2'—1 and for the real realms either 
212 or 2°" different ambiguous classes with ambiguous 
ideals. (See Hilbert, Bericht, p. 306.) 

I. Proof of (1) where the realm is imaginary. 

1. For the realm R(V—1) it is seen that D= —4, 
1,=2, t=1. The only ambiguous ideal of this realm is 
1=(1+V—1)~1. There is here one ambiguous class, 
which is the principal class and no independent ambiguous 
class. 

2. For the realm R(V—2), D= —8, 1,=2,t=1. And 
since lı = V—2~1, there is also here only one ambiguous 
class. 
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3. The same is true for the realm R(V—3), whose 
discriminant is D=—3. The two realms 9(¥—1) and 
R(V=3) are the only two imaginary realms in which 
there are units which differ from +1. For the other 
imaginary realms, where |m|>3, the only units are +1. 

4. Let (a) =2z+yw be an ambiguous principal ideal of 
the imaginary realm (Vm). It is seen that we must 
have z-++-yw=e(x+yw’), where e is a unit of the realm. 
If then |m|>3, it follows that either 


(1) ttyw=xrt+you" 
or 
(2) ttyw= —2— yo". 


The equation (1) is possible if y=0 and x equal to an 
arbitrary rational integer, say a. The equation (2) 
however offers solutions 


1. forw=Vm, <2=0, y=b, say, 
2. for pe) z=—-b, y= 20; 


and from these results it is seen that (1), (vm) are the 
only ambiguous principal ideals of the realm. 

If m=1 (mod. 4) or if m=2 (mod. 4), the product of 
all the ambiguous ideals of the realm is I-12 +- -l= (Vm); 
if, however, m=3 (mod. 4) and if lı is the ambiguous ideal- 
factor of 2, then is 

b-h- Ty = (Vm). 
In both cases any one of the ambiguous ideals, say I,, may 
be expressed through (Vm) and the rest of the ambiguous 
ideals. Hence in either case there are at most t—1 
independent ambiguous classes. 

It must also be observed that there can never be an 
equivalence of the form lı ~[2-s---I,, where m=1 (mod. 
4) or m=2 (mod. 4); nor one of the form I, ~l; ly- -bn 
for the case m=3 (mod. 4), wherev=t—1. For it would 
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then follow that in the first case 

Lisle: ~R ++ B~ 
and in the second case, 

lehet] 

which is not true, as it was shown above that (1) and 
(Vm) were the only ambiguous principal ideals of the 
realm. It follows that associated with the ¢—1 ideals, 
li, Te, «++, U4, there are t—1 independent ambiguous 
classes. If these prime ideals are taken two at a time, 
three at a time, ---, there exists a system of 2*1—1 
ambiguous ideals, in which system no two ideals are 
equivalent and no ideal is a principal ideal. If then the 
principal class is included, there exists in the realm 
R(Vm), 2 classes that are different from one another 
and which contain ambiguous ideals. 

II. Suppose next that the realm 9(Vm) is real. The 
real quadratic realms are to be treated differently 
according as the norm of the fundamental unit is +1. 
or =I. 

1. In the first case, that is, when N(e) = +1, there is in 
the realm (see Art. 234) an algebraic integer a, say, 


different from 1, and from +m, such thate=%. And 


Qa 

from this relation it follows that 

=e 
and consequently (œ) is an ambiguous principal ideal 
which is different from (1) and from (vm). Besides (1), 
(vm), (a) and (avm), where the last ideal is freed of 
rational factors, there is in the realm R(Vm) no other 
ambiguous principal ideal that is independent of the four 
ideals just mentioned. For if (8) is an arbitrary ambigu- 
ous principal ideal of the realm there is necessarily a 
rational integer f such that 8= +8’. On the other hand 
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al =a". Hence if we write 


(1) =F, when = B= +e", 
a 

and 

(2) y= TE when f=—e’, 


it is seen that y is a number, such that 1 =-+1. Since 
y 


this can be true only when y is a rational number, there 
can be no other independent ambiguous ideals in R(Vm) 
besides the four principal ideals (1), (Vm), (æ) and the 
ideal (#Vm) freed from rational factors. 

2. If secondly the norm of the principal unit is 
N(e)= —1, the quadratic realm has only (1) and (Vm) as 
ambiguous principal ideals. 

For, if (a) is an ambiguous ideal which is different 
from (1) and (Vm) and does not contain (vm) as a factor, 
we may write 


5ste, so that Ne) =N(3) =+. 
It follows that f is an even integer, for by hypothesis 


N()=-—1. 
Hence if we choose £ in such a way that 


| if f/2=0 (mod. 2) and Š= +ë, 
(1) ar a 
er if f/2=1 (mod. 2) and ae =ef; 
while 
if f/2=0 (mod. 2) and S=-dé, 
Q) pe-e a 
Vel? or if f/2=1 (mod. 2) and += +é; 


B 


then it is clear that 8 is a number such that Bi =-+1,and 


THE QUADRATIC LAW OF RECIPROCITY 465 


consequently, 8 is a rational number. It follows there- 
fore that (a) = (1) and (a) =(Vm) are the only ambiguous 
principal ideals. (See Sommer, Vorlesungen, p. 154.) 


Arr. 259. Having determined all the ambiguous prin- 
cipal ideals that exist in a real realm, the system of non- 
equivalent ambiguous ideals and the ambiguous classes 
that are independent of one another may be determined 
in the same manner as in the preceding case of the 
imaginary realms. And it is seen that for a real realm 
with fundamental unit «e such that N(e) = —1, one of the 
prime ideals lı, fz, ---, I may be expressed through 
(vm) and the remaining t—1 of these ambiguous ideals; if 
however, N(e) = +1, of the ambiguous ideals lı, l2, +- -la 
that are factors of (Vm) or of (a), two may be expressed 
through (Vm) and (a) and the remaining 1’s, so that there 
remains a system of t—2 inequivalent ambiguous ideals 
that are not principal ideals. Thus it has been shown 
that there are either t—1 or t—2 independent ambiguous 
classes and as in the case of the imaginary realms it is 
seen that there are in all 2^! or 2+ different ideal-classes 
which contain ambiguous ideals. 

It remains yet to determine in what realms there exist 
ambiguous classes where such classes do not contain 
ambiguous ideals and to determine the number of such 
classes. 

Observe first that if i is an ideal of an ambiguous class, 
then i~}, or 

(yt—t. 
If further N (y) = +1, then the ambiguous class certainly 
contains an ambiguous ideal. For since N(y)=-+1, 
there is an integer 8 of the realm such that (see Art. 234) 


v8. 
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Hence, fi=’i’; so that Bi is either an ambiguous ideal, 
or is an ambiguous ideal multiplied by a rational factor. 
Hence an ambiguous class without ambiguous ideals can 
exist only when N(y)=—1. And this is possible only for 
real realms. If for such a real realm N(y) = —1, and if 
further the fundamental unit e of this realm is such that 
N(e) = —1, then is N (ey) = +1 and consequently ey = 8/8’. 

Here again (8)i=(6’)i’ and the class contains an 
ambiguous ideal. 

Due to the above observation, there remains still the 
possibility which is expressed in the theorem: 

THEOREM. In the quadratic realm R(Vm) there exists an 
ambiguous class which does not contain ambiguous ideals 
only in the case where the character-system of —1.=N(y) ] 
consists solely of positive units and where the norm of the 
fundamental unit of the realm is equal to +1. The 
number of such classes is had by taking one such class and 
multiplying it by all the different ambiguous classes which 
contain ambiguous ideals. 

Due to a previous theorem (Art. 248, end) the charac- 
ter-system of —1 consists solely of positive units if —1 is 
the norm of an integral or fractional number of the 
realm. The above conditions may be brought about as 
follows: Let m contain besides the possible factor 2 only 
prime factors of the form 4n+1. The character-system 
of —1 will contain in this event only positive units, since 


a) p-1 
—— | = (ae. 
( p ) ‘dea! 
and further (Art. 246) m may be expressed as the sum of 


two squares in the form 
m=wv-+v. 
If we write this equation in the form 
uw—m 


—-l= =N(y); 
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say, it is seen that —1 is the norm of an integral or 
fractional number of the real realm (Vm). This 
number is evidently fractional, otherwise it would be a 
unit and the norms of the units of the realm are by 
hypothesis equal to +1. Next write y equal to the 
quotient of two ideals i and i; that are relatively prime, so 
that 


i ; 
y=7 or =A 
t 


Since N(y) = —1, it follows necessarily that 
MN. 


As t and i, are by hypothesis relatively prime and 
consequently also i’ and i; it follows that i'=iı; and since 
i=(y)i, it is seen that i=(y)i’ or i~i’. Thus it is seen 
that t determines an ambiguous class. This class cannot 
however contain an ambiguous ideal. For were a an 
ideal of this class, we would have a=ai where «a is a 
number of R(Vm), or a=(a)(y)i’. If a were an ambigu- 
ous ideal it would also follow that (a’)(y’)i=(a)(y)t’; or 


a=(a')(y’). It would follow that y'= a and N(y)= +1, 


whichis not true. Neither is N (ey) = +1, since N (e) = +1. 
And with this the first part of the above theorem is 
proved. 


ART. 260. If next iis an ideal which is not ambiguous, 
but which determines an ambiguous class of the realm, 
and if a, a2, -:-, denote ambiguous ideals taken as 
representatives of the different ambiguous classes which 
were presented in the preceding theorem, then as proved 
below, the ideals ian, iaz, ---, determine (1) different 
ideals; and (2) they determine all the ambiguous classes, 
which do not contain ambiguous ideals. 
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It is easily seen that no two of these ideals are equiva- 
lent. For, if j i 
ia, ~ia,, 
then is a,~a,, which is contrary to the assumption. 
Next let $ be an ideal that is not ambiguous which is 
taken from one of the ambiguous classes. There are then 
two fractional numbers of the realm, say y and yı such 


that N(y)=—1, N(y:)=—1, where y= =y, and 


es 
ry 
consequently a= vYy1. Since N(yyı)= +1, it is seen 


(Art. 234) that vy: may be expressed as the quotient 
of an integer a’ and its conjugate in the form 


: , 
yas o (iIe. 

It is thus proved that (a)i& is an ambiguous ideal, and 
consequently is one of the ideals a1, a2, +., above. 
Writing (a)i¥=a, it follows that 

¥~Va~ia. 
And with this it is shown that besides the classes that 
contain the ideals ta, ia ---, above, there are no 


ambiguous classes that contain ideals that are not 
ambiguous. 

A combination of the theorems just proved gives rise 
to the following fundamental theorem: 

THEOREM. In every quadratic realm there exist 27 
different ambiguous classes. 

This theorem in extenso includes the following results 
that have been derived above: 

For the imaginary realms, it was seen that r=¢ and 
further that every ambiguous class contained necessarily 
ambiguous ideals. Hence, for imaginary realms the 
number of ambiguous classes is 2! =2'—1, 
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When the realm is real, there are three different cases 
to consider according to the nature of the character- 
system of —1 and the value of the norm of the funda- 
mental unit. 

(a) Suppose that the character-system of —1 contains 
once at least the unit —1. In this case r=é—1. The 
norm of the fundamental unit must be necessarily +1. 
Every ambiguous class of the realm contains ambiguous 
ideals. Their number is 24? =2'71. 

(b) The character-system of —1 contains only positive 
units while the norm of the fundamental unit is —1. 
It is seen that r=t and that every ambiguous class 
contains at least one ambiguous ideal. Their number is 
therefore 25! =277}, 

(c) The character-system of —1 consists of positive 
units only and the norm of the principal is +1. In this 
case r=t. The realm contains 2‘? ambiguous classes 
which contain ambiguous ideals and in addition 2°? 
ambiguous classes which do not contain ambiguous 
ideals, in all, 2.2°?=2*1=2'-! ambiguous classes. 

Thus it is shown that 27 is the maximum number of 
possible ambiguous classes. This correspondence gives 
rise to the conjecture that there is an intrinsic relation 
between the number of ambiguous classes and the 
number of genuses. This is shown to be true in the next 
article. It will be shown that every class of the principal 
genus may be expressed as the square of a class of the 
realm. 

ART. 261. The Existence of the Genuses. THEOREM.! 
If m and n are two rational integers which have no squared 
factors and if for every prime integer p the value of the 


symbol (=) is +1, then ts n equal to the norm of an 


1 See Hilbert, § 71. 
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integral or fractional number of the realm R(Vm). 
Proof. If for all prime numbers p, the equation 


("=") =41, 
p 


is satisfied, then as has already been shown, at least one 
of the two numbers n or m must be positive. 

We may assume that neither n nor m has a squared 
factor. Observe that if n=a-b, then (Art. 251) 


p Pp p 
Consider the exceptional cases that may arise: If pı is a 
prime integer that divides n and also the discriminant 
of R(Vm), then, as seen in the different cases considered 
above, pı is the norm of an ideal in R(Vm); if p is an 
odd prime divisor of n but not of m and accordingly 
=») = 5) and when this expression = +1, then p: 
is the norm of an ideal in R(Vm); finally if 2 is a divisor 
of n but not eL the discriminant of R(Vm), and as 


Ei =)= 1) E ne is seen (Art. 216, Case III), that 


when this expression = +1, then also 2 is the norm of 
an ideal in 9t(vm). 

We may accordingly write n=-+N(i), where i is an 
ideal of the realm R(Vm). Since (Art. 218) there is an 
ideal ý in the class determined by i, such that, if we put 
nı=N (9), then is |n1]=|D,|, where Dn is the discrimi- 
nant of the realm RNM). As i and h belong to the same 
class, it follows that i=(a)h where «œ is an integral or 
fractional number of #(vm). It follows that n=WN(i) 
=+N(a)-N(b=N(a)m. If nı= +1, the correctness of 
the theorem is manifest. 
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Observe that n, being the norm of an integral ideal is 
always a rational integer and in the further consideration 
of the theorem that we may assume n, to be an integer 
without a squared factor such that 


(=)= 
p 


for all prime integers p. 

It is seen that if the theorem were proved for m and 
every integer nı where |mi|=|VD,|, Dm being the 
discriminant of the realm R(Vm), then it is true for every 
n; and it is evident that no restriction upon the theorem 
has been made, when it is assumed that |n:|=|VD,.|. 

Suppose that the theorem has been proved for the two 

2 2 
numbers n, and m, and consequently that n= 
In this expression, z, y, cannot be zero simultaneously, 
nor can u, v be simultaneously zero. Observe further 
that z, u cannot both be zero at the same time nor can y 
and v be both simultaneously zero, for in either of these 
cases nı would be a perfect square. Solving the above 
expression for m, it is seen that 

s= niu” : 
METTA (i) 
Due to the fact that 


Ca 


the meaning of the expression (i) is: If the theorem to be 
proved is correct for two numbers n, and m then it is 
also true when these two numbers are interchanged, and 
that is, the theorem holds for m and nı. Observe however 
that |ni|=D,. The inverse of this theorem is also true. 
In this discussion, if |m|24, then is |VD,,|<|m| and 
therefore a fortiori |n| < |m]. 


| 
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Due to the first fact shown above the theorem is 
correct for m and nı, where |n,|=!|VD,,| in case it is true 
for two numbers m and nı where |m,|=|VD,,| and D,, 
is the discriminant of R(nı). With this the proof of the 
theorem for two arbitrary numbers n, m is reduced to 
the proof of two new numbers n =m, and m=, which in 
absolute value are less than |m], provided |VD,,| =|m| 
and that is, if |m| 24. 

Since we may reason backward from the truth of the 
theorem for the two numbers n, m to the truth of the 
theorem for the two numbers 7, m, which are greater in 
absolute value, it is seen that the theorem is proved in 
general if its correctness is shown for the realms R(V—= 1), 
(V2), (V3) and that is for the realms where m<4. 
For all these realms the number of classes is h=1, and 
further note that the following eight are the only cases in 
which |m|=4 and at the same time |n|=|VD,,|. It 


is proved below that ("=") = +1 for all prime numbers 


p in each of the cases: 


1=N(V-1), —2=N(v2), 

2=N(1+V—]), 2=N(V¥—2), 

2=N(2+-2), —2=N(1+ 3), 
—1=N(1+~2), —3=N(v3). 


For note that in the realm #(V¥—1), 
(=)=, A )-+ 
p Pp 
1=N(-1), 2=N(i+v-1), 
while in the realm R(V2) 


(= )-41,  -1-¥0, 
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where 


e=1+V2,  +1=N(C); 
(=), —2=N(v2), 2=N(2+~2). 
In the realm 9t(¥—2) 
(F) and 1=N(—1), 


FH and 2=N(V=2). 


In the realm 9(V3) 
(42) =41, 1=N(-1), (=)-+, 
p p 
-saN D; (=) sti =8=NGRR 
while in the realm R(V—=3), 
(==) ai aa a 


In all these cases the theorem is found to be true and 
from the above considerations it is true in general. 

ART. 262. THEOREM. Every class of the principal 
genus in a quadratic realm R(Vm) may be expressed as the 
square of a class of this realm. 

Proof. Let H be a class of the principal genus in the 
realm §t(vm) and let h be an ideal of this class which is 
relatively prime to the discriminant D of this realm and 
let n be the norm of h with the + sign assigned as in 


Art. 252. Then is 
(= x) Peis A 
p 


for all prime integers p. 
Due to the theorem just proved, we have n=N (a), 
where a is an integral or fractional number of the realm 


R(Vm). 
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Next put Ome where i and i; are ideals that are 
1 


relatively prime. Since i and i, are relatively prime their 
ee are also relatively prime. From above 
N(2)=7 === +1. Hence, W=ii, and consequently 


inti 


i=t, t=t’. It follows that b= ae or}~i. If then 


H denotes the class to which the ideal h belongs and K; the 
class to which i belongs, then in the corresponding 
notation 

H = Kj, 
as is asserted in the theorem. 

THEOREM. The number of genuses present in the 
quadratic realm (Vm) is equal to 27}. 

Proof. Let the number of classes be h and let g be the 
number of genuses. Further, let f be the number of 
classes which are contained in each genus so that h=gf. 
Denote the classes of the principal genus by Hı, Ha, ---, 
H;. From the theorem above, there exist f classes 
Kı, Ko, +--+, Ks, such that 

H,=Kj, H.= Ki, ---, H,=Kj, 
the classes Kı, K2, ---, Ky, being different from one 
another and one of them representing the principal class 
K=1. If Ai, Ao, +--+, Aa are the a=27" different 
ambiguous classes of the realm, it may be shown that 
through 


Kirn, Kida, +++, Ki Ag 
EEE NE | (i) 
K;Ay, KyA2, aa KyAa 
all the classes of the realm may be expressed and each 
class only once. 

Observe first that these classes are all different. For if 


K,A,=45,A,, 


— 
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then is also 
(= Ki, 

since the square of an ambiguous class belongs to the 
principal class K=1. The K’s however are all classes 
different from one another. 

On the other hand, if C is any class of the realm, then 
C? belongs to the principal genus. For if i is an ideal of 
C, so that i? is an ideal of C?, then is 


(ea) - (Ea) Ebe) 


Hence, there is a class K,, say, such that 

Q= KE 
where v is one of the integers 1, 2, --+, f. Hence c 
is an ambiguous class since its square is equal to K, where 


K denotes the principal class; and we may write C=A, 


A denoting one of the ambiguous classes above. And 
that is, C=AK, which class is found among the classes 
(i). Thus it is seen that on the one hand h=gf and on 
the other hand h=af=2''f, so that 
QSA 

It was proved in Art. 256 that the product of the units 
which constitute a character-system is always equal to 
+1, and consequently there existed at most 277! genuses. 
In conclusion, it is seen that a system of r units +1, 
always represents a character system, when and only 
when the product of the r units is equal to +1. 


APPLICATION! OF THE EXISTENCE THEOREM OF 
THE GENUSES 
ART. 263. 1. If the number of classes of a realm is odd, 
all the classes belong to one and the same genus. For, 
h=g-f=2"-¥f, and if h is odd, 2! must equal unity. 


1Sommer, Vorlesungen, p. 164. 
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2. Let m=p be a positive or negative prime integer and 
let m=1 (mod. 4). In this case D=m=p, so that t=1 
=r. The number of genuses is 2°=1. The realm 
contains only one ambiguous principal ideal and only one 
ambiguous class, namely, the principal class. When the 
discriminant contains only the one prime factor, the 
number of classes is odd (Art. 235) and if the realm is 
real, the norm of the fundamental unit (Art. 235) is 
equal to —1. 

3. Let m=p be a positive prime integer of the form 
4n+3. In this case D=4p, 1,=2, l.=p, and therefore, 
t=2 The character-system of —1 is 


eal Py YEM TELA YE EARS 
( 2 J- a ( p ) 4 


so that r=t—1=1. The number of ambiguous classes as 
well as the number of genuses is 2°=1. In particular, 2 
is factorable (Art. 216) insucharealm. For i= (2, 1+vVp) 
is an ambiguous ideal = (2, 1— Vp) =i’. And as the norm 
of any principal ideal in this realm is of the form 2? — py’, 
it is clear that 
+2=277—py’. 

Writing the equation 2=2?—py? in congruence form 
z?=2 (mod. p), it is seen that 


Ẹ )a(- 1) =1 Pe when p=4(2n+1)+3=8n+7 


(Art. 216, Case III). Hence, +2=2?—py’ admits solu- 
tion for p=8n+7, and similarly, —2=2?— py’ admits 
solution for p=4(2n)+3=8n+3 The solution of such 
equations may be done by trial. Observe that often the 
solution may be effected in a similar manner as that of the 
equation (Art. 246) 


+1=27—my? 
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by first determining the roots of the congruence 
r’ F2=0 (mod. p). 

If w is a solution of this congruence, the required value 
of x is to be found among the numbers z = w-+pg, where g 
is a positive or negative rational integer. We may write 
for g the values 1, 2, ---, p—1, and observe when 


2. 3 
is a perfect square, say, y’. 


4. Let m= —p be a negative prime integer of the form 
m=3 (mod. 4). In this case r=t=2. The number of 
classes is even and the realm contains two ambiguous 
classes in which appear the two ambiguous prime ideals 


a=(Vm), b= (2, 1+~m), 
whose norms are N(a)= —m=p, N(b)= +2. The char- 
acter-systems of a and b in the realm (Vm) are ac- 
cordingly, 


(Ep) (A) oo 


9 = 
(7 z) aai € =) +1, 
2 m 


where in the two last expressions the upper or the lower 
signs occur according as p=1 (mod. 8) or p=5 (mod. 8) 
(Art. 216, Case III). Ifthe two upper (plus) signs occur, 
then the class B determined by b belongs to the principal 
genus. And since every class of the principal genus may 
be expressed through the square of another class, it is 
evident that B=K?. But B being an ambiguous class, 
B?=1 and consequently K*=1. In this case it is seen 
that the number of classes is divisible by 4 and that is, at 
least equal to 4. 

If however the lower (minus) signs occur in the 
expressions in question, then B cannot be equal to the 
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square of a class, and the number of classes is divisible by 
2 but by no higher power of 2. 

In this case, if Hi, He, +++, Hy, are the classes of the 
principal genus, where f is an odd number, then the 
remaining classes are H,B, HB, ---, H;B. Due to the 
fact that B?=1, it follows that H,= H}, Hi=H,H,, where 
l, k, s, t are integers of the series 1, 2, ---, f. 

5. Let m=p-p, be a positive integer where p and p; are 
both positive prime integers of the form 4n+1. In this 
case t=2=r, g=2. The number of the ambiguous 
classes is accordingly 2 as is also the number of the 
genuses. The number of classes is even. The ambigu- 
ous ideals are 


(p, Vm), (pi, vm), (Vm). 
Further note that 


(E2) - (3) cca (58) 


Hence, see theorem in Art. 259, if the norm of the funda- 
mental unit e of the realm is =+1, there exists an 
ambiguous class which does not contain an ambiguous 
ideal. 

In this case the three ideals above must all be principal 
ideals. And that is, one or the other of the two equations 


2 


as well as one or the other of the equations 


2 
+pı= (2+8 -Piya 
admits integral solutions. 


If we write r+5= 5P, it follows also that the equation 


OR) 
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admits integral solutions. 
Reciprocally, if this equation can be solved in integers, 
then the norm of the fundamental unit e is equal to +1. 
A necessary condition for the above Diophantine 
equation is that 
(p/p1) = +1. 
The above result may be expressed in the theorem: 
THEOREM. If m=ppi, where p and pı are positive 
prime integers of the form 4n+1, then the norm of the 


fundamental unit e of (Vm) is equal to —1, if (2) =—1, 
1 


If (2) =+1= (2) , the fundamental unit «e may have 
1 


the norm +1, as is seen in the case of the two realms 
9t(V145), where e=11-++2w, and N(e)=—1, and in the realm 
R(V221), where e=7 +w and N(e)=+1. 

The question when is N (e) = +1 and when is N (e) = —1, 
is discussed further from a different standpoint by P. G. 
Lejeune Dirichlet, Ges. Werke, Vol. I, p. 288, in a paper: 
“ Einige neue Sätze über unbestimmte Gleichungen.” 


ExamĮmPLE. Write p=2, pı =l+4n and derive similar results as 
those just proved. 


6. Let m=qq. be a positive integer, where q and qı are 
positive prime integers of the form 4n +3. (See Art. 243, 
third case.) In this case m=1 (mod. 4) and t=2. 
Observe that 


re T 

q q qı 
Hence r=t—1 and g=2°=1 (Art. 262). The number of 
classes is odd, since the ambiguous ideals are all principal 


ideals (Sommer, p. 119), and no ambiguous classes can 
exist which do not contain ambiguous ideals. 
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The equivalence (q, Vgqi) ~1 has the signification here . 
that one or the other of the two equations 
gale (+y -Fy 


admits solution; and that is, one of the equations 
4q = (21 Fy) qy 
may be solved in integers. 
Writing 2x+y=2q, these equations become 
+4=2@-y'q. 
Further, observe that the equation with the upper or the 
lower sign admits solution, according as 


(q/m)=+1 or § (q/m)=—1. 

Note that if one solution of the equation +4=q2?—qy? 
is known, an infinite number of other solutions may be 
determined by means of the units of the real realm 
R(Vgqi). And it is further seen that the equations 
+1=q2?—qy* admit solution according as (q/q:)=+1. 

7. If m= pg is a positive or negative integer, p and q 
being prime numbers such that p=1 (mod. 4) and q=3 
(mod. 4), then is ¢=3 or ¢=2, and in either case, r=2 and 
g=2. The number of classes of the realm is clearly even. 

If the special cases above are taken into consideration, 
the results may be expressed in the theorem: 

THEOREM. The number of classes of a realm is odd: 
(1) if m is a positive or negative prime integer and m=1 
(mod. 4); (2) if m is a positive prime integer of the form 
4n+8; (3) if m=qqi is a positive integer, being the product 
of two positive prime integers q and qı of the form 4n+8. 
In these and only in these cases is the number of classes of 
the realm equal to one; in all other cases the number of 
classes of a realm is an even number. 


CHAPTER XI 


APPLICATIONS OF THE THEORY OF IDEALS 
OF QUADRATIC REALMS TO A DIS- 
CUSSION OF FERMAT’S THEORM 


ART. 264. L. E. Dickson in his History of the Theory of 
Numbers, Vol. II, pp. 731-776 devotes forty-five pages to 
the discussion of this remarkable theorem. In the 
preface of this volume, p. XIX he writes: “ Fermat’s 
last theorem is not of special importance in itself and the 
publication of a complete proof of it would deprive it 
of its chief claim to attention for its own sake. But the 
theorem has acquired an important position in the 
history of mathematics on account of its having afforded 
the inspiration which led Kummer to his invention of 
ideal numbers, which is one of the most important 
branches of modern mathematics.” False proofs and 
erroneous deductions are noted by Dickson, in particular 
those of Cauchy, Lamé, Wantzel, and Kummer. 

In his Observations sur Diophante Fermat (Vol. III, p. 
241) calls attention to the fact that the equation a?+-6? 
=¢ is satisfied by a= pp +g, b=p’—q’, p>q, c=2pgq, and 
says that he has a “ truly marvelous proof,” which the 
“margin of his book is too narrow to contain, that it 
is impossible to solve a"+6"=c"(n>2) in rational inte- 
gers.” Kronecker (Vorlesungen über allgemeine Arith- 
metik, p. 23) says that mathematicians have probably 
worked on this theorem more than upon any other and 
that no problem has caused so many false and erroneous 
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deductions. As stated by Dickson,! the study of the 
theory of ideals grew up out of the study of this problem 
combined with the study of the general reciprocity law 
(see Art. 240). 

Kummer’s fundamental discovery consisted in the 
proof that all complex integers defined by the nth roots 
of unity could, by the introduction of ideals, be factored 
uniquely into primes which obey the usual laws of 
arithmetic as regards multiplication and division. And 
he wished to apply this immediately to Fermat’s theorem 
and the higher reciprocity law in a similar manner as 
Gauss, by the introduction of an 7 into the realm of 
rationality, had done for the biquadratic residues as well 
—1+7=3 

2 
rationality for the study of the cubic residues. See, for 
example, Bachmann, Die Lehre von der Kreistheilung, 
14 Vorlesung; or Jacobi, Works, Vol. 6, p. 223. 

Legendre in the beginning of the second volume of the 
Théorie des nombres writes: ‘‘ The method, of which we 
are going to make several applications, is deserving of 
particular attention in that up to the present time (1830) 
it is the only one through which certain negative propo- 
sitions relative to powers of numbers may be proved.” 
This method consists in showing that if a theorem is 
true for certain numbers, it may be proved to be true for 
smaller numbers. This being done, the proposition 
(negative) is proved. For in order that the proposition 
be true, it would be necessary that a series of positive 
integers decrease indefinitely. Fermat is the first who 
indicated this method (of infinite descent) in one of his 


1 Dickson, ‘‘ Fermat’s Last Theorem and the Origin and Nature of the 
Theory of Algebraic Numbers.” (Annals of Math., Vol. 18, p. 161, Series 2.) 
Also read the excellent account of this theorem by H. J. S. Smith, Collected 
Works, pp. 131 et seq. 


as by the introduction of w= in the realm of 
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notes on Diophantus, where he proves that the area of a 
right angle triangle whose sides are integers can not be a 
square integer. 

Later Euler extended these applications and treated the 
theory with great clearness in the second volume of his 
Algebra. 

ART. 265. Following Legendre (see also Sommer, p. 
177) we may give the Fermat proof that the equation 
(1) g+yt=2 
cannot be solved in integers. A zero value for one of the 
variables is excluded once for all. It is clear that no 
two of the integers can have a common factor, otherwise 
it must occur in the third integer and may be factored 
from the equation (1). If this equation admitted a 
solution, this solution could be expressed through 

ie =P =o, y? = 2rs, =pr+s?, 
where r and s are positive integers that are relatively 
prime, and where y is an even integer. Further, since 
2rs is a perfect square, it follows that either r and 2s or 2r 
and s are perfect squares. 

If r=w and 2s = 4°, we have 
(2) x? =ut—4yr’, 

This Diophantine equation admits solution on the 
assumption that (1) may be solved. We may accordingly 
write 
(3) w=a?+b?, v= ad, 
where a and b are positive integers that are relatively 
prime. Since their product is a square, it follows that 
we may write 

a=f*, bsg, 
where f and g are positive integers that are relatively 


prime. These values substituted in (3) give the Dio- 
17 
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phantine equation 

(4) wafity 

which is the same as equation (1). Observe, however, 
that of the two integers x and y, one must be the smaller, 
say y. On the one hand we have 


and on the other r?=1?, so that uss and 2rs=4v*r =y, 


<¥ 


so that v= 3 Due to the relation ab=v’, it is seen that 


ee ga". 
a PED b DA 


It follows that both f and g are less than y and this 
causes u to be less than z. Accordingly it is seen that 
equation (4) admits solution in smaller positive integers 
than the solution z, y, assumed for (1). This method 
could be continued indefinitely, contrary to the fact that 
there are only a finite number of positive integers that 
are less than a fixed integer z in (1). 

As corollaries to this theorem it is seen that: 

(A) Equations of the form 

rtty te, (z=2), 
s8§ri=f=2?, @=Se, P=). 
an yen = {i = Bas 
do not admit solution. 
(B) No two of the relations 
P=r—s*, y =2rs, z=r+s? 
can exist simultaneously, otherwise equation (1) would 


admit solution. Since (r+s)(r—s)=2?, where r and s 
have no common factor, it would follow that 


r+s=wu’, and r—s=v; 
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and consequently 
2r=u +, 2S 
We would thus have 
2y? = 4rs = ut — 1$, 
which, as thus stated, can not exist simultaneously with 
x? =r? — 2, and that is, equations of the form 
22 =at—y! 
do not admit solution in integral form. 
(C) Since the equation 
zity!=zt 
does not admit solution, there do not exist two integers r 
and s such that 
gy? =? —38?, 2=r+s?, or Ces — Ge 
(D) The last result has the following geometric 
interpretation. The area of a right-angled triangle whose 
sides are integers, can not equal to a squared integer. 
For were xy =2f? and 2+4? =2, we would have 


GPSA E Ee 


a-y} =z— (2), 
which from (C) is not possible. Numerous examples are 
given by Fermat. Dickson, Annals of Math., Vol. 18, p. 
163, gives an interesting reference to Leibniz in this 
connection. 

ART. 266. The proofs which Kummer used for the 
Fermat Theorem rest upon the following principle that 
was introduced by Legendre, Vol. II, p. 357. Legendre 
made the impossibility of the solution of the equation 
x?+y3 =z, for example, depend upon the three propo- 
sitions: 

1. If this equation is possible, one of the integers z, y, z 
must be divisible by 3. 


a= 


so that 


486 THE THEORY OF ALGEBRAIC NUMBERS 


2. That variable which is an even integer, must at the 
same time be divisible by 3. 

3. If one of the variables is divisible at the same time 
by 2” and by 3”, the equation to which it belongs, may be 
changed into another where the corresponding variable 
will only be divisible by 3". Then by making use of a 
series of transformations an equation is derived, in which 
no term is divisible by 3. And the solution of this 
equation is impossible by proposition 1. 

To prove proposition 1, observe that if neither x nor y 
is divisible by 3, then is 

x=+1 (mod. 3) and y=-+1 (mod. 8). 

Further if t=+1 (mod. 3), it is seen that 

FIP =8F3?4+3tF1 =P F380F1)iF1, 
so that 2@=+1 (mod. 9). It follows that 

o+ty=2, 0, —2 (mod. 9). 

Hence if z is not divisible by 3, then also is 22= +1 (mod. 
9), so that 

+yz E= l or +3 (mod. 9). 
And accordingly we can never have 

ety =z, 

The Proof of Proposition 2. Observe that 3 is an odd 
integer, and if a solution were possible, then by giving to 
one of the variables the negative sign, it could be trans- 
posed to the other side of the equation, which would 
accordingly also admit solution. 

Let z be the variable which is divisible by 2. Writing 
(1) eye = Pry, 
we will prove that u must be divisible by 3. For observe 
that z’+4? admits the two factors r+y and (x+y)? —3zy, 
which factors have only 3 as a common divisor; and if 3 
does not divide the right-hand side of (1), then are the 
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two factors just written relatively prime. Since x and y 
are both odd integers it follows that 
rt+ty=2%"a', 
2 —aytyr=b, 
and u=ab, where b is positive and prime to a. Writing 
b? in the form 
at 2 r— 2 
p= (=) +3(254) ? 
it is seen that b? is of the form p?+3q’ and is accordingly 
the norm of an integer of the realm %#(¥—3). 
We may therefore write 
b=f?+3g and (f+ ¥—39)*=F+V—34, 


where 


F=f(f? —99°), 
G =39(f? —99"), 
b= F? 43G. 


It follows that 
t=f'+3f%9 =g 3g, 
E it Soa +39’. 

Further as shown above, on the assumption that z is not 

divisible by 3, either x or y must be divisible by 3. It 

would follow that f is divisible by 3 and therefore both x 

and y and therefore also z. This is contrary to the 

assumption that the three variables had no common 
factor. 

The third proposition consists in proving that the 
equation 

(1) g? +y? di 23m33n g3 

is impossible. Suppose for the moment it is satisfied 

without one of the variables being zero. Observe that 


or 
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the two factors of the left-hand side, namely, x+y and 
(e+y)?—8x2y have no common factor save 3 and no 
higher power of 3 can be a common factor. Also note 
that 2?—azy+y’ is an odd integer. We may accordingly 
write 
£ +y = DRESSY ela a 
z? — xry ty = 3b}, 
z=ab. 

Writing b’ in the form 


ae 2 2 
w= (54) BEY, 
we have as above 
b=f?+39?, b= F? +30, 


where 
atey ZERU, 
dii O a 
It follows that 6G=x+y, or 
(2) Q8m—13 320-393 = g(f? = g). 


Since 3b =x? — zy +y? is an odd integer, it follows that 
b= p*?+3¢’ is also odd and therefore also f?—g?. It follows 
from (2) that g must be divisible by 2°", Hence 
writing g = 2°""1A, f+g=B and f—g=C, we have 
Gaa E ABC, 

where A, B, and C are relatively prime. We may accord- 
ingly write 
f+g= M’, J-g=N', g = 28e 12, LMN =3""1a, 
where one of the integers L, M, N is divisible by 377. 
We further have 

M3 — N’ =2g = 23L., 

Due to proposition 2 the solution of the equation just 
written necessitates that L be divisible by 3. Ac- 
cordingly putting L=3""T, it follows that 
(3) MEEN ENOT. 
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Comparing this equation with (1) it is seen that through 

the repetition of similar transformations the solution of 

(1) necessitates the solution of an equation of the form 
z+ = (2"2)', 

where z is not divisible by 3, and this in virtue of propo- 

sition 1 is impossible. 

With this it is also proved that the solution of the 
equation z?+y?=2*z3, for integral values of k, is im- 
possible. (See also Legendre, II, 9.) 

ART. 267. It may also be proved that the equation 
0) a= p= 
does not admit solution in the realm R(V=3)=R(w), 


=, The units of this realm (Art. 99) are 


1, +i, +w; and all the ideals are principal ideals. 
Following Kummer (see Sommer, p. 184) write 
pata N8 yz(=) = V—3., 
so that (A)=(V—3). If a solution of (1) is possible it 
may be proved first that one of the quantities a, £ or y is 
divisible by (A). For suppose that neither œ nor £ is 
divisible by A. Since a is an integer in R(V—3), it may 
be written 
a=atbwo=atb—b(1—.w), 
where a and b are rational integers. It would then 
follow that a+b is not divisible by (A) and consequently 
3 is not a factor of a-+b. 
We accordingly must have 
a=-+1 (mod. d), 
and similarly 
8=+1 (mod. d), 
and therefore 


a — 83 = —2, 0, or 2 (mod. d*). 


490 THE THEORY OF ALGEBRAIC NUMBERS 


If then y is also not divisible by (A), we must have 
y=-+1 (mod. à) 
and 
œa — 8 —yY= +3, or +1 (mod. `°). 

The solution of a? — 6?—y?=0 is accordingly impossible. 
Hence for a possible solution of this equation, one of the 
quantities a, 8, or y must be divisible by A. Writing 
y=A"y1, N21, it may be shown that n=2. For if à is 
prime to a=a-+bw, then either 

a=+1 (mod. 3), b=0 (mod. 3), 
so that a=+1-+)*r, where 7 is an integer; or a=+1 
(mod. 3) and simultaneously b=+1 (mod. 3) so that 
a=(1+w)+)’c, o being an integer in R(V¥—3). Observe 
that 1-+w=7, say, is a unit of the realm. It follows that 
in either case a=7n (mod. X?) and similarly B= (mod. 
X2), where y and », are units of the realm. 

Since a?—6?=0 (mod. X), it follows that 7?—7i=0, 
and with this it is proved that a3—6?=0 (mod. ^4), and 
that is, y? is divisible by or y=d"y1, where n=2. It 
may be shown next that the more general equation 
(2) ap = mia, 
where 7 is a unit of R(w), does not admit solution. 

Due to the conditions 
(3) a=-+1 (mod. d), B=+1 (mod. A) 
and a'—p?=0 (mod. 4°), it is seen that æ and 8 must 
satisfy the conditions in (3) simultaneously. And from 
these we further have the simultaneous congruences: 
(4) a—B=0 (mod. à), a—wB=0 (mod. X), 

a—w'8=0 (mod. dA), 
of which the difference a—§ is divisible by a higher 
power of à, but neither of the other two. 

For observe that a=1+ 7, 8=1+)c, 7 and ø integers, 
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so that a—B=(r-—c). Since a—B=0 (mod. 4’), it follows 
that r—c=0 (mod. X) or r=a+dy. Then also 


r eo) (lad ne) won on eP (mod. A). 


And were a—w8=0 (mod. i’), it would follow that 1 was 
divisible by à. It is further seen that the three con- 
gruences (4) have no further divisor save \. 
Hence from (2) we may write 
Oo B = ENES, 

(5) a— wB = ep", 

a — W p = eN’, 
where e, €z, e3 are units and r, u, v are integers in R(V—3). 
Observing that 

oe -Pre lene) em =0, 
it follows from (5) that 
we i r + ew Au + esrv? = O, 
an equation, which, divided by wed, offers 
(6) KN 
where ¢ and nı are two new units. Write this equation 
in the form of a congruence 
(7) p— i=l (mod. A?) 
and note that neither u nor v is divisible by A. As proved 
at the beginning of this article, we therefore have 
u= +1 (mod. A) and r= +1 (mod. à) so that 
K= +1 (mod. °) and = +1 (mod. X). 

These values substituted in (7) show that of the six units 
mentioned above we can only have ¢{==1. Hence on 
the supposition that (1) may be solved, it follows that an 
equation of the form (6), that is 

a? JS B = niyi 
may be solved. 
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Continuing this process, it is seen that an equation of 

the form 

of — Bi= md yi 
could be solved, in which none of the integers ax, Bz Or Yk 
is divisible by 3. And this as already proved is im- 
possible. 

ART. 268. It may also be proved that the equation 
(1) ge a 
can not be solved in integers of the realm J(2). 

Here again all the ideals are principal ideals, and the 
units are 1, 7. Writing \=1-—7, it may be proved that 
either a or 8 must be divisible by A. Note that 2=N(A) 
=(1-—72)(1+7) and that 1+7=7(1—1)=7x. It follows 
that 2=(1—7)%%. Observe that 1=7 (mod. A). It is 
clear that every integer a that is prime to à satisfies the 
congruence 
(2) a= (mod. )). 

Every integer that is prime to 2 satisfies one or the other 
of the congruences 
(3) a=z1 (mod. 2) or a=1 (mod. 2). 
From (8) it is seen that 

a= +1 (mod. \°, or mod. 2°); 
and that is, the fourth power of every integer a that is 
relatively prime to à is congruent to +1 (mod. A‘, or 8). 

We may assume first that both œ and £ in (1) are 

relatively prime to A. It follows that 
at=] (mod. ô), bt=1 (mod. `°) 
and therefore 
at+ßt—2=0 (mod. d°). 
The equation (1) is 
(4) at+pt—2 =% —2. 
And it is seen that 7’ is divisible by 2(=72)7). We may 
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accordingly write y=\yi, where yı is relatively prime to X. 
It follows that 
f—-2=Myi-2= —i2(yi— i), 
and therefore from (4) 
yi —1=0 (mod. M). 
This, however, is not possible; for from above, since yı is 
relatively prime to X, it is seen that 
yi—l=(yi—1)(yi+1)=0 (mod. d%), 
so that yj is congruent to either 1 or —1 (mod. ^4). 

We may assume secondly that the integers 8 and y are 
prime to. Then from (8) 77=—1 (mod. 2) or y= +1 
(mod. 2); and since —1=1 (mod. 2), we have in either 
case y?=1 (mod. 2). Since §*=1 (mod. `°), it is seen that 
vy”? — bt is divisible by X°. Hence from (1) a is divisible by 
à, and it follows that this equation can be solved only if 

Mtat=7?— 8B! 
admits solution, and vice versa. We may accordingly 
determine whether or not the more general equation 


(5) Aat = 7? — Bi, nal 
may be solved. This equation when written in the form 
(6) yl Sea 


shows that y?—1 is divisible by ^4 at least. From (8) 
yy =1 (mod. 7), or y=+1 (mod. X). And it is evident in 
the case before us that the latter congruence must be 
taken so that y—1=)?r and therefore y+1=)?(7+17); 
and as either r or r-+1 is divisible by X, it is seen that 
+? —1=0 (mod. à’). 
Since 6t—1=0 (mod. 4°), it follows from (6) that n>1. 
Next write the equation (5) in the form 
(5) hoe — ee) Cyst) 


and observe that y—§? and y+? can have no common 
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factor save 7, otherwise such a factor would be common 
to 2y and 28. 
We may accordingly write 
a B = 04 and y +e= n 1A402274, 
where o and r are integers without a common divisor 
and 7, m are units in R(i). It follows through sub- 
traction that 
28? = qN 2ri — n204 


end mN die 


Divide this equation by 2 and write for — a 


units ¢ and ¢;. It is seen that 
B? —fot= COD 74, 
As n22, we may write 
6? —fo4=0 (mod. `) or 6? —¢=0 (mod. 44), 
and since (64—1) =(6?—1)(6?+1) (mod. \°), it follows 
that 
Bat or —1 (mod. f*) 
and therefore the unit ¢ is +1. 
Accordingly we have 
MOD = B? — gf, 
Compare this equation with (5). It is seen that a 
series of analogous substitutions will reduce it to the 


form 


eiri = pi i, 


a solution of which is not admissible, since it was shown 
above that \ must occur to a power greater than 4. 

With this proof it is also evident that neither of the 
equations 

Z ays, z= rt —yt 

may be solved for rational integral values of the variables, 
that are different from zero. 

ART. 269. A consequence of the theorems just proved, 
as remarked by Hurwitz, is that the quantities ¥1+2°, 
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V1{+2! are irrational for all rational values of x. Geo- 
metrically interpreted, the meaning of these theorems is 
that the curves 

y= c, ttyl =g, 
where ¢ is a rational number, never pass through any 
point whose coérdinates x, y are rational numbers. 

Further it is evident that the equation 

HY =Z 
is not satisfied by the square roots of any rational 
numbers. For were a, b, c three numbers that are not 
perfect squares and which have no common factor, and if 
al? p32 = 2, 
it would follow that 
a+b? — è = —2 (ab)??? 

and this is impossible, since the right hand side is an 
irrational number. 

And this means, geometrically interpreted, there is no 
point whose coördinates may be expressed through the 
square roots of rational numbers, upon the cubic 

g y? = Ce 
where c is a rational number. 

In Art. 298 an important consequence due to Kronecker 
(Works, Vol. I, p. 121) is made of the fact that the 
equation 
(1) e+tyi=1 
admitted solution in rational integers, only when either 
x or Y was zero. 

For writing 


where a and b are two rational numbers, it is seen that 


s andi _2(4a°+270'+1) | 
Bie ih (b—1)8 
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It is clear that every rational solution of 
(2) 4a3+27b?7-+-1=0 
offers a solution of (1) and vice versa. The latter 
equation admits solution only for x=1, y=0; or x=0, 
y=1. Accordingly the only solutions of (2) are a= —1, 
b=1/3. 
Further it is seen that the discriminant of the equation 
x’+azx+b=0 
is (Art. 104) 
A = — (4a3+270?). 
With this is proved the theorem: 
THEOREM. The equations x?—x1/3=0 are the only 
ones of the third degree whose discriminant is +1, in which 
at the same time the sum of the three roots is zero. 


ART. 270. An important theorem due to Kummer ! is 
the following. By cyclotomic realms we understand (Art. 
105) those realms which result from adjoining a root of 
unity to the usual realm. 

THEOREM. If pis a prime integer (>2) and a, B, y are 
any integers of the cyclotomic realm, which exists through the 
adjunction of a p root of unity to the usual realm, the 
equation 

a? + BP+7? =0 

admits no solution other than where one of the variables is 
zero. See for example, Hilbert, p. 517 and an interesting 
article by Th. Got, which appears as an appendix to the 
translation into French of Hilbert’s Treatise, by Levy 
and Got, and Dickson’s History, Vol. II, p. 757. Prof. 
H. S. Vandiver is doing much work in this direction. 
Methods of solving the equation ¢?-+7?= in quadratic 
realms are given by the author (Liouville’s Journ., Vol. 4, 
Series 6 (1921), pp. 327 et seq.). 


1 Kummer, Crelle, Vols. 16, 17, and 40. 


CHAPTER XII 


CORRELATION BETWEEN THE THEORY OF 
QUADRATIC FORMS AND THE IDEALS 
OF QUADRATIC REALMS 


ART. 271. In Arts. 240-2 we have determined whether 
or not a rational integer g may be expressed through one 
or the other of the special quadratic forms 

TEER £? —2y?, t E3Y, my. 
The more general quadratic form is 
fax? +2bry+cy’, 

in which a, b, c are rational integers, while x and y are 
variable integers. The middle coefficient 2b is usually 
taken even. The greater part of the third volume of 
Dickson’s History of the Theory of Numbers has to do 
with the treatment of such forms. 

If a, 2b, c have no common divisor save unity, the form 
is said to be properly primitive, and improperly primitive if 
these three coefficients have 2 to the first power only as a 
common factor. The quantity b?—ac=D is called the 
discriminant of the form. We shall assume that D#0 and 
that D has no square factor. 

If in the form with determinant (discriminant) D we 
make the substitution 


Es r=rx,+syi, 
y =a Fuy, 
with determinant A=ru— st, where all the quantities are 
rational integers, we have a new form 
fi= ayxit2biaiys +eyi, 
497 
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whose determinant D, = DA?. If A= +1, the forms f and 
fı are said to be equivalent, properly equivalent if A= +1, 
and improperly equivalent if A= —1. 
If in the form fı we make the substitution 
ce eer 
Yr = t£ +Uiyo, Ai =riti— Sil), 
the form fı becomes f2=a273+2borey2+c.y3, whose de- 
terminant D: = D,Aj= DA?Aj. 
In general, if we put SS,;= 2, S,S.= 2, ete., it is seen 
that the associative principle is applicable, and that is, 
DSo= D1 and Zi Sig= Snore 
while 
(282) S3= (S21)S3=S8(2183) = S(81D2) = DZ.= S888, 
ete. If D0, it follows from the substitutions S that 


ee 
st z 
a EET 
yı= N 
Two substitutions S and S are called reciprocal when 
SEa | = ta 
Y=Yr2 


We shall next consider only such substitutions in which 
r, 8, t, u are rational integers and where the determinant 
ru—st=1. Such a substitution is called unimodular. 
Its reciprocal has like properties. 

If f is transformed into fı by a unimodular substitution, 
we say that f and fı are equivalent, and this property is 
denoted symbolically by 

i ~Jue 
It is evident that f~f. If further f ~f, and fı ~f2, then is 
J ~fa, as is readily proved, since A=A,=1 and D: = Di = D. 
All equivalent forms constitute a class. It may be 
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proved that all possible forms with the same determinant 
D may be distributed into a finite number of classes 
(Dirichlet-Dedekind, Zahlentheorie, §§ 67 and 75). It is 
clear that any form of a class determines that class. 

The fundamental problems of the Theory of Quadratic 
Forms are the following: 

1. Determine whether a given integer may be ex- 
pressed through a given form; and when this can be 
done, determine the values of x and y, so that the form 
may present the integer. 

2. Determine that form as representative of a class, 
which will express the given integer with the least 
numerical calculation. 

3. Determine whether two forms with the same de- 
terminant are equivalent, and if so, derive the substi- 
tutions through which they may be transformed into 
each other. 

4. Prove that the infinite number of forms with the 
same determinant, may be distributed into a finite 
number of classes. In Art. 218 it was shown that the 
infinite number of ideals that belong to a definite realm, 
may be distributed into a finite number of classes. In 
this realm the discriminant is a fixed integer. 

5. Show that the classes may be distributed into 
genuses. 

ART. 272. Kummer in his first communication re- 
garding the ideal numbers (Crelle, Vol. 35, p. 325) called 
attention to the fact that the Theory of Quadratic 
Realms was identical with that of the Theory of Quad- 
ratic Forms. In this same paper Kummer writes as 
follows: “The ideal factors of the complex numbers 
appear as factors of complex numbers that have a real 
existence.” In other words the Kummer factors (Art. 
205) are divisors of the integers of a fixed realm. ‘And 
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consequently,” he says ‘when multiplied by other 


(Kummer) ideal factors, they produced integers of this 
fixed realm.” 

The two most important results, he emphasizes, are the 
following: 

1. There is always a finite definite number of these 
Kummer numbers which are necessary and sufficient 
when multiplied with one another, to produce all existing 
integers of the realm. 

We have seen that the ideals of a fixed realm were 
distributed into a finite number of classes. 

In another form the above theorem was proved by 
Kronecker in his Berlin dissertation (1845), De unitati- 
bus complexis. Observe that Kummer, the teacher and 
friend of young Kronecker, produced the above men- 
tioned results about this time (1845), and a study of them 
greatly influenced the entire trend of Kronecker’s mathe- 
matical endeavors, notably his introduction of modular 
systems already considered in Chapter VIII, and the 
general Theory of Forms in which he attempted (see 
Vol. II, Chapt. 4 of the present treatise) to generalize 
the Kummer results already mentioned in Art. 205. 

2. Every ideal (Kummer) number f has the property that 
when raised to a definite integral power it becomes an 
integer of the realm. (See Art. 205.) 

In Art. 218 it was seen that the h power of every ideal 
was a principal ideal (that is, an integer) of the realm. 
And we may accordingly prove the following: 

THEOREM. Corresponding to every ideal a of a fixed 
realm Q there exists an integer x which in general does not 
belong to Q, and is such that the integers of a are identical 
with those integers of Q which are divisible by x. 

For observe that a= (w), say, where w is an integer of 
Q Writing x=Nw, it is seen that x has the property 
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required. For if a is any integer of a, then a’ is divisible 


h 
by a®(=(w)). It follows that = is an integer, as is also 


<=". Reciprocally, if œ is an integer of Q so that 2 
Vo K K 
M- Tae. la). 

is integral, then is T integral and therefore also “isan 


integral ideal as is also %, And this means that @ is an 
integer of the ideal a. These numbers « are clearly 
Kummer numbers which belong to a realm of degree h 
above Q. (See Smith’s Report, p. 111.) 

Let p=(p, b-+-vm) denote a prime ideal of the realm 
R(vm). All numbers of this ideal are expressed in the 
form xp+y(b+vm), where x and y go over all rational 
integers. And the norm of such numbers is (Art. 205) 

b?—m 
pi pr? +2bxry+ 7 y? }- 
Observe that the determinant of the form 


eN 
f= p+ 2bay +8 


is m. The problem before us is the investigation of the 
correlation between p and f. (See Sommer, p. 197.) 

ART. 273. Case I. The real realm R(m), where 
mæ#l (mod. 4). This case is presented in Articles 273 to 
280. The discriminant is d=4m, the basis being 1, 
w=Vm. Denoting by p any positive prime rational 
integer, we saw that the question of its factorization into 
ideal factors presented three possibilities (Art. 216). 

iL, Jb ($) = +1, then in R(Vm) it was possible to 
factor (p) into the product of two ideals, which may or 
may not be principal ideals. 
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2. If 


R(Vm). But if p is not factorable in this realm, it is not 
of the form pp’=2?—my?. And this means that p can 
not be expressed through a form az?+2bz2y+cy?, with 


determinant m=6?—ac. For since (5) = (=) =—1, it 


follows that both a and ¢ are relatively prime to p. And 
if +p=az?4+2bry+cy’, it is clear that 
+ap=(ar+by)? —my’, or (ax-+b)?=m (mod. p), 


1 Jae : S : 
= = — 1, then (p) is itself a prime ideal in 


which is contrary to the assumption that (2) =—1. 


By Tf (4) =o, that is, if d is divisible by p, then is 


x’?=0 (mod. p), and p is equal to the square of an am- 
biguous ideal p= (p, Vm). 

ART. 274, Principal Ideals and Principal Forms. If 
the ideal (p) can be factored into the product of two 
principal ideals, 

(p) = (a+bw)(a+bw’), (i) 
this is equivalent to the fact that the integer p may be 
expressed through one or the other or through both of the 
principal forms (Hauptformen) 

(I) f=?—my’, 
(II) E ey, 
in which for x and y two rational integers a and b, which 
are relatively prime, may be written. If the norm of the 
fundamental unit « of the realm #(V¥m) is +1, and that is, 
if 
N(e) =N(r+vVms) =r? —ms? = +1, 

then only one of the two relations 

p=a?—mb? or —p=a?—mb? 
follows from the ideal equation (i). 
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If however N(e) = —1, and if for two definite integers a 

and b, we have from (i), say, 
p=a?—mb’, (ii) 
then also is 
— p= (a? — mb?) (7? — ms). 
Observing that the latter expression is the norm of an 
integer in R(Vm), we may write 
(a? — mb?) (r?— ms?) = N(ar-+bsm+ (as+br) Vm), 
so that 
—p=(ar+bsm)? —m(as-+br)? =a} —mbi. 

In this case it is seen that p and —p may be expressed 
through the same quadratic form (I). If p=a?— mb? and 
we write these same pairs of values, namely, z=a, y=b 
and r=ar+bsm, y=as+br in (I), we have p and —p; 
and if we write these pairs of values in (II) we have —p 
and p. And thus when the N(e) = —1, we have both p 
and —p represented through the form (II). 


In this case however, that is, if N(e) =r? —ms? = —1, if 
we put 2,=rz+msy, yi= —sx—ry, with determinant 
—r’+ms?= +1, we have 

ti tmy = — (r? — ms?) (2? — my’) = 2? — my’, 


and that is the form (I) is equivalent to the form (II). 
If reciprocally there is a substitution with determinant 
A=+1, which transforms (I) and (II) into each other, 
then simultaneously p and —p may both be expressed 
through either of the forms z?—my’, or —2z?+my’. If 
p=a—mb? and —p=aj—mbi, there exists the ideal 
equation 
(a+ Vmb) =(a,+Vmb;) 

and consequently also 
P a+vVmb AE ee a p 

aitVmb; aj—mb; —p 
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Using the results derived above, as defining a “‘corre- 
lation” between an ideal and a form, we have the 
theorem: 
THEOREM. If p=(a+bvVm) is a principal prime ideal, 
then 
(A) the two non-equivalent forms x? — my? and —2?-+ my? 
are correlated to p in the realm R(Vm) in which N(e) =1; 
(B) the two equivalent forms x? —my? and —2?-+ my? are 
correlated to p in the realm R(Vm) in which N(e) = —1. 
Art. 275. If in (I) and (IJ) we make the substitutions 
Z=rxit+syi, 
y =txrı Huy, 
where the rational integers r, s, t, u satisfy the condition 
A=ru—st=+1, 
and if we put 7?—mé?=A, rs—mtu=B, s?—mw=C, we 
have two infinite systems of quadratic forms 


(I) Azxi+2BayyitCyi 
equivalent to (I), and 
I) —Azi-—2Baryyi—Cyj 


equivalent to (II), with determinant D=B?—AC=m. 
And clearly every integer p which may be expressed 
through (I) or (II) may also be expressed through the 
equivalent forms (I,) or (IIa). 

In the realms in which N (e) =1, the forms (I) and (II) 
are different, as are also (Ia) and (II,). These forms are, 
however, equivalent in those realms in which N(e) = —1. 
We may next prove the inverse theorem, namely, that if 
the prime integer p can be expressed through the quad- 
ratic form F = Ar? +2Bzy + Cy? with determinant D = (B? 
—AC)=m, then this form is equivalent to the form (I) 
when N(e)=1, or to the equivalent forms (I) and (II) 
when N(e)=—1. In other words, if p can be expressed 
through f and also through F, then is f equivalent to F. 
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Due to the assumption that D can have no squared 
factor it follows that A, B, and C can have no common 
factor except unity. We may further assume that any 
of the three integers A, B or C is relatively prime to any 
given integer. For example, if A is not prime to p, we 
may, without loss of generality, derive a form equivalent 
to F in which the coefficient of the first term is prime to p. 
For if A is divisible by p and if C is prime to p (which 
includes the case p=2), then applying to F the substi- 
tution 

L=pLitsyr 
y= qui tuyi, pu—sq=1, 
where q is prime to p, it is seen that the coefficient of x? is 
Ap’?+2pqB+¢@C, which integer is prime to p. 
If on the other hand C is also divisible by p, the 
substitution 
L=Mtitsy, 
y=Qrruy, gu-gms=1, 
where both gı and gz are prime to p, offers a form in which 
the coefficient of z? is relatively prime to p. 
Writing 


p=Axi+2BayitCyi, (ili) 
where zı and yı are relatively prime, it is seen that 
Ap=(Az,+ By)? — myi = r — my’, (iv) 


where 

xz=Axzı+Byı, and =e 
And that is, Ap may be expressed through the form 
x? — my’. 

From the equation (iii) it is seen that yı is prime to p, 
and that A and y are relatively prime. And from (iv) it 
follows that both y and Ax,+ By, are relatively prime to 
Ap. The case before us assumes that p =f, and that is, p 
may be factored into two prime principal ideals, so that 
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p=X?—mY?*. Equation (iv), when expressed in terms of 
ideal factors, is (4)(X — VmY)(X+~VmY) on the one hand, 
and (Ax,+By,—VmY)(Az,+Byit VmY) on the other 
hand. Since X—VmY and X+~vmY are prime ideals 
they must divide one or the other of the ideal factors in 
the right hand side of the equation. We thus have (A) 
expressed as the product of integral principal ideals, say 

A=r—me, (v) 
where r and ¢ are two integers that are relatively prime. 
Writing a=r+vmit, it is seen that N(a)=A. Further, 
observing that AC = B?—m-1, and writing ey = B — Vm, 
N(aB) =AC and y=s— vmu, we have 

(r+~mt)(s—Vmu) = B— Vm, 


where s and u are rational (and as proved below) integral 


numbers. 
From this we have at once 
rs—mtu=B ; 
ru—st=1 | 2 
or 
Bt+r Br+tm m 
u= a, s= + . (vii) 


It follows that 
Ap=(r?—mt*)(X?—mY?) 

=[rX +tmY +(rY +4X)Vm][rX +imY — (rY +tX) Vm]. 
This equation in connection with (iv) shows that the 
integers x, y may be so chosen that 

Ax+By,;=rX +imy, 
—y=tX+rY., 
And from the latter equations, it follows that 
xX =72--sy, Y = —tx—wy. 

Observing in these equations that X, Y, r, t, x are inte- 
gers, it is seen that sy and uy are integers. Hence 
from (vi) if s and u were rational numbers, their de- 
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nominators must be factors of A and y. But since A 
and y are relatively prime, the numbers s and u are 
integers. With this it is proved that the substitution 
X=TrxX1+sy1, 
—y=tr,+uyi, ru—st=1 
is such that the form (I) is transformed into the form 
F=Az?+2Bry+Cy?. 

With this our inverse theorem is proved. 

ART. 276. Arbitrary Prime Ideals and Correlated 
Forms in the Realms m#1 (mod. 4). Let p be a prime 
rational integer such that (<)= +1, or (£) =0. The 


ideal (p) accordingly is factorable in the realm R(Vm) as 
the product of two prime ideals which may or may not be 


principal ideals. When (£) =(), the two ideals are equal 
(ambiguous) (see Art. 216). 
Accordingly we may write 
(p) = pp’ = (p, b+ Vm) (p, b— Vm). 
where b is a positive integer of zero. Again observe that 
all integers that are divisible by p are of the form 


pr+(b+~m)y, where x and y are rational integers. 
With the ideal p, by definition, are correlated the forms 


ies “(pr-+by+ Vy) (p+ by — Vmy) 


1) sae 
=px +2bry + a mp, 

or 

(II) fr= -pa —2bry —2— Mp; 


and to the ideal p’ the forms 
(IIT) fo= pe? —2bay H 


-m ia 
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or 


2 
(IV) f= — pa? +2bry — = 
Note that: 

(a) The forms fı and f; on the one hand and f: and f, on 
the other are improperly equivalent, since the substi- 
tutions s =x, y= — yı with determinant A= — 1 transform 
these forms respectively into each other. 

(b) With definite values ascribed to x and y the forms fi 
and f, on the one hand and f; and f, on the other offer 
equal integers with contrary sign. 

If the norm of the fundamental unit e of R(Vm) is —1, 
and only in this case are the forms fı and fs improperly 
equivalent as are the forms f; and fa. 

For write 


y’. 


e=rt+svm, as — 1: 
and observe that 


yie 
x= (r—bs)zı— p Meyi 


y = psxit+(r+bs)y1, 
with determinant — 1, transforms f, into fz and also f; into 
ie 
Writing 
be-m 
p 
y = pst; —(r-+bs)y1, 
with determinant +1, it is seen that fı and f4 are properly 
equivalent, as are also fz and f. 
Accordingly the results (a) and (b) may be expressed as 
follows: when V(e) = —1, we have fı ~fa and fz ~f3, these 
equivalences being improperly equivalent to each other. 


x=(r—bs)a,+ SY1, 
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Art. 277. Ambiguous Ideals ! in Real Realms m#1 
(mod. 4). If p is an ambiguous ideal, and that is, if 
(p, b+vVm) =(p, b— Vm) = (p, b+ Vm, b— Vm), 

then is 

b—Vm=prit+(b+Vm)si, 
where rı and sı are rational integers. It follows that 
sı= —1, 2b= pr, so that 2b is divisible by p. 


It is evident at once that the substitution x= zı -2y 


y =y: with determinant A= +1, transforms f, into f; and 
likewise f, into fa. If N(e)=-+1, the two forms fı and fe 
are representative of the four forms of the preceding 
article. However, if N(e)=—1, it was shown in the 
preceding article that fı ~f4, so that in the case before us 
Sin~feo~fa~fe. 

In (a) of the preceding article it was seen that fı was 
also improperly equivalent to f; and fz to fy. It is seen 
that the substitution 


2b 
ise fe Y= Yh 


with determinant A= —1 transforms these forms into 
themselves. Such a form is improperly equivalent to 
itself and (see Dedekind, Zahlentheorie, § 58) is called 
ambiguous (Zweiseitig). See also Kummer (Monaisb. d. 
Berliner Akad., Feb. 18, 1858). 

Observe finally that if p is a principal ideal, the 
results of Art. 274 show that simultaneously, on the one 
hand the forms fı and f; and on the other f and f4 are 
equivalent to one of the forms 2?—my’, —xz?-+my? or to 
them both. And if the form fı is both properly and 
improperly equivalent to f; they are both improperly 
equivalent to themselves. 


1 See Smith’s Report, p. 189; Dickson, Vol. III, p. 13; and see the remark by 
the author at the end of this chapter. 
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VWxampie. Let the ideal (p, b+ ym) degenerate into a principal 
ideal. Deduce, using the methods of Art. 276, the results of Art. 
274. Consider also the case of ambiguous principal ideals. 

ART. 278. An integer p which may be expressed 
through any of the forms fi, fo, f3, fa, say fi, is also pre- 
sented through any form that is equivalent to fi. It 
remains to prove the inverse problem, namely: 

Any form f= Az’?+2Bzy+Cy? with determinant D =m 
through which p may be expressed by giving to z, y 
definite values r and ¢, which are relatively prime, is ` 
equivalent to one of the four forms fi, fo, fs, fs. 

Suppose for example, that p= Ar?+2Brt+Cé where r 
and ¢ are relatively prime. Let s and u be two other 
integers that are likewise relatively prime, such that 


ru—st=1. 
Introducing the substitution 
z=rz'+sy’, 


y =tz’+uy’, A 
we observe that the form f is transformed into | 
F=pa?+2{(Ar+ Bi)s+(Br+Ct)ujz’y’ | 
+(As?+2Bsu+Cu?)y? $ 
with determinant m; or if we put | 
F = pz? +2bix'y' +014”, 
we have 
m=b}— cp. 
It follows that bi—m=0 (mod. p); and that is b, is a 
rational integer which satisfies the congruence 
X?—m=0 (mod. p). (i) 
In a later article (Art. 280, end) it is seen that bı depends 
upon the values for r and t, but is independent of the values 
u, s, which as seen above are not uniquely determined. 


is an integer, it is seen that 6 satisfies the 


— 


Since b? 
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congruence (i), so that bı=+b+gp, where g is an 
integer (including zero). The form F becomes 
F =pr°+2(gpb)x'y' +cy”. 
Making the substitution 
z’ =X-—gY, af =a, A=1, 
we have 
F=pX?420XVY+e:Y?, 
where c» is a definite constant. And since the determi- 
nant of this form is m, and that is b?—c.p=m, so that 


 —_ 
Ag we have finally 


Co = 


P= pX?22X¥+7—™ys, 


And that is, f( ~F) is one of the forms fı or fz; and to these 
two forms were correlated, by definition, the ideals p and 
p. The following rule expresses the results that have 
been derived above. 

If p=(p, b+ Vm) with its conjugate p'= (p, b— Vm) is 
an arbitrary ideal of R(Vm), in which b is a positive 
integer (or zero) then with p are correlated. 

(A) the forms fı and fz and with p' the forms fz and fa if 
N(e)=1, it being assumed that p is neither an ambiguous 
ideal nor a principal ideal; 

(B) the quadratic form fı and with y’ the form fz, when 
N (e) = — 1, where p is neither an ambiguous nor a principal 
ideal. If, however » is an ambiguous or principal ideal, 
then fı and f; fall together as do fı and f, and are ambiguous 
forms. 


ART. 279. Instead of writing the ideal p in the normal 
form, any other basis 6; and â may be taken, where 
G1=a,+biVm, @=c¢+diVm. The form corresponding 
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to fı above, which is correlated to p, is 


F= “L(awe-bew) + (bia-+dyy) Vm] 
X [(axe+tey) —(biz+dy)V¥m] 


or 


pa Obim ay glt bdn) y idim, a, 
p p p 
Since N(6,) and N (8) are both elements of p, these two 
integers can have no common factor. It is shown below 
that the determinant of the form F is m. Accordingly 
the quantities a?—bîm, acı—bıdım, ci—d?m are not all 
divisible by p?, otherwise m would be divisible by the 
square of p, which case has been excluded. It follows 
that the coefficients of F have no common divisor save 
unity. 
Since p= (ô, &)=(p, b+Vm), we may write â=rp 
+t(b+Vm), ô&=sp+u(b+vVm), where ru—st= +1. 
Accordingly the form F may be written 


K= z »N[p(ray+sy1) + (trı+uy:)b + (trı+uy) Vm]. 
The form f correlated with p in Art. 276 was 
J= 1N (pe+by+vVmy). 


It follows that by writing 
L=rzitsy., 
y =txr; + uy, ru—st=+1=A, 
that the form F is transformed into fı, where A=1. If 
A= —1, we have the same substitution as above where 
for r and s are written —r and —s; and in this case F is 
transformed into f;. Since the determinants of fı and f; 
are equal to m, it is seen that the determinant of F is m. 
We accordingly have the theorem: 
To the different pairs of elements which constitute bases 


QUADRATIC FORMS AND IDEALS 513 


of the ideal p, there correspond forms with determinant m, 
which are properly or improperly equivalent amongst 
themselves. And that is, the dependence of different 
pairs of elements among themselves leads to the equiva- 
lence of corresponding forms.! 


ARBITRARY IDEALS AND FORMS 


ART. 280. We saw in Art. 206, end, that an ideal 
reduced to its canonical form was t= (i1, 22 +73w), where 73 
divided both 7; and i». If then we assume that t has no 
rational factor, it may be written (a, b+w), where a is the 
smallest rational integer that is divisible by i. Ac- 
cordingly this factor may enter as an element of i. 

Corresponding to the ideal i there exists a form, 
analogous to fı of Art. 276, given by 


f=aa?+2bay+ = Mp, 


And it is clear that +a may be expressed through this 
form with three other forms analogous to fz, fs, fa of Art. 
276 and through every form that is equivalent to one of 
these four forms. 

However, inversely it is not true that every form with 
determinant m, through which +a may be expressed, is 
equivalent to one of the four forms that are correlated 
with i and i’. For in general, there exist other ideals 
with norms +a which are not equivalent to t and with 
each of which may be correlated a new quadruple of 
quadratic forms. 

If on the other hand 

F=Az?+2Baey+Cy? 
is a quadratic form with determinant m, through which 
an integer a may be expressed in the form 

a= Azi+2Bayit+Cyi, 


1 Sommer, Vorlesungen, p. 207. 
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where xz; and yı are relatively prime; and if s and u are 
two integers such that z,w—yis=1, then the unit 


substitution 
r=2X+sY, 


OS Y=} Y +uY, 
transforms F into its equivalent form 
F’=aX?+20,XY¥+e,Y?. 
If the substitution (e) is made on the form f and the 
resulting coefficients of X? and 2XY are equated to 
those of F’, we have 


= 2 
(1) artt Qbey, + FM a, 
—m _ 
a 
Multiplying (1) by u and (2) by yı, and subtracting we 
have 


bi. 


(2) ax,s+b(xyu+sy1) Huy: 


(6+6b))y1 =a(u—2). 
Since a and yı are relatively prime, it follows that 
b+b,=0 (mod. a). 


From this it is seen that the form F” can only be equiva- 
lent to f, if b-+b;=0 (mod. a). 

To be able to determine whether F’ and f are equivalent 
it is above all necessary to know how the integer b 
depends upon the quantities £1, Yı, U, S- 

Observe that the determinant of F’ is bï— acı =m, so 
that bı is a root of the congruence 2?—m=0 (mod. a). 
If a is a prime integer, this congruence may have two 
different roots; while there may be more than two such 
roots, if a is not a prime integer. 

It may be proved that the coefficient of bı depends, 
modulo a, only upon the values of x; and yı and does not 
change, modulo a, if for s, u any other pairs of values are 
taken which satisfy the congruence x,uw—yis=1. Ob- 
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serve that if s, u and sı, u, are two solutions of this 
equation, then is 
© (u— U1) —yi(s—81) =9, 
so that 
u=umtky, s=sitkn, 
where k is any integer. 
The middle coefficients, see (2) above, are accordingly 
b,=Axs+B(x2,utyis) +y, 
bz = Az si+Blxyu,t+yisi) + Cy. 
Through subtraction and the substitutions uwu-ui=ky,, 
s—sı = kzı, it is seen that 
b,—}b.=0 (mod. a). 
It is thus shown that there exists a unique relation be- 
tween zı, yi and bı, and we may say that the expression 
of the integer a through the form F by means of the 
quantities zı, yı belongs to a definite root b, determined 
through the congruence 
x?—m=0 (mod. a). 
We accordingly have the theorem: 

THEOREM. If an arbitrary! rational integer a may 
be expressed simultaneously through f and F, the form F is 
then and only then equivalent to the form f, if the expression 
of the integer a through F belongs to the congruence-root b. 

If finally i is an ideal which is divisible by a rational 


integer z and if im. the correlated form corresponding 


to i is first derived, with determinant D=m. 

The correlation of forms and ideals may be reversed: 
To a primitive quadratic form az?+2bxy+cy? with 
determinant m there may be correlated the corresponding 
ideal (a, b+ Vm) of the fixed realm. Hence one and the 
same ideal is correlated with equivalent forms (see Art. 
205). 

1 Sommer, Vorlesungen, p. 209. 

18 
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ART. 281. The first case, where real realms were con- 
sidered and m= 2, or m=3 (mod. 4), occupied Articles 273 
to 280. We shall now encounter the second case. 

Case II. The imaginary realm R(Vm), where m#1 
(mod. 4). Again let d=4m be the discriminant; 1, 
w= Vm, the basis; and h=1 the number of classes of the 
realm. 


If p is a rational prime integer, such that (<) =-1, 


and which accordingly does not admit factorization in 
R(Vm), then p can not be expressed through a quadratic 
form with determinant D=m (Art. 273). See Sommer, 
bottom of p. 197. 

Further observe that if 


f=az?+2baey+cy? = ~[(ae-+by)* —my? | 


is a form with negative determinant m, then clearly a and 
c must have the same sign; and the form f presents only 
positive or only negative integers according as a, c are 
positive or negative. If a, c are positive, the form is 
called a positive form, while it is called a negative form if 
a, c are negative, the determinant in either case being 
negative. In the consideration of such forms it is 
accordingly sufficient to consider the forms of one kind, 
say the positive, since the two kinds are completely 
distinct, however in all other details quite the same. 
Accordingly in the corresponding arrangement of forms 
and ideals in contrast with the first case, considered 
above, the only change to be made is that the discussion 
be limited to the forms fı and fs of Art. 276. 


ART. 282. Case ILI. If R(Vm) is a real realm where 
m=1 (mod. 4) and if we wish to make a similar corre- 
lation between the ideals and forms as has been done in 
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the preceding articles, it is seen that the two theories are 
not in agreement. 

For let (vm) be such a real realm with basis: 1, 

1+Vm 
4u = 
2 

in Art. 274 for example in the correlation of a principal 
ideal p= (a+bw) and a principal (haupt) form, it is seen 
that 


and discriminant d=m. Then, if as was done 


N(a+yo) =N(2+5+ 2y), 
and 
j= ay ty, 


And in the form f, contrary to that which was found in 
the previous cases, the middle coefficient is not necessarily 
an even integer. While in Case I and Case II, the 
determinant of the forms was D=m= jd, we have here 
1 1—m_m 
ik” ee ane 
which is a fractional number. 

Historical ground justify the wish of correlating forms 
of determinant D=m with the ideals of the realm. 
Accordingly we must first introduce an observation 
regarding the nature of the coefficients a, b, c of the forms 
with determinant D=m and of the integers which may 
be expressed through such forms. If f=ax?+2bary-+-cy? 
is a quadratic form with the determinant D = (b?—ac)(=1, 
mod. 4) and if the coefficients a, 2b, c have no common 
factor, in particular have not 2 as a common factor, then 
no integer which is divisible by 2 and not by 2? can be 
expressed through f. For if a is an odd coefficient of f, we 
have 

af = (ax-+ by)? — my’; 
and from this it is evident that af and therefore f for 
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integral values of x, y is either an odd integer or f is 
divisible at least by 2?. Hence an integer divisible by 2 
to the first and no higher power can only be expressed 
through f if a and c are even integers, or more exactly 
said, if a, 2b, c have as common factor 2 to the first power 
only. Forms whose coefficients a, 2b, c have 2 to the 
first power only and no other common factor, were called 
improper primitive forms of the determinant D (Art. 271), 
proper primitive forms being those in which a, 2b, c have 
only unity as a common factor. For determinants 
D(=1, mod 4) which are free from quadratic factors and 
only for such do there exist primitive forms, improper as 
well as proper. (See Dirichlet-Dedekind, Zahlentheorie, 
§ 61.) 

An improper primitive form can never be derived 
through a transformation with integral coefficients from 
a proper primitive form. Hence, in the exposition of the 
present third case it is necessary at the beginning to 
make a distinction between the proper and improper 
forms. To effect this correlation of ideals and forms two 
ways are suggested: 

First. Forms other than f may be put in correlation 
with p. For example, the improper primitive from 

Of = 2e-+ 2ary + 2-4 ye 
together with the proper primitive forms with even 
middle term which may be derived from f through a 
substitution with determinant 2. To derive these forms 
differing from one another and from f, we may make the 
substitutions 


i r= —2y, fxr=ay+2y1 
y=2y, P lysa () Wye — 2, 


(A) | 
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offering, besides 2f, the forms 
fa=zit2ayit (1 — m)yi 


he 
fo=4yi—2eyit zat, 


1—m 
fe=4yit22eiyit i xi. 
Any substitution with determinant 2 may be derived 
from one of the above substitutions with determinant 2 
combined with another substitution with determinant 
unity. For if 


x=rx" F sy", y= Huy" 
is a substitution with determinant riu,—st;=2, and if 
x =72i+sy1, y*=ixı + uy 
is a substitution with determinant ru—st=1, then the 
combined substitution 
e=(nirtsifjtit(nstswyr 
y= (tr tuitt (fis tuw)yi 
has the determinant 2. 
If reciprocally 
z= Rr: + sy, y=Tri+Uyı 
is any given substitution with determinant 
BS 
PU 
then integers r, s, t, u, such that ru—st=1, may be 
determined so that 
R=rrt+sil, S=r,s+sw, 
T=trtui, U=tys+uyu. 
For example using (A) above write 
a Sas, 
T=2t, U=2u, 


=, 
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(with ri=1, sı=0, u:=2, t:=0); or with (B) write 
R= —2t, S=—2u, 
fp, U=s; 
or with (C) write 
eee S=s+2u, 
T=-r, U=-s. 

As a second method, instead of introducing proper and 
improper primitive forms in the realm R(Vm), we may 
take certain quantities that belong to the ring r(vm) 
which is contained in (vm). Let p=(atbw) be a 
principal ideal of the realm and in its place put (2)p 
=(2a+2bw) and associate with this latter ideal the 
improper primitive forms 

f= 2a? 2ry +205 Map, 
1 
hae S NIE ak) omy. 
If further p=(a+bvm) is a principal ideal of the ring 
r(Vm), associate with it the proper primitive forms 
fa=x?—my’, 
fro=—2?+ my’. 
These two pairs of forms may be treated in detail as in 
the Case I, there being two additional observations to be 
made. 

First it is seen that fı and fz are ambiguous, since they 
are transformed the one into the other by the substitution 
x=-2,-—Y1, y=y1 With determinant — 1. 

And in the second place as noted above in general a 
proper primitive form can never be equivalent to an 
improper primitive form as is seen at once through 
application of a unit substitution. The forms fı and fz 
otherwise expressed correspond to the ideal (2, 2w) of the 
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realm (Vm), while fa and fe correspond to the ideal 
(1, Vm) of the ring r(Vm). If p is an arbitrary ideal 
different from (2) of the realm R(Vm), there may be 
correlated four improper primitive forms corresponding 
to the ideals (2) p and (2) p’; and to the ring ideals 
p, and p; that may be associated with p and p’ there may 
be correlated four proper primitive forms as in Art. 276. 
The essential difference between the treatment here and 
that in Art. 276 lies only in the introduction of two kinds 
of primitive forms. > 

Case IV. Where (Vm) is an imaginary realm and 
m=1 (mod. 4). The distinction made here and in the 
third case consists in limiting the discussion once for all 
either to positive or negative forms of the determinant 
D=m. 


MULTIPLICATION OF IDEALS AND THE COMPOSITION 
or Forms 


ART. 283. Through the reciprocal relations of quad- 
ratic forms? to the theory of ideals and vice versa a basis 
may be laid for the theory of quadratic forms. In the 
establishment of the theory, it is necessary to know in 
what relation the classes of forms stand to the classes of 
ideals. The multiplication of ideals in connection with 
the operations with forms is a question which will now be 
considered. The two cases must again be considered 
here: (1) where m=2 (mod. 4) or m=3 (mod. 4), and (2) 
m=1 (mod. 4). 

We shall limit the discussion to cases m=2 and m=3 
(mod. 4). = 

Let p and q be two ideals of the realm (Vm) and put 


p=(p, b+~m), q=(4, bit+vVm), 


1 See Sommer, Vorlesungen, p. 213. 
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whose product, being an ideal of R(m), may be written 
nq = (pg, B+Vm). 
Observe that it is always possible to determine two inte- 
gers u and v such that 
put+tb=B and qu+bh=B. 
It follows that B+ Vm is an integer belonging both to the 
ideal p and to q. We may accordingly choose p, B+ Vm 
as basal elements of p, and likewise q, B+ Vm as basal ele- 
ments of q. 
Hence with the ideals p, q and pq may be correlated the 
forms 
age 
f= po?-+2Bay +=", 
B?—m 
q 
oF 
F = pqX?+2BX y+aaty, 


fi=qvit2Bayit Yi, 


Among these three forms there exists the following 
striking relation: since pet+(B+vVm)y, qz+(B+vm)y, 
pyX+(B+~m)Y are integers respectively of the ideals 
p, q, pq, there exists through multiplication 

[px + (B+Vm)yJgei+ (B+ Vm)ys |= pX +(B+vm)¥. 
By equating coefficients in this expression we have 


B?—m 


X =22x1— YY; 


(2) 
Y = przy: +g2ıy +2Byy1; 
and it is clear that the form F is transformed into the 
product of two forms f and f, through the substitution 
(2); and inversely the product of the two forms f and fı is 
equal to F, if the variables z, y and zı, yı are connected 
through the relations (2). 
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Further, correlating with the — p and q the forms 


= poe Sepa eee TN y’ 


, 


pı=q27 + bry +E 


ives 


it is seen that F may be expressed as the product of y and 
¢:. For the substitutions 


ve’ =xe+uy, ey=2,4+0y1, 

y =y, y=; 
change ¢ to f, and gı to fi. For the multiplication of 
forms Gauss (Disq. Arith., V, pp. 234 et seq.) used the 
notation composition.! The form F is said to be com- 
posed of the forms f and fi, and can be written sym- 
bolically F =ffi. 

The same is true of the composition of forms if p and q 
are two ambiguous prime ideals. One may observe how 
the forms are related which are correlated with p and 
py’. For let p be a prime ideal that is different from 2, 
such that, say p=(p, B+ Vm), and p =(P, B+Vm). If 
the correlated forms are 


f=px?+2Bay+2 Lyp, 


F=pX? 


it is seen that F =f°, where 
B?—m 
X=r— y? 
(21) p’ a 
Y =2pry +2By. 
By a comparison of the substitutions (2) and (2) 


observe that the special case may be derived directly 
from the general case. 


1 Smith’s Report, pp. 231 et seq.; Dickson, Vol. III, pp. 60 et seq. 
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Such a composition fails only when p is a divisor of 2. 
For example if m=3 (mod. 4) and pp’ =2, it is seen that 
p=(2,1+Vm), = (2,2Vm),  f=pa?— Typ, 

where m is an odd integer. 
If p is any other ambiguous ideal, we have 


p=(p, Vm), yp? =(p, pym); 
and 


f=p — af, F=X?—myY?, 
It is clear that F =f?, if the substitutions 
X= part oa, Y =2ay 


are made. 


ART. 284. We must next observe how more generally 
two forms may be compounded, which are correlated 
with two ideals. Let these ideals be (see Art. 206, end) 


i=(a, b+~vm), u= (dy, bi tvm) 


with the restriction (a, aı)=1, the theory being suth- 
ciently general for the results given in the sequel. Their 
product is 


ii: = (aay, aıb+aı Vm, abı +avVm, bbi+(b-+b)V¥m+m). 
Observe that 
aau + (aib +a: vm) =a,(B+Vm), 
gaw+ (abı +a: Vm) =a(B+vVm), 


where B=au+b=ay+b,. ps 
Since (a, a1) ~1, we may add B-+~m as an element to 
the product just written, which becomes thereupon 


ii: = (aa, B+Vm). 
Further note that i=(a, B+vVm) and i= (a, B+Wm). 
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If then with the ideals i, i; and ti; are correlated the forms 
f=ax?-+2Bay+2— "4p, 
fi = att + Boyt h, 


F=aa,X? p- TR 


a; 
we may regard F as the product of f pr fi. For through 
the multiplication of ideals it is seen that 


[ax-+By+vVmy ][ait1+ByitvVmy:]=a0,X+(B+vm)¥Y, 
where 


B 
X =24— “aa, 29» 


Y =aryitawiyt2Byy. 
These values written for X and Y offer at once the 
product of the two forms f and fi. 
If we correlate with the ideals i and i,, instead of the 
forms f and fı, the forms 


Leer a 


g=ax 


S 


pı=021+2b:xiyi+ ke 


mye, 
corresponding to the ideals in the Rane forms, namely 
i=(a, b+-+m), u= (adi, 1 +-¥m), 

then on the one hand f and ¢ and on the other fı and gı 
are equivalent, and it may be again shown, just as was 
done above in detail for p and q, that F may be expressed 
as the product of ¢ and gı. 

It is to be observed in particular that not only the form 
F but also every form F’ that is equivalent to F may be 
compounded of the same forms f and fı. 

The above treatment is also reversible: if a form F is 
compounded of two forms f and fı, and if with the forms 
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f and fı are correlated the ideals i and i;, then to F there 
corresponds the product it. 

ART. 285. The fundamental theorem of composition 
respecting the behavior of equivalent forms is the 
following: 

THEOREM. If two quadratic forms f and f, are com- 
pounded into F and if two other quadratic forms ¢ and pı 
are compounded into ®, and if on the one hand f and ¢ and 
on the other fı and g, are equivalent, then is F equivalent to ®. 

Proof. If any two integers a and a, can be expressed 
through f and fı, then also these integers may be ex- 
pressed through ¢ and yı and the product a-a, can be 
expressed through both F and ®. Due to the following 
theorem, which for convenience is placed after the one 
we are now proving, there correspond to the forms f and ¢ 
equivalent ideals, as also to the forms fı and yı. If, say, i 
and h correspond to the forms f and ¢, while i, and h, to 
Jı and gı, then is i~h, t1~f: and consequently also 
(Art. 217) ti:~bhi. To the ideals ti; and 6b; there 
correspond, among others, the forms F and %, which 
must be properly equivalent, since through them either 
positive or negative integers may be expressed. 

Due to the relation between the composition of forms 
and multiplication of ideals there exists, as an important 
consequence, the relation between classes of forms and 
classes of ideals which is expressed through the following 
theorem. 

THEOREM. If i and i, are two equivalent ideals of the 
realm R( Vm) each without a rational factor, the quadratic 
forms, which by definition are correlated with these ideals, 
are also equivalent in pairs. 

Proof. We may observe regarding the equivalence of 
two forms that, if two forms f and fı may be compounded 
with the same principal form (=x? — my’) so that the 
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two forms fọ =F and fig=F; are equal or equivalent in 
the sense of Art. 280, then are the forms f and fı equiva- 
lent by definition in a somewhat more general sense. 
For it is clear that any integer a which may be expressed 
through f may also be expressed through fı with both 
expressions belonging to the same congruence root (Art. 
280). 

Due to the assumption that i and t, are two equivalent 
ideals, there exist two integers of the realm a and 8 such 
that (a)i=(B8)ii. If then the principal form ¢ is corre- 
lated with the principal ideal (œ) and therefore the form 
+ with (8), and if there is correlated with the ideals 
i, i, (@)i=(B)i: the forms f, fi, F, then necessarily is 
F=yf=+¢f1. In fact, the forms y, f on the one hand 
and ¢, fı on the other hand may be compounded by the 
general method above, since the coefficient a; of ¢ is 
unity, thus satisfying the condition that was imposed, 
namely that a and a, be relatively prime. 

From the equation of = + fı it follows that the forms 
f and + fı are equivalent; and hence also the four forms 
which correspond to the ideals i and i; are equivalent in 
pairs. 

If further f and fı are equivalent forms and if i and i, 
are ideals that are correlated with these forms, then it 
follows vice versa that i~i. 

With this it is also proved that to the finite number of 
ideal classes of the realm R(ym) there corresponds a 
finite number of classes of quadratic forms with de- 
terminant D=m. This last number is at least equal, in 
general greater and at most four times as great as the 
number of classes of ideals (Gauss, Disq. Arith., p. 196). 
With an ambiguous class of ideals (Art. 277) there 
corresponds an ambiguous class of forms. 

It was proved (Art. 218) that in every class of ideals 
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there is an ideal a, say, such that N(a)=|VD|. If 
a=(a, b+ +m), then N(a) =a, while b may be reduced so 


that |b| =5. Observe that d=4m, where m=1 (mod. 4). 


Accordingly in every class of forms with determinant 
D=M, there is at least one quadratic form, whose middle 
coefficient b and extreme coefficients a, c satisfy the 
conditions 


|b! =|Vm|, |a| =2|Vvm| and ael. 


These are the conditions of a so-called reduced form 
(Dirichlet-Dedekind, Zahlentheorie, pp. 176 et seq.) 
namely 


0<b<vVD, 0<VD—b<|a|<VD+, jal Z2|e| 


(Gauss, Disg. Arith., p. 196, Prob. 4). 

With this the analogy of the quadratic forms with the 
theory of ideals is again put into evidence. And it is 
clear that all such conceptions as the multiplication of 
classes, distribution of classes into genuses,! character- 
system of a genus have their prototypes in either theory. 


Exampur. Derive results analogous to the above for realms 
Naim), where m=1 (mod. 4). 


Remark. On p. 66 of the Evanston Colloquium Lectures Felix 
Klein wrote: “It is true that we have here spoken only of complex 
numbers containing square roots, while the researches of Kummer 
himself and of his followers, Kronecker and Dedekind, embrace 
all possible algebraic numbers. But our methods are of universal 
application; it is only necessary to construct lattices in spaces of 
higher dimensions.” Again on p. 58 of the Evanston Lectures 
Klein wrote: “Recent investigations have made it clear that 
there exists a very intimate correlation between the Theory of 
Numbers and other departments of Mathematics, not excluding 
geometry. 


1 See Smith’s “Report on the Theory of Numbers,” Collected Works, Vol. I, p. 
202. See also Gauss, Disg. Arithm., Arts. 153-233. 
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“As an example I may mention the theory of the binary quad- 
ratic forms as treated in the Elliptische Modulfunctionen. An 
extension of this method to higher dimensions is possible without 
serious difficulties. Another example is found in the paper of 
Minkowski, ‘Ueber Eigenschaften von ganzen Zahlen, die durch 
raumliche Anschauung erschlossen sind,’ Collected Works, Vol. 
I, p. 270. Here geometry is used directly for the development of 
new arithmetical ideas.” 

The author believes that one will reap richly the fruits of his 
labor, if he will first read Minkowski, “ Zur Theorie der quadrati- 
schen Formen,” Works, Vol. I, pp. 6-239, in connection with 
Minkowski, Die Geometrie der Zahlen. The theories of this 
wonderful mathematician, who died all too young, still remain to 
be fully developed. 


CHAPTER XIII 
GEOMETRIC PRESENTATION OF IDEALS 


IMAGINARY REALMS 


ART. 286. The theory of the ideals of the quadratic 
realms admits of interesting geometrical interpretations. 
These offer a close analogy with certain physical studies, 
for example mineralogy, in particular crystallography, 
etc. The sequence of analogies of pure analysis, ge- 
ometry, etc., with physical subjects should never be lost 
sight of. They should always be emphasized. There are 
close analogies also with metaphysical subjects combined 
with physical subjects, for example, the analogy among 
ideals, the ideal numbers of Plato, chemistry, etc. See 
a paper by the author in The American Math. Monthly, 
Vol. 35, p. 282. 

In the geometric treatment of ideals a distinction is to 
be made between the pure and imaginary realms, as has 
been done in their analytic development. 

We shall first consider the imaginary realms and for 
this purpose we may employ the realm R(V=5) which 
has been repeatedly in- 
troduced. The number 
of ideal classes h is two. 

Take two axes inter- 
secting at right angles 
with the origin as usual 
at the intersection. On 
the real (x-axis) lay off 
unit distances and on the 
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imaginary axis (y-axis) lay off distances of length V5. 
The integers of the realm are those points of the plane 
expressed through the formula 


a+bv—5, 


where a and b are any rational integers. The plane is 
thus covered with what may be called unit rectangles the 
vertices of which are algebraic integers in R(V—5). The 
points thus obtained constitute the lattice-points ! of the 
realm. Weshall call them the fundamental set of lattice- 
points. When a system of lines is made connecting 
these points we have what may be called a lattice. 

Thus corresponding to the one system of points there 
may be drawn many different lattices. A parrellogram 
that contains no lattice points within its interior is called 
an elementary parallelogram of the lattice, or a mesh. A 
lattice is completely determined through a position and 
the dimension of a mesh. The meshes completely cover 
the plane. 

THEOREM. Through the lattice-points an indefinite 
number of different lattices may be laid. 

Proof. Take any lattice-point A and any other lattice- 
point B, so that the line AB does not go through a lattice- 
point between A and B. Continue the line in either 
direction through A and B. On this line at distances AB 
are situated an indefinite number of lattice-points. This 
line divides the plane into two halves. On either side of 
it draw parallel lines through the lattice-points. On these 
lines the lattice points are at distances AB from one an- 
other. On the line that is nearest to AB take any lattice 
point C and draw AC. Let D be the next point on this 
line parallel to AB. The distance CD is equal to AB. 
Join BD and it is seen that there can be no lattice-point in 


1 Encyklopaedie der math. Wissenschaften, Vol. I, pp. 606-616. 
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ABCD, which accordingly is an elementary parallelogram 
or mesh. Extend the line AC in either direction from 
A and C and mark off the lattice-points at intervals AC 
on this line. Lines drawn through these points, parallel 
to the line AB will, with the first system of parallel lines, 
divide the entire plane into elementary parallelograms 
or meshes. It may be proved that were there a lattice- 
point within one of these meshes, there would also be one 
within ABCD. 

By taking the lines through AB and AC as oblique 
axes, and denoting the lengths AB and AC by w and an», 
it is seen that all lattice-points may be had through the 
formula 

Tiwi + Xow, 

where x, and z take all positive and negative rational 
integral values; and that is, wi, w from a basis of all the 
integers of the algebraic realm #(V¥—5), the lattice-points 
being geometric images of all algebraic integers of the 
realm. The arithmetic interpretation of what has just 
been given, is: there are an infinite number of ways 
of choosing two pairs of values wi, wz in every realm so 
that ziw +w: will, with rational integral values of x, and 
z2, give all the integers of the algebraic realm. And recip- 
rocally, if w and w: form a basis of the realm, then 0, w1, 
wz, w1 +w, form the four vertices of the initial mesh. The 
quantities w1, w give the direction of the coérdinate axes 
and the unit lengths on these axes. 

If wi, w form another basis that is different from wi, we, 
we saw (Art. 206, end) that 

@1=Twit+Swe, 
(Sı) l We = twit Uae, 
where ru-+st= 1. 
Observing that 


wiz +wy = (retty)oi+(sa+uy)we, 
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it is seen that the new variables 


gy=rxt+ty, 
Co) naa ru—si= +1, 


offer a transformation from one system to another. The 
coordinates x, Y, zı yı are in all cases rational integers. 
The direction of the coérdinate axes are determined 
through wı, w and wi, w With the exception of the 
origin, every lattice point is transformed into another 
lattice point. The transformations (Sı) and (S) are 
said to be contragredient. It is seen that the area of 
every mesh that determines a lattice is constant. The 
above results may be summarized as follows: 

To the integers of a quadratic realm there correspond the 
points of a lattice. These points we have called the funda- 
mental set of lattice-points. Through the lattice-points an 
indefinite number of lattices may be laid, whose meshes are 
all of the same area. Every lattice corresponds to a definite 
basis of the realm. Any two lattices are analytically con- 
nected through a linear transformation with determinant +1, 
and this transformation is contragredient to the one that 
connects the corresponding pairs of bases. 

The product, sum or difference of any two lattice-points 
is a lattice-point. To prove this we need only write a 
complex integer in place of the lattice-point and employ 
the usual rules for complex numbers. 


ART. 287. If a is an algebraic integer, the principal 
ideal (a) consists of the collectivity of all the integers of 
the realm which are divisible by a. And this means 
geometrically all those lattice-points which are obtained 
by the multiplication of the fundamental set of lattice- 
points by a. It is clear that these points also form a 
system of lattice-points. Thus the lattice-points are 
merely the integers of the principal ideal (a). To 
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illustrate this take a=1-+-V—5, an integer in R(V—5). 
Multiply the points that lie on a line of the fundamental 
set by a. The resulting points also lie on a line. For 
denote the inclination that the quantity a makes with 
the z-axis by â, so that 
therefore a=de', where 
ā denotes the absolute 
value of a. Observe 
that if a@=re® is any 
point on a line, its co- 


x 


ordinates satisfy the equation 
r cos (6—) =d, 
where d, 6 are the length and inclination of the perpen- 
dicular from the origin to the line. A similar equation 
may be had through the multiplication of a anda. It is 
further seen that points which lie in two parallel lines (in 
which therefore 6 is the same) when multiplied by a offer 
points that lie on two parallel lines. Also observe, since 
aa =Gre*t®, that a vector drawn through the origin is 
turned through an angle @ and stretched in the ratio 
ar : r, so that there- 
fore every figure is 
transformed into a 
similar figure. Since 
the ideal (a) is de- 
rived from the ideal 
(1) through multipli- 
cation with a, it is 
seen that the ideal 
(a) with elementary 
parallelogram ABCO 
is similar to the lattice (1) with parallelogram abco. 
For observe that the complex quantities 


0, a, b, _ C, 
0, 1, 1+iv5, iv5, 
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multiplied by «=1-+iV5 are 
0, 1+iv5, —4+2iv5, —5+iv5, 
O, A, B, Os, 
From this it is seen that similar lattices correspond to all 
principal ideals, the ideal (1) being the fundamental lattice. 
Analytically it is seen that the derivation of the lattice 
(œ) from the principal lattice (1) may be brought about 
by means of a linear transformation upon the latter. 
For put a=u-+vV—5, where u and v are rational 
integers and denote points of the fundamental lattice by 
a+yV—5 while those of the lattice (a) are expressed by 
X+Y¥v5, where x, y, X, Y are rational integers. It is 
seen that 


X =ur—dvy, 

Y =vz+uy, 
with determinant 

la| =u +5. 


Mark off the points that are the vertices of the lattice 
(a). Through these an infinite number of lattices may 
be laid whose meshes have a constant area precisely in 
the same way as was done for the indefinite number of 
lattice-points that were laid through the fundamental 
lattice-points. (Sommer, Vorlesungen, p. 227.) 

Corresponding to every basis of the ideal (æ), for 
example a, a¥V—5, there may be associated a lattice 
whose elementary parallelogram has as vertices the 
points O, a, aV—5, ataV—5. To the different bases 
there correspond different lattices, that are connected 
through linear transformations with determinant 1. For 
example in the figure above OA =w,=1+iV5, OC =u 
= —5+iV5; and if we put 

wi =Trw + Sw, 
w = po t+ que, rg—sp=1, 
we have a different lattice, the vertices of the elementary 
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parallelogram being O, wi, witw3, w The area of the 
meshes in both cases is 6V5. Accordingly we have the 
theorem: 

THEOREM. With any ideal (a) there may be associated 
a set of lattice-points that is similar to the fundamental set 
of lattice-points. Through this set of lattice points may be 
laid an indefinite number of lattices each defined by a basis 
of the ideal (a). Any two such lattices are connected by a 
linear transformation with determinant +1. This transfor- 
mation is contragredient to the transformation which con- 
nects the pair of bases, that correspond to the two lattices. 
All such lattices have meshes of constant area. 

ART. 288. The ideal (1) corresponds to the funda- 
mental set of lattice points. The ideal (a) corresponds 
to a similar set of lattice-points, there being fewer such 
points within the area which includes one or more meshes 
of the fundamental lattice. The question then is: how 
many lattice-points of the fundamental lattice lie on the 
sides and within a mesh of the lattice (a)? 

In this enumeration we shall count as belonging to a 
definite mesh: 

1. One vertex of the mesh, so that therefore every 
vertex belongs only to one mesh; 

2. All those lattice points that lie on the two sides of 
the mesh that intersect at the vertex that is counted as 
belonging to the mesh; 

3. All points on the interior of the mesh. 

Since all the meshes contain the same number of lattice- 
points of the fundamental lattice, we shall take, for the 
determination of this number, that mesh which belongs to 
the normal basis of the ideal (a). Writing as above 
a=u+vv—5, let t be the greatest common divisor of u 
and v, so that u= at, v=dt. It is seen that 


(a) = (u+0 V =5) =t(u-+5V—5) =t(a+oV—5, @+5), 
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since the norm of any basal element may be added as an 
element of an ideal. It follows that (see Art. 206, where 
1 is divisible by 72(=#)), 


(a) =(utov=5, vite )-(=4 aA i+tv=8) 


u?+v5 
t 
2 

WES of the 
initial lattice-points, while there are ¢ such points on the 
other side. In all there are u?+5v’?=N(a) such points. 
And these points constitute (mod. a) a complete system 
of incongruent integers that belong to the realm 9t(V —5). 
Accordingly we have: 


If this mesh is so laid that the side lies on the 


x-axis, it is seen that this side contains 


THEOREM. Every mesh of the lattice (a) contains N(a) 
of the fundamental lattice-points, and these points constitute 
a complete system of incongruent (mod. a) integers of the 
realm. 


ART. 289. Instead of the principal ideal (œ) consider 
next any arbitrary ideal i with basal elements 11, t2 so that 


i= (tu, to, rutye), 


where x and y are any arbitrary rational integers. 
Corresponding to this ideal there is a lattice with mesh 
having O, «1, 2, u+ «2 as vertices. By giving to z and y all 
possible integral values, we derive lattice-points corre- 
sponding to the integers of i. Besides the lattice just 
written, an indefinite number of other lattices may be 
laid through these points corresponding respectively to 
the pairs of basal elements through which the ideal may 
be expressed. In all these lattices the meshes are of 
constant area. 
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The number of lattice points of the fundamental 
lattice (which corresponds to the ideal (1)), which lies 
within one of these lattices, is equal to the absolute 
value of the norm and that is |N(i)|. And the num- 
bers that correspond to these points constitute (mod. i) 
a complete system of incongruent integers of the realm. 

Let i and i, be two ideals of the realm R(V—5) that are 
not principal ideals and which belong to the same class, so 
that (æ)i = (œı)tı, where a and a, are integers of the realm. 

Write iin a form (Art. 206) free from rational integral 
factors i=(a, b+ ¥—5) and also write i: =(A, B+ v—5) 
so that N(i)=a and N(i;)=A. Further let a=c+V—5d 
and a,=C+V—5D where c, d, C, D are rational integers, 
with the norms N(a) =c?+5d?, N(a1) =C?+5D*. Due to 
the relation 


(1) (a)i=(ai)ii, 


we have 


N(a)N(t) = N (01) N (i). 
Writing 
i=ar+byt+V—5y, t=AX+BY+V-5Y, 
where x, y, X, Y are arbitrary rational integers, we have 


from (1), when the real and imaginary forms are equated 
on either side of the equation, 


ee (cbh—5d)y=CAX+(CB-—5D)Y, 


(2) dax-+(bd-+c)y = DAX+(BD+O)Y. 


From these two relations it is seen that 


A. COFO —D(cb—5d)X+—- 


Sata NG ) 


x [(CB—5D) (bd+c) — (cb — 5d) (BD+C)]¥| 


A 
Y= N(@ P — ac ]]x +7 qyleBD +0) —(CB—5D)d]Y, 
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with determinant 
[b(eD —dC) —5(Dd+Cc)] 
ee x [B(Cd—De) —(5Dd+Ce)] 
~ aN (a)? + (dC —cD)(CB—5D)(bd+c) 
—(BD+C)(cb—5d) 
[b(cD —dC) —5(dD+Cc)] 
A x [B(Cd— Dc) —(5Dd+Cc) ]+(dC —cD) 
~ aN (a)? x [Bb(Cd— Dc) + B(cC+5Dd) 
—b(cC+5Dd) —5(De—Cd)] 


A 
= GN Caytl(De—dC)*+ (5Dd+ Ce)? 


=A plice tsp) (e+ 5@)]= SF a1, 
Reciprocally, if from (2) we express X, Y in terms of x, y, 
which is done by changing the capitals above into small 
letters, and vice versa and then a into a, it is seen that 
the determinant of the resulting linear forms is 
aN (a) 
41= Za) =1. 

As in Art. 289, corresponding to the lattice that connects 
the integers of the ideal i there is a similar lattice that 
connects the points of (a)i. The same is true of the 
ideals i; and (a,)i:. Hence if (a)i=(a1)i:, the lattices 
corresponding to i and i are similar. And due to the 
results of this article the meshes of the lattices that 
correspond to the ideals (a)i and (a;)i; are of equal area. 

Observe that the lattice that corresponds to the 
product of the two ideals i and i; contains all those 
lattice-points that are common to these ideals. If all 
the points that belong to both ideals i and i; are formed 
into another ideal 3, the greatest common divisor of the 
first two, the corresponding lattice is had by super- 
posing one of the ideals i on the other i:. 
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Art. 290. The preceding theorems are immediately 
applicable to all realms NR(Vm) for which m1 (mod. 4). 
If m=1 (mod. 4), the integers of the realm are obtained 
through y=ax+y Lint where x and y go over all 
rational integral values. The lattice-points of the funda- 
mental lattice are the set of points of an oblique system of 
coordinates, so chosen that the origin is at the point O 
and the unit points lie on the coérdinate axes at the points 

1+Vm 
1, and z: 

Among the lattices that may be laid through the 
fundamental set of lattice-points (of the realm) there are 
none that offer a rectangular mesh. A fundamental 
1+Vm , 1—vm 

eh ARU pee Vi 

As seen in Art. 294, the units of the given realm 
that are different from +1 offer certain symmetric 
properties of the lattice-points. In all other respects, 
the results of the preceding articles apply literally for the 
present case where m=1 (mod. 4). 


mesh may be taken with vertices O, 


ART. 291. The geometric interpretation that the num- 
ber of classes h of an algebraic realm R(Vm) is finite, may 
be expressed as follows: 

THEOREM. The indefinite number of lattices that may be 
laid through the lattice-points of the realm may be distributed 
into h classes, so that all lattices of a class are similar to one 
another and only these may be transformed into one another 
by linear transformations.) 

We saw that the meshes of all the different lattices that 
could be laid through any one set of lattice-points were of 
constant area. This area for any ideal i= (ù, 2:+%2w), 

1See Klein, Ausgew. Kapitel der Zahlentheorie, Vol. II, pp. 94 et seq. 
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N(t) =%, may be calculated as follows. From the figure 

it is seen that the area in question is 

OA RDS go lad p itie 

Since in every ideal-class 

there is at least one whose o 

norm is less than |vd| 

(Art. 218), we have the theorem: 
THEOREM. In each of the h classes of similar lattices 


there is at least one lattice, whose area ts less than JL 
As a lattice represents an ideal, and an ideal in normal 
form is as given above, it follows in every lattice whose 


|d| 


mesh is <a} that an elementary parallelogram may be 


va | 
2 


laid whose sides are less than |d| and , Tespectively. 


ReaL REALMS 


Art. 292. To give a geometric meaning of the ideals 
in a real realm R(Vm) corresponding to the results 
established in the preceding Articles for the imaginary 
realms, we may introduce a pseudometric! geometry in 
the place of the Euclidian-Cartesian. 

Corresponding to the Cartesian method we may 
introduce a rectangular system of codrdinates with zero 
as the origin and lengths 1 and Vm laid off on the z-axis 
and y-axis respectively. With this system of coordinates, 
we must define: 

(1) the distance between two points; 
(2) the angle between two straight lines; 
(3) the area of a finite closed figure. 


1 Klein, loc. cit., pp. 50 et seq. and p. 71; and Math. Annalen, Vol. 48, p. 562. 
See also G. B. Matthews, Theory of Numbers, pp. 103-131. 
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1. First let z, y¥m or (x, y) be any one of the lattice- 
points, say P, the origin O being the point (0, 0). By 
definition the expression 

r= + Va? — my? 
denotes the distance OP. All points which lie at a 
distance r=1 from the origin satisfy the equation 
l=2?—my’, 
a real hyperbola, which has its real axis on the z-axis. 

This hyperbola is the standard curve for the pseudo- 
metric distances. It defines a definite unit-length on 
every line that is drawn through the origin, cutting the 
hyperbola, the unit-length being constant for the line 
which determines it. This hyperbola corresponds to the 
Cartesian circle x?+y?=1. 

All points which lie on either of the asymptotes 

a—Vmy=0, and a+vVmy=0 
are at a distance zero from the origin, since for any point 
on an asymptote we have 
r= Vx2—my? =0. 

The asymptotes play a peculiar role in this pseudo- 
metric geometry. They correspond to the lines x +iy=0 
of the Cartesian geometry. 

Due to the fact that any two points of an asymptote 
are at zero-distances apart, the asymptotes may be called 
minimal lines, which name is also applied to the lines 

mai = (0. 

All points which lie within the same angles included by 
the asymptotes as the hyperbola, have real distances 
from the origin. Points that lie in either of the other 
angles have imaginary distances, since for them x? — my? is 
negative. However for these imaginary distances, the 


real hyperbola 
r? — my = —1 
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may be used as the standard curve of reference, the 
factor 7 being multiplied into any measurements derived 
from the first hyperbola. 

If x, yVm, and that is (a, y), are the coordinates of any 
point P and if (zı, yı) are the coordinates of a second 
point Pı, by definition the distance r between these 


points is 
r=+V(2—21)?-—m(y—y1). 
2. To determine! the inclination of any radius r=OP 
with the z-axis, the following artifices may be used: 
Introducing the hyperbolic functions, we may write 
r+yvVm=r(che+she), 
where 
z=rche, Vmy =rshe. 
By definition the angle ¢ thus determined is the 
inclination of the radius OP with the z-axis. 
It may be well to insert here some of the fundamental 
relations among the hyperbolic functions. By definition 
ete 
cho = EN 


e’ zi e? 


2 A 


shg = 
so that 
ch(—g)=chy, sh(—¢)=—shg. 
It follows that 
chet+she=e?*, che —she=e*, 
with the relations 
(che+shg)(che:+shg;) =ch(¢e+ ¢1) +sh(¢+¢), 
(che+sh¢)(che, — she) =ch(¢— 91) +shlo— o), 
(che —sh¢)(chei—shg:) =ch(y+ g1) —sh(e+¢1), 
(chp-+shg) + (chyi—sh¢gi) =ch(¢ — ¢1) +sh(¢— 91), 
(che+shg) + (che:—she:) =ch(e+ ¢1) +sh(e+¢1), 
(chy —shg) + (chg:1—sh¢.) =ch(¢— ¢1) —sh(¢—¢1). 
Due to these formulas the multiplication of two numbers 


1 Sommer, Vorlesungen, p. 236. 
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zt+yVm=r(cho+she) and tı+yıYm=r:(chpı tsho) is 
accomplished in a manner analogous to that for the 
multiplication of two complex numbers. 

To determine the inclination ¢ of the radius OP use 
may be made of the two equations 


atyvm=re®, a—yVm=re us 


or 
go ety, 
pie 
It follows that 
atyvm 
C= 3 lo ? 
2 p a 


where the real value of the logarithm is here meant. 
Observe that imaginary values might enter since 
er? = ertik, 


Further, a distinction is to be made among the radii 
OP which lie within the angles made by the asymptotes 
and in which the hyperbola lies, and those radii which 
lie without these angles, and that is, those which do not 
cut the hyperbola 2? — my? =1. 

In the first case x? — my? is positive, so that the norm 
of the integer x-++y~Vm is positive, and therefore r is real. 

In this case 
atyVm _ 1 jog (ety)? 


=2 log 
rom RA N(x— —yvm) 


cm z—yvm 
so that ¢ is a real angle. 

In the second case, where «?—my? <0, it is seen that 
N(z+yvm) is negative. It follows that 


wi (x+yvVm)? 
Ps Ras yVm) 


(x-+-yvm)? 
=} log| —-@+2°™" 14-4 og (=i); 
og Aa J plan 
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or g¢=|¢|+4iz, which is a complex quantity. The 
angle between two radii is by definition the difference 
between the inclinations g—g¢:, a fixed sign + having 
been chosen to indicate a fixed direction. Two radii 
which are separated by an asymptote include a complex 
angle, while the included angle is real if no asymptote lies 
between the radii. 

From the formula for ¢ it follows that every asymptote 
incloses with the z-axis, as well as with any arbitrary 
radius OP, an indefinitely large angle. 

3. The area is defined by choosing for a surface unit a 
square whose side has the length unity in the ordinary 
sense, the surface area being computed by the usual 
methods of geometry and integration. For example the 
parallelogram, whose vertices are O, a+bVm, aitbiVm, 
a-+-ai+(b+b,) Vm, has the area 


a, bym 
ay, bivm 


The mesh of the lattice points of the integers of the realm 
% (Vm), which, as in the preceding case shall be called the 
fundamental lattice, has the area Vm. 

With these assumptions the fundamental operations of 
addition, subtraction, multiplication and division hold 
good for the points of the lattice as for the integers of the 
realm. For multiplication it is necessary to add the 
inclinations of the radii and multiply their radius-vectors 
rand rı. 

Arr. 293. A principal ideal (a) is represented through 
a set of points which consists of those points of the 
fundamental lattice that are divisible by a. 

The expression of the ideal (a) through any basis, for 
example a and aVm, in the form 


(a) =(a, aVm, ax+avmy), 


= (ab,—a,b) Vm. 
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where x and y are rational integers, shows again that an 
indefinite number of lattices may be drawn through any 
fixed set of lattice-points that cover the plane. 

The set of points that express the ideal (a) is had if 
each point of the fundamental lattice is multiplied by a. 
Let a=a+bvm=4e*, say, and let atyVm=r-e* be any 
arbitrary point of the fundamental lattice. Then for the 
product of these points we have 

ax+bym-+ (ba-+ay)Vm =ar-e@t*) =X+YVm. 
And from this follows the theorem: 

Every lattice-point of the principal ideal (a) is had from 
one of the points of the fundamental lattice by a turning of 
the radius vector of the lattice-point through an angle & and a 
stretching of it in the ratio @: 1. 

In other words, the set of lattice-points (a) depends 
upon those of the fundamental lattice through a sub- 
stitution 

X =ax-+bym, 
Y =bzr+ay, 
with determinant a? —b’m = 8. 

In this transformation a distinction must be made 
according as the determinant 4 is positive, or negative. 
If G is positive, in the theorem above the angle 


â=} log Tham)" ee 


is real and we have to do with a turning in the usual sense. 
If, however, & is negative, and therefore @ imaginary, 
we have 


2 
â=}ir+} log p-e | 
which is a complex angle; and there is situated an 
asymptote between the initial and final positions of the 
radius. 
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This improper turning may be regarded as a com- 
bination of a proper turning through a real angle 


4 log |-) in which the radius does not pass 


out of the angle between two asymptotes and of a 
reflection about an asymptote. 

As an example, consider the following figure which 
corresponds to the realm §(V10) in which the number of 


classes is h=2. From the points of the fundamental 
lattice O=0, a=1, b=1+4 V10, c= V10, we have the corre- 
sponding points of the lattice («)=(1+10), namely, 
O=0, A=14+V10, B=1142V10, C=10+-i10, 
as shown in the figure. Observe that OA makes with 
the z-axis the angle 


1+ 10 
=i lo 
ATE SET N 
OB makes with the z-axis, 
11+2V10 
=} log ————, 
pinay (7; 
OC makes with the x-axis, 
o=4 log 1O+Ni0 
TOEN, 


so that 


<AOC=# log (—1) = <a0c. 
19 
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Similarly it is seen that 

OAB=C,+7—A,=17—} log (—1) 

and 
Oab =r —c,=7—3 log (—1), 

so that OAB=Oab, while ABC=abc, and BCO =bc0. 
We further have the ratios 

OA : OB=V—9 : Y90=V—1 : VIO 

Oa : Ob=1: V—10, 


OA > OB=0a : Ob. 
With this it is proved in the pseudometric sense that the 
figures OABC and Oabc are similar. (Sommer, op. cit., 
p. 239.) 
This result, somewhat extended, may be expressed as 
follows: The lattice (a) is similar to the fundamental lattice 
and is derived therefrom through the turning about an angle 


vm : i 
â=} log e T and with a magnifying ratio ã : 1. 


so that 


Precisely as in the case of the imaginary realms, it may 
be shown that an indefinite number of lattices may be 
laid through the lattice-points of the ideal (a), and these 
lattices may be transformed into one another through 
linear transformations with determinant +1. 


ART. 294. To understand fully the significance of the 
structure of the set of points (a), it is necessary to 
consider the geometric meaning of the units of a real 
realm. We saw in Art. 99 that there were an indefinite 
number of such units. The images of these lie on the 
standard curve z?— my? = 1; in fact, these are the points 
whose codrdinates, integral in x and y, satisfy the equa- 
tion just written. In particular that unit is to be 
considered whose radius vector makes the smallest angle 
with the x-axis. 

Consider first a unit e whose norm N(e)=1. The set of 
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points (e) consists of all points of the fundamental lattice 
of the realm. For any definite unit e=a--bV¥m, the 
turning angle as shown above, is 


t= log © a+bVm _ 
TA —bvm 


and since N (e) = ban there is no magnifying. Similarly 
from the fundamental set of points of the realm, we may 
derive the set of points (e), k any integer, by turning 
through an angle k log (a+bvm), and also the set of 
points (—e*) is had through a turning through an angle 
k log (a+bVm) + ri. 

Since the set of points (-te*) is identical with the 
fundamental set of points of the realm, the existence of 
the indefinite number of units of the realm has the 
following geometric significance: 

The fundamental set of points of the real realm (Vm) 
has the property of reverting into itself through a turning 
through an angle kê or ké+7i, where k is any rational 
integer. With this turning unit-points move along the 
hyperbolas x? — my? = +1, while any arbitrary point of the 
fundamental set moves along the hyperbola -my =C, 
where C has a definite value. 

Thus it is seen that the fundamental set of points of a 
real realm have certain symmetric properties analogous 
to those of regular polygons that are inscribed within a 
circle. 

Nezt, let e be a unit with norm N(e)=—1. It is still 
true that the set of points (e) is identical with the 
fundamental set of points and the first set is derived from 
the latter by an improper turning through the angle 


anal 


a= 


2 1 log (a+bvm)?, 


m7 108 (a+bvVm) —} log (—1) 
=log (a+bvVm) —iir; 


«= log 
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and that is, through a turning, together with a reflection 
through an asymptote by which a change in the radius- 
vectors in the ratio 7 : 1 is brought about. 

The set of points (—e) differs from the set (+e) only 
through a reflection through the origin. 

The set of points (e?) may be derived from the funda- 
mental set by a proper turning. 

Hence in the discussion of the unit-lattices, a dis- 
tinction is to be made between the units ¢* and et, 

Geometrically formulated, the above results may be 
expressed as follows: 

If the real realm R(Vm) has a fundamental unit e with 


norm N{e) = —1, and if we pul e =ier where ê 1s a real 
angle, then the fundamental set of units revert into themselves 
by a turning through an angle ê, and then a reflection 
through an asymptote of the standard curve. 

The geometric interpretation of the results of this 
article makes clear the distinction of the positive and 
negative norm of the fundamental unit of the real 
quadratic realm. 

Treated analytically the knowledge of the units of the 
real realm is the knowledge of all linear transformations 
with integral coefficients (see Art. 293) 

X =azr+bmy, 

Y =bxr+ ay, 
through which the fundamental set of points are trans- 
formed into themselves. For it is clear that all transfor- 
mations of this set have the determinant +1. 


EXAMPLES 


(Excepting examples 1 and 2 the results are to be derived for real 
realms). 

1. Determine the linear transformations with determinant 1 that 
transform into themselves the fundamental set of units of the 
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imaginary realm R(4—3) and treat geometrically the ideals (w) 
and (w°), where w is a cube root of unity. 

2. In the realm R(4 ZT) the mesh of the fundamental lattice- 
points is a square. Show that these points revert into themselves 
with a turning through 90° and a reflection through the lines that 
bisect the angles included by the codrdinate axes. 

3. Give in detail a geometric treatment of the results given above 
for real realms where m=1 (mod. 4). 

4. To every ideal i of a real realm there corresponds a set of 
lattice-points through which an indefinite number of lattices may 
be laid. These lattices may be transformed into each other by 
means of linear transformations with determinant +1. 

5. Due to the fact that (e)(1)=i, show that every set of lattice- 
points may be transformed into themselves in an indefinite number 
of ways. 

6. The meshes of a set of lattice-points of the ideal i contain those 
points of a fundamental set of lattice-points which (mod. i) form a 
complete set of incongruent integers of the real realm in question. 

7. To equivalent ideals there correspond similar lattices which 
may be transformed into one another by linear transformations 
with determinant +1. 

8. The lattices may be grouped into h classes. Each class 


? A X d 
contains at least one lattice the area of whose mesh is less than 7 


Remark. Another method for the geometric representation 
of ideals of a quadratic realm was given by Poincaré, “Sur un 
mode nouveau de représentation geométrique des formes 
quadratiques définies ou indéfinies,” Journal de UV Ecole Poly- 
technique, Vol. 28 (1880), pp. 177 et seq. With him the lattice- 
points may be expressed through 

z=am-+bn, 

y=cm-+dn, 
where m and n are indeterminates which may take all positive or 
negative integral values and a, b, c, d are constants; or through 
the notation 

Am+Bn, 

where A=a+tevD, B=b+dvD, the quantity D being the 
determinant of the quadratic form. 

Complex quantities of the form zt+yVD are represented on a 
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plane P or through the projection of this plane on a plane Q. 
The planes P and Q cut along the z-axis, the angle between them 


being cos! V¥—D. Observing that the modulus and argument 
of z+iy are Va?+7? and tan y/z, by analogy he (p. 200) calls the 
modulus and argument of a+yVD respectively V2? — yD —yD and 


1 CP ae 
tan! =V—D, When D is negative he introduces as a 
V—D fr e 


curve of reference the ellipse {?—n?D=1, and when D is positive 
the curve ¢?—7?D=—1 (hyperbola). Thus Poincaré was able 
(1880) to interpret geometrically all the results of the present 
chapter. The generalization of these results would lead to a 
geometric interpretation of ideals in the extended realms, the 
ellipse and hyperbola above being replaced by standard surfaces 
in a generalized space. See Minkowski’s Geometrie der Zahlen., 
pp. 9 and 73. 

Bachmann, Grundlehren der neueren Zahlentheorie, p. 106, gives 
a geometric treatment of quadratic forms and their equivalence 
by means of lattice-points, the latter being the geometric images 
of the former, while the same lattice-points present the geometric 
image of two or more equivalent forms. On p. 129 is found the 
reduction of quadratic forms with negative discriminant geo- 
metrically interpreted through a method due to Gauss. On p. 
219 a treatment of ideals and lattice-points is found and on p. 
238 there is a geometric interpretation of the inner relation 
between ‘‘ideal (Kummer) numbers” and ideals of a fixed realm. 

In the 45? volume of the Mathematische Annalen Hurwitz 
treats geometrically the reduction of quadratic forms for both 
positive and negative discriminants. His method may be 
extended to higher realms of rationality. 


CHAPTER XIV 
THE CUBIC! REALMS 


Art. 295. In Arts. 87 and 101 a quantity & which 
satisfied an irreducible algebraic equation of the mth 
degree with rational coefficients was called an algebraic 
number; and if such a number £ is added or adjoined to 
the realm of rational numbers, a new realm of algebraic 
numbers (Arts. 42 et seq.) is had through the operations 
of addition, subtraction, multiplication and division, 
and that is, a realm consisting of all integral and fractional 
functions of £ with rational coefficients. 

This realm has the following fundamental properties 
which may serve in their turn to define the realm: 

1. The sum or difference of any two numbers of the realm 
is a number of the realm. 

2. The product or quotient of any two numbers of the 
realm is a number of the realm. 

Let 6, 4’, 0” be the roots of the irreducible equation of 
the third degree, 


(1) G(x) =23+a,2?+a.¢+a3=0, 


whose coefficients are rational integers. Through defi- 
nition (Art. 87) 6, 6’, 0” are algebraic integers. These three 
integers are different from one another and are not 
rational. The quantities 0, 6’, 0” are called conjugate 
(Art. 45) and when adjoined to the realm of rational 
numbers constitute the conjugate algebraic realms #(6), 
R8), R0”). Any number v of the realm #(@) may be 
1 Report on Algebraic Numbers, p. 12. 
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expressed in the form (see Art. 44) 
y=a+bé-+cé, 
where a, b, c are definite rational numbers. 

From equation (1) since —a,=6+6’+0”, or 0+0” 
= —a,—8@, it is seen that @’+6” is a number of the realm 
(6) as is also 9’-9" = —. 

Art, 296. THEOREM. The sum, the difference, and the 
product of any two integers of R(P) is an integer of R(0). 

This theorem has been proved for the general case in 
Arts. 88 and 162. 

The following are simple proofs for the cubic realms. 

Let œ and 6 be two algebraic integers of the realm 
(6), where @ satisfies the irreducible equation 
(1) G(x) =x" +a? +a:x +0; =0, 

1, @2, a3 being rational integers. 
It follows from above that a is of the form 
a=ut+v64 we, (i) 
where u, v, w are rational numbers. 

If @ is changed in this last expression to 6’ and 6” 
respectively, we have the conjugate quantities a’ and a’’. 

Similarly we may put 

B = ui +010+ W160, (ii) 
where w, vı, wi are rational numbers. 

It is further seen that a satisfies the equation 

(x —a)(a@—a')(x—a"’) =0, 
or 
v+A.7?+A.7+A;=0. (iii) 

In this expression Ai, Ae, Á are rational integers, 
since by hypothesis a is an algebraic integer. 

In the same way 8 must satisfy an equation 

24+ Bi2?+B.r7+B;=0, (iv) 
where Bı, B2, B; are rational integers. 
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Forming the expression 
S(Q) =[t—-(a+8) t- (e +8) Lt—(e" +8") 1, 
it follows at once from (i) and (ii) that the sum a+ 
satisfies an equation of the third degree with rational 
coefficients. 

Since the coefficient of @ in the expression just written 
is unity, it is only necessary to show that the other 
coefficients are rational integers. This may be done by 
forming the equation of the ninth degree: 


T(t)=[t—-(a+8) JLt—(e+86') JLt—(a+8")] 
XE- (a’ +6) JLt— (a’ +6") Tt—(a'+6")] 
Kit — fe" 4-8) Ila 6 alt — (a 8 a 
an equation in which the coefficients are symmetric in 
both the a’s and the £’s. 
From (iii) and (iv) it is seen that these coefficients are 
rational integral functions of the A’s and the B’s. 
It is evident that T(t) is divisible by S(t), so that 
TOSS OSO 
From Art. 9 it follows that the coefficients of S(t) are 
rational integers. 
In a similar manner it may be proved that the product 
a-8 is an algebraic integer. Form the two quotients 
D(t) = (i—ap)(t— a'b’) (i— a” B"), 
Q(t) = (t— aB) (t— af’) (t— 08") (t—a'B) (t— aB) 
X (t— a8") (t—a""B) (t— O 
It is clear that the coefficients of t in the latter expression 
are integral functions of the A’s and B’s; and since Q(t) is 
divisible by P(t), it follows also that the coefficients of 
P(t) are rational integers and consequently ef is an 
algebraic integer. 
Through repetition of the above theorem it is seen that 
every rational integral function in any number of algebraic 
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integers of the realm R(@) with rational integral coefficients, 
ts an integer of (8). 

If a is an algebraic integer, then also a'a” is an alge- 
N(a) 
a 

is an algebraic integer in JR(@). 

THEOREM. If an algebraic integer a in R0) is a 
rational number, it must be a rational integer. 

For 1°, being an algebraic integer it satisfies an algebraic 
equation S(¢)=0 in which the coefficient of the highest 
power is unity and the other coefficients are rational 
integers; and 2°, being a rational number, it follows from 
the theorem (Art. 10) since S(t) is divisible by t—a, that 
a must be a rational integer. (See also Art. 87.) 


braic integer; and since a'a” = , It is seen that a-a” 


THE DISCRIMINANT OF AN INTEGER OF THE REALM 


ART. 297. If a is an arbitrary integer of R(0), it was 

seen (Art. 44) that a could be written in the form 
a=uUu+tv+wF, 

where u, v and w are rational numbers. When 0@ is changed 
to 6’ and 6” respectively, there arise the quantities a’ and 
aœ”, the conjugates of a. 

The product of the three quantities a, a’, a” is called 
the norm of a and written N(a)=a-a’-a’’. (Art. 59.) 

The product 

5(a) = (a—a’)(a—a"’) 

was called by Hilbert (Bericht, § 3) the different of the 
number a. 

The discriminant of a is (see Arts. 63, 94, and 104) 
Lee er 


42 


Ala) = (a-a la — a" (a”" —a)?= |1, a’, a 


2 
1, al, all 


It is evident that N(@) and A(a) are rational integers. 
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It is also seen that 
—N[8(a) ]= —(a—2a’)(a—a"’)(a’ — a") 

(a! = a) (Ca —a) (Qa a a’) 
=(a—a’)*(a’—a"’)?(a"’—a)?=A(a) (Art. 95). 

Since the equation 
(1) G(x) =25+a,2?+a,.7-+a;=0, 
which is satisfied by 6, is by hypothesis irreducible, it 
cannot have a double root. (Art. 41.) 

It follows that A(0) 40. 

And (see Burnside and Panton, Theory of Equations, 
p- 83), 

A(@) =aja}+ 18a1a.a3—4a3—4aja3—27a3 
(see Art. 104). 
If a; =0, this expression reduces to 
A(6) = —4a3— 27a}. 

The discriminant of a rational number is zero, since a 
rational number is its own conjugate; and reciprocally, if 
the discriminant of a is zero, then is a a rational number. 
For, if œ were an algebraic number, say 

a=a+bé+c and 

a! =a-+b0'-+06", 
then is a—a'=b(6—6') +c(@—6”); 
and were a=a’, it would follow that o=b+c(@+6’) and 
consequently 0” would be a rational number, contrary to 
the assumption that 6 satisfies an irreducible equation. 

If A(6) is a positive number, the roots of G(x) =0 are all 
real, and the three conjugate realms (6), R(6’), M0") 
contain only real quantities and are called real realms. 
If, however, A(@) is negative, the roots of G(x) =0 are one 
real and two conjugate complex. One of the correspond- 
ing three realms is real and contains only real numbers, 
while the other two contain complex numbers and are 
called imaginary realms. 
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Art. 298. THEOREM I. The discriminants of all alge- 
braic numbers of R(0), which are different from zero, have 
the same sign and that sign is the sign of A(6). 

For writing any number « in the form 

a=a,+bi0+c,6, 

a = az +b20+ 6267, 
and substituting these values in the discriminant A(q), it 
is evident that 
Wy eR ae 


2 


2 
A(a)=]1, a’, a 
1 a”, al” 
ile a,+b,0+¢,6?, Q2+5.6-+ c.6? 2 
1, ay+b,0'+0,0",  a2-+b26’ +026” 
1, a;+6,0"+¢,0'", a.+b.6" Heb” 
= (bicz — bzc1)”A (0). 
THEOREM II. The discriminant of every integer of 
RO) which is not rational, is different from 0 and from +1. 
If a is an algebraic integer that is not rational, it 
satisfies an irreducible equation 
r? +a? +a +a; =0, (i) 
where 4, az, a3 are rational integers. 
In this equation a; is either zero or different from zero. 
In the first case 


A(a) = —4a}—27a3. 
In the second case where a0, write yaatz. 
The equation (i) becomes 
A, , As 
ast yee 
PHa Yta 


where A, and A; are rational integers. 
If a,=0 (mod. 3), then is A, divisible by 3 and A; by 
27 and here again the discriminant takes the form 
A(a) = — 48} — 274}, 
where do, G3 are rational integers. 
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If, however, a;#0 (mod. 3), we have 
Ala) = =z (441 +48). 


If, then, A(«) = —1, we must have an equation of one 
or the other forms 
4a3+27a3=1, 
4A3+Ajz=27, 
where as, @3; Az, A; are rational integers. It follows that 
either 
27a3—1=0 (mod. 4), 
or 
A3—27=0 (mod. 4). 
Evidently neither of these congruences can be satisfied. 
It may also be shown that A(a) is not equal to +1. 
For it was seen (Art. 269) in connection with the proof 
of the impossibility of solution of the Diophantine 
equation 23+ 7° =2', that the equation 
(1) yve—y+t3=0 
is the only equation, the sum of whose roots is zero, for 
which A(a) = +1. 
It is also seen that there is no substitution 
a +3 
which transforms (1) into an equation 
e+az+axt+a;=0, 
where ai, do, a; are rational integers. 
ART. 299. The Basis of All Integers of the Realm (6). 
In Art. 101 it was shown that three algebraic integers wi, wz, 
w of the realm R(0) might be derived in an infinite number of 


ways such that every arbitrary integer of the realm could be 
expressed in the form 


zwi tyw: F 2w, 
where x, y, z are rational integers. 
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In Art. 102 a form for these three basal elements was 


ede’ igen 
d 
dss (A —ay)?+a;(A —aı) +a: +40 +P 
NE A AN ee 


where d, 6; are rational integers, d° and 6] being divisors of 
A(6), and where the rational integer A was a root of the 
three congruences given in Art. 102, end. 


ART. 300. The Ideals of the Realm R(0). An alge- 
braic integer a is said to be divisible by another algebraic 
integer 8, if there is a third algebraic integer y of the 
realm §(@), to which «œ and 8 both belong, such that 
a=ßy. 

If we neglect the units (Art. 90) of the realm 9t(@), it is 
seen by passing to the norms, since N(a)=N(8)N(y) 
(Arts. 59 and 89), that there are only a finite number of 
factors of a. For N(a@) is a rational integer, and a 
rational integer admits only a finite number of divisors. 

If, however, the factorization of the algebraic number a 
is carried out until none of the factors admits further 
factoring, we meet with the same difficulty in the case of 
the cubic realms as was already had (Arts. 108, 203) in 
the case of the quadratic realms, namely, the distribution 
of an algebraic integer a of the realm R(0) into its irreducible 
factors of the same realm, is no longer unique; and that is, 
the factorization, as such, is no longer a unique process. 

To avoid this difficulty we must introduce the ideals of 
the cubic realms in a similar manner as has been done for 
the quadratic realms. Thus a realm is to be regarded 
as the collectivity of its rational numbers and its ideals. 
It is only necessary to extend the definitions given for 
ideals of quadratic realms (Arts. 206 et seq.) and to 
observe the properties of the ideals thus generalized. 
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These concepts will be further extended to the cases of 
the more extended realms in Vol. II, Chapts. 1, 2, and 3. 
DEFINITION. An ideal t=(a1, a, a3, ++) is the 
totality or complex of the infinite number of algebraic 
integers of the realm (0), which has the property that every 
linear expression Mai +Ma: trsa t +--+ offers an algebraic 
integer that is found among this totality (complex); and 
that 1s, af o = iai HA HAs t A then i= (a1, Qe, 3, 
-+)=(a1, ae, a3, ++, C, +++). The numbers ai, a2, a3, 
- are definite algebraic integers of R(0), while `i, 2, As, 
- are any algebraic integers of the same realm. 
Note from this definition that every ideal contains the 
quantity zero. 
It was seen in Art. 296 that if wis an algebraic integer of 


RO), then a'a” = ve N(o); is also an algebraic integer, say \, 


of #(@). Hence 7 a is an element of an ideal, then is 
ha =N(a) also an element of the same ideal. And as 
N(qa) is a rational integer, it is seen that every ideal 
contains an infinite number of rational integers. If, 
further, an ideal contains an algebraic integer a which is a 
divisor of unity, so that, therefore, N(a) = +1, the ideal is 
called a unit ideal (Art. 211). In this case there is a 
system of integers Ax. Ao, Aa. «> +, such that 
1 =)1a;+Acae+ i re 

If in an ideal t= (a1, a2, a3, ---, a, ---) all the elements 
1, 2, @3, --+ are divisible by a, then is i= (a). 

Such an ideal is called a principal ideal (Art. 206). 

ART. 301. THEOREM. In every ideal i of the realm 
RO) there may be derived in an infinite number of ways three 
integers tı, t2, t3, such that every other integer of the ideal may 
be expressed in the form 

Diutyte+Zt3, 

where x, y, z are rational integers (Art. 94). 
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A normal basis of the ideal 
t= (a1, a2, a3, +++) 
may be derived as follows: Let w:=1, w, w form a basis 
of all integers of the realm (6) (Arts. 100 and 101). We 
may therefore write 
i ar =a + biw +F Cw, a = a2 F bzw F C2w3, 
etc. 

If c is the greatest common divisor of cı, C2, C3, +++, We 
may always determine rational integers ki, ke, ks, ---, 
such that 

kici tkc + kcat e =e. 

Further kiaitkzas+k:a; +- =a, say, may be added 
as an element to the ideal i so that i= (@1, a2, a3, +++, œ, 
en 

If we put kiai tH Ests + OF OES (dh and kibi tkebot g a =b, 
it is seen that 

œa =a +bw: + Cw. 

Since c is a divisor of cı, C2, +++, we may write cı = dic, 
C2=d:¢, C3=dc, ---, where di, de, da, --+ are rational 
integers. 

It follows that a;—da=a;—d,a+(b;—d,b)wo (Cs 1, 2, 
3, ---) are elements that may be added to i. Further 
write a;—d;a=A; and b;—d:b=B; and it is seen that 
ai= dia + Ai t+Biw @=1, 2, 3, ---). 

It follows that A ;+B jw may be added as elements to i, 
and that the elements a; may be omitted. 

The ideal takes the form 

= (A+B ww, A+ Bowe, A34+ Bzw, Re Sis nee” | * -). 

Continuing as in Art. 206, it is seen that i may be 

reduced to the form 

i= (4, iiti w, a), 
where 7 is a rational integer that is the greatest common 
divisor of all rational integers that belong to i. The 
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numbers 7, and if are also rational integers, 7{? being 
(Art. 206) a divisor of both 7 and t. 

Writing for a its value a+bw2+cw; and noting that tws 
may be added as an element to i, it follows as above that 
a may be replaced by an element =t: +iPw ti ws 
where i? is a divisor of i, where 7}? is reduced (mod. 7), 
and 7, is reduced (mod. 7). 

The normal basis of the ideal i is thus shown to be 


i= (CP ta, t3), 


where 
u=i, t2 =i Hi Pw, t=i +iPws Hip ws. 
If we put 


t= ürnti tart Farts (r =1, 2, 3) 
and choose (Art. 100) the rational integers a,,(s=1, 2, 3) 
such that |a,,| = 1, it is evident (Art. 94) that i, t2, t3 
also form a basis of all integers of i. 

Art. 302. Whenever the question of division arises 
in the realms of rationality such as #(@), the ideals take 
the place of the algebraic integers of the realm. Multi- 
plication and division of algebraic integers are to be 
replaced by multiplication and division of ideals for such 
realms, the operations of addition and subtraction of 
algebraic integers being retained as such. 

Multiplication of Ideals. Let a=(ai, a2, +++, a, +°*), 
b= (Bı, Bz, «++, B, +++) be two ideals of 9(@). Here a is 
supposed to be any integer of a, say 


a = Mai Ha + “aad 
and similarly 
B= mait uat, 


where ^i, Ae, ***, Hi, M2, +++ are any algebraic integers of 
RO). The product a-b is an ideal, say c, whose elements 
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consist of the products as follows: 
c=a:b=aifi, a 8o, e183, res Qe, 89 Hs 
abi, Qaba, 0283, Aida a8, oy 
æli azb, a3B 3, Karey a3B, °° “iy 


Cr | 


It is clear that the ideal ¢ is constituted of algebraic 
number of the form 
vabi t vab + visa Bgt +++ t+raiB+::: 

+ ¥210281-+ Yo202B2+ vesap t +++ + voal t 
FH ¥310381 + veab t Yasaa83t+ +++ Hrab t: 
Seer 
+ vonali t voal + rosaB3+ +++ Hroab t: 
JE ao o; 
where the »’s are any algebraic (including rational) 
integers of R(@). 

Reciprocally, an ideal c is said to be divisible by the 
ideal a when there is an integral ideal b such that c=a-b, 
the three ideals, of course, belonging to the same realm 
(6). 

Since 71181, vi282, etc. are algebraic integers of §(@) it is 
evident that if the ideal c is divisible by the ideal a, then 
every number of the ideal c (and consequently of the 
form just written) is also a number of the ideal a and 
that is every number that is divisible by c is also divisible 
by a. 

An ideal that is not a unit in (6) and which is divisible 
only by itself and such a unit is called a prime ideal. 

ART. 303. Two ideals a and b of (6) are said to be 
equivalent (Art. 217) when there are two integers a and 8 
of #(6) such that 
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The same properties of equivalent ideals obtain here, as 
are given in Arts. 217 et seq. All equivalent ideals form 
a class. 

It may be proved next that the factorization of ideals 
is unique. An indirect proof of this theorem due to 
Hurwitz is given here.! 

Lemma I. An integer a of the realm R(0) whose norm 
N(a) = +a is finite, can enter as an element in only a finite 
number of different ideals. 

For let 


` 
a= (ai, Qe, 3, ***, A, A, tet) 


and let 1, we, w be a basis of all integers of (6) and let 
u=i, t= tio, =i HiLo tiw be a normal basis 
of the ideal a. Since a, awe, aw; may be added as ele- 
ments of a, it follows from the derivation of the normal 
basis that 7 is a divisor of a, while i® and 7? are divisors 
of i. There are only a finite number of ways of distrib- 
uting the rational integer a into divisors. Further i$’ is 
reduced mod. i and consequently is an integer <i”; 
while 7; and 7, are reduced (mod. 2). 

It follows that an ideal can have only a finite number of 
different ideals as divisors. For as seen in the preceding 
article, every integer that appears in the dividend must 
also enter the divisor. 

Lemma II. There are only a finite number of different 
ideal-classes of the realm R(6). It is proved below that 
this lemma follows, when we prove that every arbitrary 
ideal of the realm is equivalent to at least one ideal, which 
depends only upon the discriminant of the realm. 

In the proof of this lemma a distinction must be made 
between the real and the imaginary realms. 

In the case of the real realms, let a= (a1, a2, a3), Where 

1 See Hurwitz, Nachr. von der Kgl. Ges. d. Wissensch. zu Gött., 1895, p. 323. 
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the three basal elements (Art. 93) may be written 

i= ainw +4720. +4 i903 @=1, 2, 3). 
Form the norms of all the numbers of a. Among all 
these norms there is one whose absolute value is as small 
as the norm of any other number of the ideal. Let ı be 
this number. It is asserted that a finite rational integer 
A may be derived which depends only upon the dis- 
criminant D = D(a, we, w) of the realm, and is such that 
Aa is divisible by 1, where a is an arbitrary number of the 
ideal. (See also Sommer, Vorlesungen, p. 266.) 

For let «œ; be any one of the three basal elements of the 
ideal in question. Then due to the Minkowski Theorem 
(Art. 26) four rational integers u, x, y, z which are not 
all zero, may be found such that 


(1) Ut iwit + iwy + tw 32 Sky, 
(2) asut iwir t i wy +e’ w Sho, 
(3) aiut oep wy ti w Eks 
(4) TET Ske 


where kı, ke, k3, k4 are four positive quantities whose 
determinant is equal to the determinant of the four 
forms just written, and that is 


Wi, We, W3 
+ / , 
@1, We, W3 


keikealegles = aN) ON Yop 


Since one of the k’s may be arbitrarily chosen, write 
ka=2|a;|, so that from (4) uS|2VD|. It follows that 
kikoak E4 N (0). 
Next put 
B=auti(wet+twoy+ws;2). 
Hence from (1), (2), and (3) 
|N (8) | Skiksks, 
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or 

|N(8)| =3|N(@)|- 
Note that B=aju+t(wit+woy+ws2z) is a number of the 
ideal a, since u and wiz + w:y +w2 =A, say, are integers of 
96), while a; and ı are elements of the ideal. Further, 
à cannot be zero; for in that case there would be a linear 
relation among the basal elements of the realm. And u 


cannot be zero; for in that case it would follow from (1), 
(2), and (8) that 


INY -N (wit +ooy +w) | S2|N()I, 
or 
| N (ar Hwy +w) | ah. 


which is not true, since the norm of an algebraic integer in 
absolute value is 21. 
Since 


[N(8)|=3|N()|, 
and since by hypothesis no number of (@), other than 


zero, has a norm which is less than |N(¢) |, it is seen that 
8=0. It follows that 

aut =O; 
or, expressed in words: For each of the basal elements a; of 
the ideal a, there may be determined a rational integer 
|u| <|2VD| such that aiu is divisible by «. 

Of course, this integer u is not necessarily the same for 
the three basal elements a, a2, a3. 

Denote by A the product of all positive integers that 
are less than |2VD|. Then clearly the product of each 
of the numbers ai, a2, a3 by A is divisible by +, or Aa: = ô; 
where ô; is an algebraic integer of R(@). It follows, since 
every number « of the ideal a, is of the form ai\1+a2)z 
+aszh3, that Aa is divisible by +. 
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Note that 

Aa=A(ay, a, a3, °**, t, +--+) = (Aar Aa, +++, At, =e) 
= (ðn 52, 63, ---, A) = cb, 
say. 

It follows that every ideal a is equivalent to an ideal b 
which contains the rational integer A. As there are 
(see Lemma I) only a finite number of different ideals in 
which A may enter as an element, it follows that there 
are only a finite number of different classes to which a real 
ideal a may belong. Ideals bi, bo, ---, ba may be de- 
termined such that each is a representative of a definite class. 

Next suppose that #(@) is an imaginary realm and let 
a, &; a, ı have the same significance as above, a; and a 
being complex quantities. Determine an integer £ of a, 
say B=asuti(ane+umy+uz), such that |N(8)|<|NG)]. 
We may again apply the Minkowski Theorem to the 
four linear forms: 

1 , 1 , ” == le; Ju 
P TA), ag p’), , IVD] , 
(8 and p’ being conjugate imaginaries, 8” real) and 
B=autilwr twy Hw), 
B= agute (wr wy Hw). 
Note that a; and of are conjugate imaginaries, as are also 
tw, t/a, ete. 

As in the case of the real realms above, rational 
integers u, x, y, z that are not all zero, may be determined 
such that 


(1) E (0-+6") lsh, 
(2) 0-0") |=h, 
(3) B =k, 
(4) T Ska, 
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where k?-k3-k, is equal to the determinant of the left 
hand side of (1), (2), (3), and (4), which is |a,N(«) |. 
Write k,=2!/a;|, so that 


kiks=3|N(e) |. 
Observe from (4) that 
Jul =2| VD]. 
Further, note that 


|N(6)| = |6-6’-B" |= [36+ (36-0) fo" 
ORO 
or 


IN) | =2|N()|. 

The proof from now on is the same as in the case of the 
real realms. And thus it has been proved that the 
number of classes into which the ideals of every realm R(@) 
may be distributed, is finite. This number is denoted by h. 

Art. 304. The following theorem may now be proved. 

THEOREM. If a is an arbitrary ideal of the realm R(6), 
which is not a principal ideal, another ideal b, which is also 
not a principal ideal, may be determined, such that the 
product a-b is a principal ideal. 

Let a be an ideal that is not a principal ideal, and form 
the powers of a, the ideals a, a’, a’, --- 

Due to the second lemma, these ideals may be dis- 
tributed into a finite number of classes; and, as the most 
general case, it may be assumed that a”*” is the first 
power of a that falls into a class that has been occupied by 
a preceding a, say the same class to which a” belongs, so 
that 

qt ~a”, ‘a < 
or Ete y 
aq th = ba”, Ka 5 
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or finally 
artu = Na", (i) 
where a, 8 are integers of R(0). 

It remains to show that a” is equal to a principal ideal 
(A). 

It must be shown first that X as defined through 
equation (i) is an integer of the realm. Observe that 
every number of the ideal q”* is also a number of the 
ideal a”, since every integer of the first ideal is also one of 
the latter. If a1, a2, œ; constitute a basis of the ideal a”, 
then Aq, is an integer, since it is a number of the ideal 
art, and as every number of this latter ideal is also a | 
number of the ideal a”, it is seen that 

Aa = 2101+ Y1de+2103; 
and similarly 
Aas = TQ + Y2 H203, 
AQ3=X3Q1+ YsQo2 t+ Y3es, 
where the x’s, y’s, and z’s are rational integers. Through 
elimination of a, a2, a3 from these equations, it is seen 
that satisfies the equation 


TN Che 21 
Zo, Ye—d, 22 =(); 
T3, Y3; Han 


Hence à (see Art. 87) is an algebraic integer. 

If, further, 8 is any number of the ideal a’, then are 
Boy, Bas, Bas; numbers divisible by the product of ideals 
(A)a™, and it follows also as in the case of \ above, that 
is an algebraic integer. Hence every number of a” is 
divisible by \ and consequently the ideal a” is divisible 
by À. 

It follows that a= (X)i, where tis an ideal. We may 


therefore write 
qm th = amg = q™(r)i 
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and from equation (ii) namely a”*" =a”, it is seen that 
TAONE 

Since \ may be divided out of this equation, we have 
finally 

a"i=a™, (ii) 

It may be proved that i is a unit-ideal (Art. 206). For 

let t1, t2, ts be a normal-basis of i; and if aj, a2, a3 are a 

basis of a, it is evident that every number of the ideal a” 

on the righthand side of (ii) may be written in the form 


Mazi Hyi Zits) + rzee (Loti + Yate +2Zats) 

+ Azas(L3tit Ystet+Zsts), 
where Aj, Az, Az are arbitrary integers of R(#) and 2,, yi, 
2(i=1, 2, 3) are rational integers. 

On the other hand all numbers of a” may be expressed 
in the form uia, + uza +uz&;, Where ui, Ue, Us are any 
rational integers. Equating this last expression for a” to 
the preceding one, it is seen that 


Ui =Ax(Lieityite tH Zita) (@=1, 2, 3). 


If for ui, ue, uz we choose three rational integers that 
are relatively prime, it is seen that the integers 
Ui = Nilit t+ Yite+ Zits) (i=1, 2, 3), 
may be added as elements to the ideal (i). As this ideal 
contains also the greatest common divisor of these three 
rational integers, it is seen that the ideal i is a unit-ideal. 
It was proved above that a™=(A)i, and as i is a unit 
ideal, it follows that a= (A) is a principal ideal, or a^ ~1. 


Hence also 
qti =q" qit ~a, 


qt ~g, 
ete. 

In other words, in the original assumption, we may take 
m=1; and by hypothesis the ideals a, a?, ---, a! must 
be necessarily in-equivalent. 

20 
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If then a is an arbitrary ideal of the realm §t(@), which 
is not a principal ideal, it is always possible to determine 
another ideal a~! =b, say, which is also not a principal 
ideal and it is such that a-b is a principal ideal. 


Art. 305. The following consequences result from the 
theorem of the preceding article. 

THEOREM. Jf a, b, c are three ideals that are different 
from zero, and which satisfy the equation ac=be, then is 
a=b. 

For if 5 is an ideal such that cb=(A), where (A) is a 
principal ideal, we may multiply both sides of the 
equation ac=be by b, and then divide by the algebraic 
integer X. 

FUNDAMENTAL THEOREM. Tf all the numbers of the 
ideal b also belong to the ideal a, then is b divisible by a. 
And that is, if >a, then is b=af, where f is an ideal. 

If b=0 (mod. a), then is bm=0 (mod. am), where m is 
any ideal. 

Let m be an ideal such that am=(a). It follows that 
bm=0 (mod. a) or bm=aéf, f an ideal. Hence abm = aaf 
or ab= nat or b=af. 

THEOREM. If the product ab of two ideals is divisible by 
the prime ideal p, and if a is not divisible by p, then is b 
divisible by p. In other words, if the prime ideal p is a 
factor of the product ab, then p must be a divisor of at least 
one of the factors a or b. 

If ab = pc, and if am = (a), then is (a)b = pem; and since a 
and p can have no factor in common, it follows that b is 
divisible by ». This may be proved differently as 
follows. If a is not divisible by p, then is (a+p=o) 
and that is, two integers a; and & may be found such that 
ai1+=1, since 1 is an integer in o. 

And if £ is any integer of b, then is œı8 divisible by p; 
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and since a,8+06=8, it follows that 8=0 (mod. p), and 
that is, b is divisible by p. 

It follows from the above theorem that every ideal may 
be distributed into its prime ideal-factors in only one way, or 
the factorization of an ideal into prime ideal factors is a 
UNIQUE process. 

A fundamental consequence of the theorem by which 
the unique factorization of ideals is established, is the 
fact that every prime ideal of the realm (6) must be a 
divisor of a rational prime integer; and that is, a rational 
prime integer must appear as an element in every prime 
ideal. For corresponding to every prime ideal p there 
exists an ideal i such that pi=(q@), a principal ideal. 


Since aa’a’’ = N(a) =a, say, is a rational integer, and as 


Oni it is seen that (a) is divisible by (p) and conse- 
quently a is an element of p. It follows also that a is an 
element! of p. Since a is divisible by p, one of the prime 
factors of a is also divisible by p, and being divisible by p, 
appears as an element of p. 

The following theorem is of peculiar importance for 
the numerical calculation of ideals which belong to a 
fixed realm. (See also Art. 215.) 

THEOREM. In every ideal a, which is not a principal 
ideal, there always may be found two numbers a and a, 
whose greatest common divisor is a, so that a may be written 
equal to (a, a). 

For let a be any number of a. Then choose an ideal b, 
such that 2). b, where 6 is relatively prime toa. Next 
choose a number, say a; of a, which is relatively prime to 

1 For a'a” me is an integer of the realm to which æ belongs. It follows that if 


æ is divisible by p, then also aa’a”’ is divisible by p and accordingly is an element 
of p. 
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b, and let {ey =i, so that (ai)=ai. It is evident that i is 


relatively prime to b, and it may be shown that a is the 
greatest common divisor of (œ) and (a1), or a=(a, a). 
Since b and i are relatively prime, observe that we may 
determine an integer 8 of b and an integer y of i (see 
above) such that B+y=1. Hence, if a; is any integer 
of a, it follows that 

ai= aib +H aiy =ħa +a, or a= (a, a). 

ART. 306. The Norm of an Ideal. An integer a of the 
realm $t(6) is said to be congruent to an ideal t as modulus, 
and written a=0 (mod. i), if œ is divisible by i, and that is, 
if æ is an element of i. Two numbers a and £ of R(0) are 
said to be congruent to each other and written a= (mod. 
i), if the difference a— 8 is divisible by i. (Art. 209.) 

It follows that, if a and £ are both congruent (mod. i) 
to a third number y, they are congruent to each other. 

The totality (or collectivity, and that is, the complex 
of all the integers of 8(@) may be distributed (mod. i) into 
classes, if all numbers are counted as belonging to the 
same class, when they are congruent (mod. t) to a definite 
number, and that is, every number of a class is congruent 
(mod. i) to every other number of the class. Every 
number of #(@) belongs to a definite class, and every 
number of a class determines (mod. i) that class. 

The number of such classes as seen below is finite. 
If from each of this finite number of classes a definite 
number is selected, a system of integers is constituted 
which may be called a complete system of incongruent 
residues (mod. i). Every number of the realm (6) is 
congruent to a definite one of the numbers of the complete 
system. The number of the integers which constitute a 
complete system is called the norm of the ideal i and is 
written N(i). (Art. 209.) 
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THEOREM. Let a be an ideal of the realm (6) and let 
the basis of a be the quantities ay, a2, a3, where 


ai= 01101 + aiw +4130, 
Oy = A2101 + Go2W2+ A230, (a) 
Q3 = G31@1-+ A3292 T A3303, 
the a’s being rational integers. Then is 
g 
N(a) = | (ai, Q22; Q33) |. 


Proof. First take the normal basis u, t2, t (Art. 301) 
of the ideal a, where 


HUS 1, = H iPwn, ai Hios Hi ws. (b) 
Every integer 8 of R(6) may be written 
B=U+ Uwe + uws, 
where u, ui, ux are rational integers. When considered 
with regard to the ideal a, by making use of the normal 
basis it is seen that u may be reduced (mod. 7), u, may be 
reduced (mod. it) and uz may be reduced mod. 7. It 
follows that there are t- iP -i numbers like 8 of 2#(6) that 
are different Gmod. a). 
Hence, since (a1, a2, 3) = (tı, t2, t3), it is clear (Art. 94) 
that if 
o=AnutA 12tet+A ists, 
a2 = Átt At HAt, (c) 
3 =AgititAsetet+Aszats, 


then 


Au, Ani, Asi 
Ai, Ag, Ase 
Ais, Ags, A33 


and further in (c) substitute the values of tı, t2, t3 from 


=+1; 
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(b) and compare the result with (a), and we have 


Gii, Giz, Qi3 
Q21; Qe2, Q23 
Q31, Q32, Q33 


Au, Ai, Ais||%, 0, 0 

“eh Rac 
Agi, Azo, Azi || in 2, = +i iP. if. 
Asi, Azo, Aas Ta, a, if? 


It follows that the absolute value of the left-hand de- 
terminant is i-i -iP as stated in the theorem. 

Since 7 is a nage that appears as an element of the 
ideal a, it is evident that N(a) =7-7{?-7i is an element of 
the ideal a. 


ART. 307. The norm of the product of two ideals a and b 
is equal to the product of the norms of these ideals, and that 
ws, N(a-b) = N(a)-N(6). 

Proof. Let a be an integer of the realm #(@) which is 
(a oF 


divisible by a and is such that is prime to b (cf. Art. 


215). 

The form ay7+é presents only incongruent (mod. ab) 
integers of the realm, when to y there are ascribed a 
complete system of incongruent numbers (mod. a) and to 
~ likewise a complete system of incongruent residues 
(mod. b). There are in all N(a)-N (6) such numbers, and 
no two numbers of this system are congruent to each 
other, mod. ab, while every integer of (4) is congruent, 
mod. a-b, to a number of this system. 

It follows that N(a-b) =N(a)-N(b). 

The norm of an ideal as shown above is a rational 
integer that may be adjoined as an element of the ideal, 
and that is N(a) is divisible by the ideal a. 

N(a) 

a 


We may therefore write =, where @ is an ideal 
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which may be called the reciprocal of the ideal a. And 
for two ideals it is seen that N (a-b) =aabb. 

ART. 308. The theorem for the determination of the 
norm of an ideal may be applied to the special case of a 
prime ideal; say 

p=(p, tia, tz +i w +17 we). 
Since (Art. 206) iP and 7? are divisors of p, these ideals 
are of the form 


(p, ttle, tg +iPwit we), 
(p, tı +pu iHi wlw), 
(p, tle, ia Hw + pwr), 
(p, t+ pw, ia +79, + pw). 

Corresponding to these four possibilities it is seen 
(Art. 306) that N(p)=p*, where e=1, 2, or 3. This 
number e is called the degree of the prime ideal p. 

We thus have prime ideals of the first, second, and 
third degrees. (See Art. 211.) 

After the introduction of the norm of an ideal and the 
calculation of its numerical value through the coefficients 
of the basis, we are in a position to present the theorems 
which are necessary for the calculation of the ideal- 
classes of a realm. 

Art. 309. Theorems of Minkowski for the Presenta- 
tion of the Ideal-Classes. For the presentation of the 
ideal classes of the quadratic realms we had (Art. 218) the 
theorem that each of the different classes contained at 
least one ideal whose norm was less or at least equal to 
|VD|, where D was the discriminant of the realm. 

To prove the same theorem for the cubic realms we 
must prove first the following lemma. 

Lemma. Every arbitrary ideal a of the realm R(0) 
contains a number a, whose norm satisfies the inequality 


|N(a)| =N(a)|VD]. 
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First let R(6) be a real realm and let a1, œs, a3 be a basis 

of the ideal a which may be written in the form (Art. 94) 

Oy = p10 +O, .Wot A,363 (=I, 2, 3), 

where w1, we, w; constitute a basis of all integers of the 
realm (6). 

Due to the Minkowski Theorem (Art. 26) three rational 
integers x, y, z that are not all zero may be found such 
that the absolute values of the three linear forms 

fr=artary+azz, 

fo=ajr+ary+axz, 

f: =ar +azy + age, 
are less than the three positive quantities kı, k2, k3 whose 
product kıkək; is equal to the absolute value of the 
determinant of the three linear forms | (a1, «2, a3) | which 
in turn = | (an, 22, 33) | ° |\VD|. 

Write f:=a, so that f.=a’, and fz=a’”’. = 

It follows that N (a) &kıkzks or |N (a) | =(N(a)) | VD]. 

Suppose nezt that R(6) is an imaginary realm, and 
that #(6’) is the conjugate imaginary realm, while #(6’’) 
is the conjugate real realm. 

Instead of the two forms fı and f: above consider the 
two real forms 


Pr=l(artal)e+ (artas)y+(astas)2} 
and 
E =I (a,—a})a+(a2—ab)y+(a3—ag)2} 


and of the quantities above let kı =k». 
Noting the identity Fi?+F2=(Fi+iF.)(Fi—iF;) it is 
seen that 
Fi+F? 
2 


= (at + ayy + a2) (aie +ary+a3z). 
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Again writing a = aiz + ay +a, a’ =at Hasy Haz, we 
have as above 


2 2 
aa’ = EP: che a ite, 
or 
|N (a) | < kiks, 
while 


kîks= N(a) | VD]. 

We are now in a position to prove the theorem: 

THEOREM. Every ideal-class of the realm R(0) contains 
an ideal whose norm is smaller than the absolute value of the 
square root of the discriminant of the realm. 

Proof. Let a be an ideal of the realm (6) and let T be 
a second ideal such that aū is a principal ideal, say (a) 
(Art. 304). From the above lemma there is in the ideal 
@ an integer a such that |N(a@)|=N(a)|VD|. Since @ is 
divisible by @, we may write (@) =@a1, where a, is an ideal 
of R(@). 

Hence N(aa:)=|N(@)| ZN(a)|VD| or N(a)=|VD| 
(see also Art. 218). 


Since (a)=aa and (@)=fa, it is seen that <=- 
1 


or a ~a; and it has thus been proved that the ideal-class 
to which a belongs, contains an ideal a; such that 
N(a:1)Z|VD|. The same is true of every ideal-class. 

Hence to obtain directly the number of ideal-classes of 
a fixed realm #(@), it is only necessary to consider the 
positive rational integers that are less than or at most 
equal to |VD|. 

These rational integers are to be decomposed into their 
ideal-factors. Those ideal factors that are equivalent 
and whose norms are at the same time =|VD| constitute 
a class in question, and the number of such classes is thus 
determined. 
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Art, 310. Derivation of the Prime Ideals in the 
Realm R(6). Suppose that the realm (6) is fixed, the 
quantity @ being a root of the irreducible equation 

G(x) = x° Haix? +H ax +a, 
where a, Q2, a; are rational integers. 

It is required to construct the prime ideals p, pı, etc., 
through which a rational prime integer p is divisible. 

It is assumed at first that the prime integer p is not a 
divisor of the discriminant A(6); and that is, A(@) #40 
(mod. p). 

In Art. 305 it was proved that any ideal could be 
expressed as the greatest common divisor of two integers 
of the realm (0). It follows that p may be expressed in 
the form (p, a) where a is an integer of R(0). 

It was proved in Art. 102 that a basis of all integers of 
9 (8) could be expressed in the form 


—A-+a,+0é A?—a,A+a.+A0+6? 
w,=1, ok caine’ ‘guamatit. cn oe 


where d and ô, are definite divisors of A(@). Hence, every 
integer a of R(0) may be written 
_a+b0-+cé 
> RRL 
where a, b, and c are rational integers. 

If now p is the greatest common divisor of p and a, it is 
also the greatest common divisor of p and d’êia, since 
dò, is relatively prime to p and therefore also to p. And 
p, being the greatest common divisor of p and d’é,a, is 
p= (p, dôa). Hence there remains the two possibilities 
either d’6,a is of the first or of the second degree in 0. 

It follows that either 
(1) p=(p, a+bé), 
or 
(2) p= (p, a+b6+c6’), 
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and it remains to determine in either case the rational 
integers a, b, c. 

Since the number x28-p+y(a+60) may be added as an 
element in the first case, and since p and b are relatively 
prime, the rational integers x and y may be so chosen 
that zp+yb=1, and consequently an element of the form 
— Á +0 may be added to the ideal (1), which now becomes 

p=(p, a+bé, —A+6). 

Since a+b0—b(— A +0) =a+bA4A, it is seen that a+bA 
may be added as an element of p. It is clear, also, that 
a+bA must be divisible by p; otherwise the ideal 
reduces to a unit ideal. Write a+bA =g-p, where g is a 
rational integer. Further note that 

gp+b(—A+é@)=a+bé. 
Hence a+bé@ may be omitted as an element, thus leaving 
p=(p, —A +0). 
It remains to determine A. 

In this ideal it is evident that the element — A +0 may 
be multiplied by (—A+6’)(—A+6”’), which product is 
— A*—@,A?—a,4—a; or —G(A). And this number 
must be divisible by p, otherwise the ideal becomes a 
unit ideal. It follows that A must satisfy the congruence 

G(x) =0 (mod. p). 
If this congruence does not permit solution, then p has 
no ideal factor p of the form (1). 

In the second case, namely when 

p=(p, a+b0 +c), 
we may, as in the first case, replace the second element 
by an element in which c=1. The prime ideal then 
takes the form 

p= (p, a+b0 +0), 
and if in this ideal such elements of the form aı+b:0 
enter, the coefficients a, and b; must be divisible by p; 
otherwise, p would reduce to the first case. 
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If the element a+b@+€@ is multiplied by the integer 
z+6, where z is a rational integer to be determined, and if 
we note that 6°+a,6?+a,$+a;=0, it is seen that the 
ideal may be written 
p=(p, a+b0+67, az+(a+bz)6 

+(b+2)P-+6%, as +a: FaH, ++) 
= (p, a+b0 +0, az—as 
+(atbz—a:)0+(b+z—a)?, < -). 

If z is determined so as to satisfy the congruence 
b+z—a,=0 (mod. p), then the ideal takes the form 

p=(p, a+b0+6?, az—as+(a+bz—a:)0, =+). 

We therefore must have the congruences 

a+bz—a:=0 (mod. p), 
az—a3;=0 (mod. p). 

If these two congruences are satisfied, it is seen that 
(a+b +e) (2+6) =a; +00 +a: +0 (mod. p). 
Thus the quantities a, b, and a+b0 +0 are determined, 
if a; +a:0-+a: +0 may be factored (mod. p) into a linear 

and a quadratic factor. 

Hence, to determine the prime-ideal factor of a rational 
prime integer p in a cubic realm R(0), where @ is a root of 
the equation 

G(x) =x +a? +ax +03 =0, 
we have to determine the roots of the congruence 
G(x) =0 (mod. p). (i) 
It has been shown that: 
1. if A is a solution of (i), then is 
+a? +a: +a; =(x—A)fı(x) (mod. p), 
where fi(z) is a rational integral function of the second 
degree in z; 

2. the congruence (i) has at most three distinct 

solutions. 
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I. If the congruence (i) has no solution, then in the 
realm R(0), p is not factorable into ideal-factors, and (p) 
is a prime ideal of the third degree, and that is N(p) = pë. 

II. If (i) admits the only solution x=, so that: 

3+ aye? +a.r+a3=(x4—A)(z?+b2+a) (mod. p), 
then p admits the two prime-ideal factors 

pi=(p,-A+0) and p=(p, a+be+é), 
such that p=pı' p2, where pı is of the first degree and 
p2 of the second. 

III. If the congruence (i) admits the three solutions 
Ai, Ao, Az, so that 

xtayz?+a.x+a3= (x—A1)(e—A2)(x—Asz) (mod. p), 
then is p divisible by the three prime-ideal factors of the 
first degree 

pi=(p, —A;+6) (@i=1, 2, 3), 
so that p=pipep3, where each ideal is of the first degree, 
and that is N(p;) =p ((=1, 2,3). (Sommer, Vorlesungen, 
p. 277; Reid, Göttingen Dissertation (1899), p. 25.) 

Art. 311. If next we consider the case where p is a 
divisor of A(@), we encounter difficulties in deriving the 
prime-ideal factors of p. 

If A(é) =0 (mod. p), the congruence 

G(x) =23+a,2?+a.2+a3;=0 (mod. p) 
has a multiple root, say x= A; and either 
G(x) =(a—A,)*(—Az) (mod. p), 


G(x) =(x—A,)' (mod. p). 

For if @’(x) =32?+2a,¢+a,_ is the derivative of the 
function G(x), then a necessary and sufficient condition 
for a common solution of the two congruences G(x) =0 
(mod. p) and G’(x) =0 (mod. p) is A(@)=0 (mod. p), as is 
seen at once by eliminating x from the two congruences. 

If, however, A is the common solution of the two 


or 
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congruences G(x)=0 (mod. p) and G’(z)=0 (mod. p); 
and if we write 
G(x) =(a—A)fi(x) (mod. p), 


G'(x) =fi(x) + (@—A)fi(z) (mod. p). 

From this latter formula it is seen that G’(x) =0 (mod. p) 
can have the root =A (mod. p), when fi(x) = (x —A)f2(x) 
(mod. p); and that is, when G(x) =(a—A)?fo(x) (mod. p). 

If A(@)=0 (mod. p), it might be surmised that the 
rational integer p was divisible by the square of a prime 
ideal. This is not always the case. The following 
theorem was proved by Dedekind ! and later by Hensel.? 

THEOREM. All and only those rational prime integers 
which are divisors of the discriminant D of the realm are 
divisible by the square of a prime ideal. 

This theorem was proved for the quadratic realms in 
Art. 216. In this connection see the theorems for the 
general realms of rationality in Vol. II, Chapter VI. 


then is 


Tar UNITS OF THE REALM R(0) 


ART. 312. Among the integers of the realm 9(@) those 
are of peculiar interest, whose norms are equal to +1, and 
which are called units of the realm (Art. 90). If «is such 
an integer, then is ee’e’’= +1, and that is, e satisfies an 
equation of the form 


r’ +a? +a.x+1=0. 
Li, a CTER oe , 
That zis also a unit, is seen by writing z for x in the equa- 


tion just written. 


1 R. Dedekind, “ Ueber den Zusammenhang zwischen der Theorie der Ideale 
und der Theorie der hoheren Kongruenzen."” Abhandl. der math, Klasse der Kgl. 
Gesellschaft der Wissensch. zu Gottingen, 23 Band, 1878. 

2 Hensel, Crelle, Vol. 113, 1894; Vols. 127, 128, 129; see also Hensel, Jahresber. 
der deutschen math. Ver., Vol. 6 and Gétt. Nach., 1897; and Hilbert, Zahlber., 
p. 195. 
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It is also evident that if «e is a unit that is different 
from +1, then every power e° with integral positive 
and negative exponents e are units; for clearly 


oe EOS (ae N= sll, 


If the realms 9t(6), 9¢(0’), R(0”) are all real, the roots of 
the equations ?@=+1, #=--1, when imaginary are not 
units of the three realms, since these realms do not 
contain complex integers. 

If, further, 9(0) is real and R0) and (6) are 
conjugate imaginary realms, then in none of the three 
realms can there appear the roots of unity, other than 
+1. 

Suppose for example that 

, ab” +b0’ +e 
gir k 
is a complex root of unity in the realm 9(6’). 
Then is nn” = +1, so that n= +1. 
It follows that 
2 
cante 
or, 0 satisfies an equation aé?+b@+c+k=0, of the 2nd 
degree which is not true since the cubic which @ satisfies is 
irreducible (Art. 41). 

In the same way it follows that every unit e of the 
realm R(), for which |e|=1, is itself =+1. For if 
R(8) is a real realm and if |e|=1, then e being a real 
quantity is =+1. If next #(6’) is a complex realm in 
which |e |=+1, then in the conjugate complex realm 
R(0”) it is evident that |e” | =1, where e” is the conjugate 
complex of e’. It is further seen that |e| = +1 in the real 
realm R(0), and consequently e= +1, as must be also e’ 
and e”. 
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Art. 313. The following is a theorem! which in 
generalized form was proved by P. G. Lejeune Dirichlet, 
Werke, Vol. I, pp. 622, 632, 642. 

Lemma. Jn every (real or imaginary) realm R(0) of the 
third degree there exists a unit which is different from +1. 

The proof of this theorem is very similar to that given 
for the real quadratic realm of Arts. 230 et seq. See also 
Arts. 99 et seq. 

I. First let the discriminant D of the realm be positive 
so that all the realms #(6), #(0’), R(0”) are real. Let 
A,, A» A; be any three positive quantities, whose 
product is 

A,A,A;=|VD|. (i) 

It is possible, due to the Minkowski Theorem of Art. 
26, to determine rational integers u, x, y, z which are not 
all zero, such that 

[autar tawy +aw:z| SAy, 
(aiuta wirta wy ta wz] EA, 
lal uta" wi rta" wryta" wsz] SA; 
am |+04+0+05A. 
The quantities A,, A», A3, A, satisfy the relation 


AAAA; = N(a)VD 


, 


where ai, œ are integers in 9(6) and where w1, we, w3 form 
the basis of all integers of R(@). 


Further put A,= ara, 


a=qU+ awt tH awy Haw. 
It follows that 


and write 


A,A,A3= IVD]. (i) 
It is seen that a is an integer of R(@) such that |a| =Aj, 
lo’ | 54; |o’”| SA. 


1 See also H. Minkowski, Geom. d. Zahlen, pp. 137 et seq.; D. Hilbert, Bericht, 
Chapt. 6, pp. 214 et seq. 
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Since @ is an integer in R(0), its norm, that is 
ja-a" | =I, 
and consequently 
i 
and therefore also 
1 Ai 


=> => 


“ids A AA 
Thus for a and its conjugates a’ and œ”, there exist the 
inequalities 


Ai 
AZ |a| =—— 
manii 
, Ae .. 
A,=|e'|= : 
2 la | IVD] (ii) 
A 
4:= |o" |=—+ 
Due to equation (i), the last inequality may be written 
IWDl =ar- t. 
y. PT: F = Aia 


Consider next three new real positive quantities 
ewe ; j MEE i B, -4l 
| vD| IVD] | vD| 
whose product, due to (i), is again = |VD|. 
From similar considerations there exists an integer 8 
of ®(@) which satisfies the inequalities 


(iii) 
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Instead of the last inequality we may again write 


[ee 


Further write 
o,-B: Cc, - B: _ B,|VD|? 
i= , = e. 3S SS? 
IVD] IVD] IVD] 
and determine an algebraic integer y in the same way as 
a and 8 were determined above. 

If this process is continued, there exists an unbroken 
series of algebraic integers which satisfy inequalities 
such as (ii) and (iii). es 

Since the discriminant | VD | >1, it is evident from (ii) 
and (iii), that the numbers |a|, |8|, |y|, +++; as well as 
the numbers |a’|, |6’|, |y’|, +++ form a series of de- 
creasing numbers, while the series |a’’|, |8”|, |y’’|, «+> 
constitute a series of increasing numbers. 

If we use the fact that the principal ideals (œ), (8), 
(y), +++ constitute an endless series of ideals whose 
norms are =|VD|, and observe (Art. 309) that there can 
exist only a finite number of ideals, whose norms are less 
or at most equal to a finite rational number, it is seen 
that of the series (a), (8), (y), ++- two ideals must 
eventually become equal. 

If, say, (a) = (y), and if |a|>|y!, then the quotient 


sie presents a unit of the realm R(0), which is different 
from +1. Due to the inequalities for a, B, y, ete., it is 


seen that |e|>1, |e’|>1 while |e’|<1, where ‘a 
tt . 
and ed 
It is clear that |e] and |e’| cannot be equal. In an 


analogous manner one may construct a unit 7, for which 
el, [yo] <1, amar) a?) S11. 


THE CUBIC REALMS 589 


II. Suppose next that the discriminant D is negative. 
We may assume that R(0) is real, while #(6’) and R(6”) 
are imaginary realms. Due to the Minkowski Theorem 
two positive real quantities A and Ai may be so chosen 
that AA?=|VD| and an integer a of #(#) may be so 
determined that |a|=A and |a’|=Ai; and since 
|a’| = |æ” |, it follows also that |a’’|=A;. In a similar 
manner as was shown above, it is seen that 


Next write B= and B,=A,|VD|, so that BB? 


A 

IVD] 

=|VD|, and construct the integer 8 of N(6) so that 
|8| =B, |8’| = |p” | SB. 

Through a continuation of this process, an infinite 
series of ideals (a), (8), --- may be constructed, and as in 
the case where D>0 it is evident that there exists a unit 
different from +1 in each of the three realms (8), 
R0), RO"). 

In the derivation of such units and contrary to the 
preceding case, it is seen that either |e|>1 while |e’| 


= |e” | <1, or || <1 while |’ | = |9”|>1. 
ART. 314. The Dirichlet Theorem.! If among the 
three conjugate realms R(6), R(O’), R(0”), there are rı real 


r ; : ; ; 
realms and 7 1 pairs of imaginary realms, then in each 


of the three realms (for example in R(6)) there are r=rı 
+rı— 1 fundamental units, namely e, and e when all three 
realms are real, and e, when there are a pair of complex 


1 See Smith’s Report, where other references are found to Kummer’s work and 
that of Kronecker. 
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realms. Further, every other unit of the realm in the first 
case may be expressed in the form +eï'e3 and in the second 
case wn the form +e}, where e, and e, are rational integers 
(see Art. 233). 

Minkowski’s proof (loc. cit.) is as follows (see also 
Hilbert, Zahlbericht, p. 214): 

First let R(6), RO’), (0) be three real realms. 
There are two units «e and 7, see lemma above, such that 
fehl, le | St, |e lat, amd E a’ (<1, |n” leed. 

If ¢ is any arbitrary integer, the real quantities log |£|, 
log |é’|, log |£” | are called the logarithms of the number £. 

For brevity we may write 


U(é)=log |],  (é)=log |e], a () = log | é”. 
If € is a unit, f°’ = +1, and consequently the loga- 
rithms of a unit ¢ satisfy the equation 


fil =U) +h(é +h(é) =0, (i) 
so that every unit must contribute a solution to this 
equation. 

If one or all three logarithms 1(é), 11(£), or l2(&) is zero, 
it follows from the preceding article that necessarily 
€=+1. Hence to derive the units of the realm that are 
other than +1, it is necessary to find all the solutions of 
the equation (i), whose values are different from zero. 

Write 

fo(€) = h(E) thal (E) 
and determine h and h, so that, 
faln) = hln) +hili(n) > 0. 
If we put hi=—I(e) and h=l,(e), it is evident that 
JoCa) =hi(e)l(n) —Ue)li(n) > 0; 
for 11(n) is negative since |7’|<1, while (7n), [(e), and 


li(e) are positive. 
Further note that the required solutions of equation (i) 
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may be presented in the form 

ICE) =s,l(e)+s2l(n), 

1,(é) = sili(e) +s2l1(1), (ii) 

1,(&) = sıl2(€) +Sel2(n), 
where sı and sz are arbitrary real numbers. In fact the 
three values (£), LCE), 1.(€) as given in (ii) satisfy identic- 
ally (i); and corresponding to a given solution [(é), 1,(&), 
and 1.(¢) the quantities sı and s may be uniquely 
determined as finite numbers from the first two of the 
equations in (ii) in the form 


p -LO =U) 


f(n) j 
_ -LOA HILO, 
f(n) 


Observe that 
(n) >0, lı(n) <0, l2(n) >0, 
l(e) >0, l(e) >0, lo(e) <0, 
and that the signs of l(£), li(¢), le(~) must be at least one 
positive and one negative. Since f2(7) >0, it is seen that 
when the values just written for sı and sz are substituted 
in the third formula under (ii), there is no contradiction 
as to sign. 
For &=e, we have from (ii) s;=1 and s:=0, and for 
=n, it is seen that sı=0, and s:=1. 
It may be shown next that the inequalities 
osal Oss! 
can exist simultaneously for only a finite number of units. 
For, if these two inequalities exist for a unit £, we neces- 
sarily have for the absolute values 
LOMSLORLONF 
ILO | = L | + a) | (=1, 2); 
and that is, the absolute values |£|, |&’|, |£” | are less 
than three definite numbers that depend only upon e 
and 7. 
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If then 
=x tyw t 203 
(Arts. 93 and 103) represents an integer of the realm 
(0), and if x, y, z are computed from the equations 
Lt wey Hw = E, 
rtou + waz =f, 
t+wgy + wz = £", 


T=MEH Dak! HAt” 
with similar values for y and z. 

The quantities ^i, Ax, A; are constants whose absolute 
values are finite. If further the absolute values of the 
é’s lie within finite limits, then |x| must be less than a 
finite number as must also |y| and |z|. Thus it is seen 
that only a finite number of combinations of rational 
integral values can be given to z, y, z, so that |é], |£], 
and |£’’| lie within definite limits. 

All the units whose expression in the form (ii) is such 
that 


we have 


US Sse OSs.s1 

may be arranged in two classes. 

The first class contains the units, for which s:=0, 
while the second class contains those for which s:>0. 

In the first class determine that unit eı for which sı 
takes its smallest value, say Sı, which is different from zero; 
and in the second class determine that unit ez for which s2 
takes its smallest value, say So. 

There is then no unit other than +1 for whose expres- 
sion in the form (ii) exist simultaneously the inequalities 

Oas <S: and OSs. <S (iii) 

If denotes an arbitrary unit of the realm, and if e, 

and ez are rational integers, to be determined later, then 


s 


° E3 


also —>— is a unit of the realm. 


€l 
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Write 
L=1(£) — elle) — elle), 
Ty = LCE) — elile) —ezlı(€2), 
Lo = ly(£) —eila(€1) — eagle (es). 
If we put l(e1)=Sil(e) and (ez) =Sl(e)+Sel(m) in the 
above expressions, we have 
L=IU(£) —(e:Si+eS) le) —e2Sel(n) | a 
L= (E) — (e:Si+e2S)li(e) — e8210) J 
Next from (ii) it is seen that we may put L and L, in 
the form 
L=s,l(e)+8el(n), 
L,=sili(e) +seli(n). 
Writing these values for L and L, in (iv), it is seen that 
UE) = (si teSi+eS)l(e) + (82+e2S2)l(n), 
1,(é) = (sy +eSitesd)li(e) + (se+eS2)li(n). 
Solving for sit+e:Si:+eS and s,+e2Se, it is seen that 


_ -WQUO+UDL _ 

g fal) ‘ait 
Un) =U) _ 
: fo(n) 


Since f2(y) >0, we may determine ez from the first of 
these equations and then e: from the second as positive or 
negative integers such that sı and sz satisfy the ine- 
qualities (iii). But this is contrary to the statement 
that the two inequalities can not be simultaneously 
satisfied. It follows then that L=0 and Lı=0. Hence, 
also L2=0. And from these equations e, and e are 
determined. 

It follows that 

£ 
citez 
and with this the Dirichlet Theorem is proved when the 
three conjugate realms are real. 


i (v) 
e S1 = eÑ 


= +1, or E= tejes 
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For the second case where D<0, R(0) being a real 
realm while #(6’) and (6) are a pair of conjugate 
imaginary realms, let «e, be that unit in R(6) which has the 
smallest absolute value among all those units whose 
absolute values are >1. It may be then proved in a 
similar manner as was done above for the units in the 
real realms that any arbitrary unit £ of the realm may be 
expressed in the form 

E=+¢}', 

where e: is a positive or negative rational integer. 

For, write E =Ż and suppose that #1 so that either 

1 
|Z} >1, or THT? 1, In the latter case put Ha. It is 
seen for the first case that 1(#)=I(£)—e,l(e,) and it is 
clear that e, may be so chosen that 
I(E) <l(e1) 


which is contrary to the assumption made relative to «1. 
A similar result is had for the second case. 

Observe here that from l(#)=0, the integer e, is 
uniquely determined and that 1,(£) is also zero. 


EXAMPLES 
In solving the following examples one may consult the Géttingen 
dissertation of L. W. Reid, entitled Tafel der Klassenanzahl fir 
kubische Zahlkérper. It may be proved that in every class there 


rato ass 
exists an ideal (æ) such that Ivo) =() A vD| , where r, de- 
T 


noting the number of pairs of imaginary roots, is here either 0 or 1. 
(See Vol. II, Chapt. VIII, of the present work.) 
1. If @ is a root of the equation 
z’+r+1=0, 
then is 
A(0)= —31 and D= —31. 


Show that the basis of R(8) is 1, 0, 0, and that h=1. Show that in 
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this realm 2 and 5 are irreducible and that 
3=(1—0)(@+0+2)=61- Gs, 
where @: and &. are principal ideals. The units are 0 and 1+8. 
2. Let 0 be a root of the equation 
z3+62r+8=0. 
Show that 
A(O) = —2592= —25- 34, 


that 1, 0, : may be taken as basis of all integers, and that 


= —23.34, Observe that A and Dı, where D; is a divisor of A(@) 
must satisfy the congruences (see Art. 102): 
3(4—a:)?+2aı(A —aı)+a:=0 (mod. Di), 
(A-a)? +a:(A —a)?+-a2(A —a1) +a3=0 (mod. Di), 
where here a,=0, a2.=6, a3= —8, giving A=0, Di=2. Show that 


O\3 78 
(2) (2, 14045) (2£), 
(3) = (3, 8-1), 
(5) = (5, @-1)(5, 2+0 +0), 
()= (7, 6-2) (7, 3+20 +0); 
that A=3 and that a unit is@+-1. 
3. If 3-+32+5=0 has a root 6, show that the basis of all integers 


is 2 
of the realm RỌ) is 1,8, oe T R ee wo, 


and h=1. 
4, If 8 is a root of 
23+82?+2=0, 


3+30+6 


show that a basis is 1, 0, ; that A=1. 


5. 0 being a root of 
z3+8zr+1=0, 


@+-20-+-2 


show that a basis is 1, 0, and that 


gu (PEMA @—30+7\ 
5 5 


6. If @ is a root of 
z3+100=0, 
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10—106+@ . 


show that a basis is 1, 0, a0 in the realm (6); while 1, 0, 


HU form a basis in R(8), if ô is a root of 
r? +28=0. 
7. In general (see Sommer, p. 261), let # be defined by an irre- 
ducible cubic 
z?+a;=0. 
Suppose further that a; is not divisible by the third power of a prime 
integer, and write 
a3=n: N?, 
where n and N are integers. In 9(@) prove that: 


2 
(1) If as=0 (mod. 3), then 1, 0, : form a basis. 
(2) If a30 (mod. 3), but a= 2, or a= +4 (mod. 9), then 
; w 02 
again a basis is 1, 6, z 


N- N0 +0 


3N 
= 2 
(mod. 3), and 1, 9, ie is a basis when N= —1 (mod. 3). 


2 
(4) If as=—1 (mod. 9), then 1, 9, Hui is a basis when 


=. — 2 
N=1 (mod. 3) and 1, 9, a, a basis if N= —1 (mod. 3). 


(3) If as=1 (mod. 9), then 1, 9, is a basis when N=1 
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principal, 341, 346, 502, 533, 545, 
569. 
reciprocal, 577. 
Ting, 410. 
simple examples of, 334. 
Imprimitive numbers. (See Primi- 
tive.) 
Incongruent units, complete system. 


system of residues. (See Resi- 
dues.) 

with respect to a modular system, 
298, 


Index of algebraic number, 128, 134. 
Integer, algebraic, 110. 
belongs to an exponent, 380. 
Integer, expressed through sum of 
squares, 417, 429 ff. 
Integers, sum, product, 112 ff., 553 
ff 


Integral function, 6. 
Integrity. realms of, 37 ff. 
Irreducible equation, 52, 78, 91. 
function, 84. 
Irreducibility of certain functions, 9, 
40, 53. 
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Jacobi, Law of Reciprocity, 529. 


Kummer factors, 337. 
Kummer (see Ideal) numbers, 500, 
501, 552. 


Lagrange, interpolation formula, 15. 
Lattice-points, 531 ff. 
and ideal classes, 540. 
bases of quadratic realms, 532. 
fundamental set of, 531, their 
number 538. 
of an imaginary realm, 530 ff. 
of a real realm, 541 ff. 
Lattices, 531. 
reverting into themselves, 549. 
similar and principal ideals, 535. 
unit, 549, 
Leader, of a ring, 411, 
Linear form, 22, 123, 173, 281 ff. 
Linear independent quantities, 68, 
123, 133, 221 ff., 258. 
Criterion for, 69. 
Least common multiple. 
of modular systems, 288. 
of moduls, 177 ff. 
of realms, 58, 99. 
Legendre’s symbol for quadratic resi- 
dues. (See Symbol.) 


Measure of lengths, Euclid, 541. 
Descartes, 541. 
pseudometric, 541. 

Mesh, 531. 

Minkowski’s Theorem for 

forms, 23 ff., 399. 
Geometrie der Zahlen, 529, 552. 
Theorem as to number of ideal 

classes, 366, 566, 577. 

Modular systems (Kronecker), 268 

fí., 280 fi. (See Order-modul.) 
as divisors, 325 ff. 
canonical forms of, 305 ff. 
decomposition of, 300, ff., 317. 
mixed, 292. 
multiplication of, 287. 
of first kind, 291. 
of second kind, 291, 317. 
prime, 315, 319. 


linear 


INDEX 


pure, 292, 317 ff. 
reduction of, 303 ff. 
Moduls (Dedekind), 161 ff. 

algebraic, 248 ff. 

complementary, 268 ff. 

defined, 173. 

equal, 177. 

finite, 220 ff., 247. 

integral, 267. 

multiplication of, 185, 248. 

multiplication of by algebraic in- 
tegers, 183. 

of finite order, 176, 181, 186, 257 
ff 


product of, 185. 

quotient of, 193, 248. 
Multiple of a modul, 177, 217, 221. 

modular system, 283. 
Multiplication of ideals, 341, 521, 

563. 

of modular systems, 287. 

of moduls, 185, 248. 

(See Composition.) 


Norm. 
of a quadratic realm, 347. 


less than | VD |, 366, 579. 

of a cubic realm, 574. 

of a divisor of a realm, 98, 101. 

of an algebraic number, 74, 110, 

116. 

of an ideal, 347, 574. 

of a product, 351, 576. 

of a realm, 66. 

of fundamental unit, 407. 

of several realms, 96. 
Normal realms. (See Galois.) 
Norm-residues, 433 ff. 

symbol of, 433, 351, 576. 


Order of a modul, 176, 221, 228, 258. 
Order-modul (“Art”, ‘“Species”’), 
201, 204, 247, 249, 260, 261. 


Pell’s equation, 137. 

-function of Euler. 
defined for ideals, 372. 
product theorem, 375. 
summation theorem, 376, 


INDEX 


Prime number, 162. 
and correlated forms, 507. 
ideal, 354. 
factor of prime integer, 356, 364. 
ideal in cubic realms, 580. 
ideal in quadratic realms, 354. 
factor of prime integer, 356, 364. 
factors, resolution of ideals into, 
354, 573. 
function, 41. 
modular system, 315 ff. 
relatively, 45, 48, 343. 
relative to an ideal, 358 ff. 
relative to modular system, 297. 
Primitive function, 4, 43, 47. 
forms, 497, 418, 520. 
number with respect to a prime 
ideal, 379. 
quantities, 77, 85, 86, 108. 
Product of ideal and its conjugate, 
349. 
forms or functions, 40. 
of ideal classes, 366. 
of ideals, 356, 413. 
of modular systems, 287, 317. 
of moduls, 185, 248. 
of norms, 351. 
of primitive functions, 5, 44. 
Pseudometric geometry, 541. 


Quotient of moduls, 193. 


Realm (Körper, Zahlkörper), 1, 37. 
absolute, 38. 

Realm of rationality, 33 ff. 
algebraic, 55 ff., 57, 71, 89. 
algebraic realm determined by 

algebraic quantity, 76. 
biquadratic, 107. 
conjugate, 57. 
cubic, 105, 139, 150, 553. 
cyclotomic, 155 f., 496. 
defined, 284. 
degree of, 57. 
derivation of, 38, 56, 64. 
divisor, 88, 100. 
finite, 76 ff., 257, 261. 
identical, 39, 61, 85. 
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quadratic, 133. 
stock, 39, 92. 
Realm, normal, 56, 92, 106, 108. 
Realm, simple, 100. 
Reciprocity, quadratic law for prime 
integers, 417 ff, 
in a quadratic realm, 390. 
Reducible function 1, 2, 40. 
equation, 110. 
Relative equality of two realms, 95. 
Representatives, complete system of 
with respect. 
to a modul, 209. 
to an ideal, 347. 
Residues, norm—, 433 ff. 
Residues, quadratic, 388 ff. 
complete system of incongruent, 
with respect to a modul, 209. 
complete system, with respect to 
prime integer, 435. 
number of, 232, 236 ff. 
with respect to a modular system, 
297. 
with respect to a modul, 205, 
with respect to an ideal, 347, 352, 
380, 574. 
Resultant defined, 16. 
Ring ideal, 410. 
Ring-leader, 411. 
Ring-number, 409 ff. 
Root-expression, 104. 
Root of polynomials, 8, 53. 
of congruences, 321, 379. 
of equations, 56, 111, 257. 
multiple, 10. 


Schönemann Theorem, 10, 11. 

Spur of an algebraic number, 74, 
110, 116, 152. 

Standard curve in pseudometric ge- 
ometry, 542. 


Symbol (2) of Legendre, 360 ff. 
d 
Symbol (5) , 388. 


Symbol ( an ) , 434 fi. 
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Symbol, (a, 6), 209. 
value of this integer, 235 ff., 277. 


Transcendental quantity, 55. 


Unique factorization of ideals, 354 ff. 
Unique factorization of rational in- 
tegers, 20. 
failure of, 167 ff., 334 ff. 
of algebraic integers, 162, 165, 
339. 
of polynomials, 49. 
Unit, geometric meaning of, 540, 
548. 
complementary, 300, 321. 
Unit ideal, 341. 
Unit modul, 248, 251, 253 ff. 
Unit modular system, 298 tf., 316. 
Units, algebraic, 117. 
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of a character-system, 449 ff. 
their product, 459 ff. 

Units, number of incongruent, 298, 

320. 
and lattice-points, 540, 548. (See 
Dirichlet.) 

Units of a cubic realm, 584 ff. 
cyclotomic realm, 156. 
quadratic realm, 136, 345, 396, 

403. 

Units of a ring, 411, 415. 
fundamental in cubic realms, 589. 
fundamental in quadratic realm, 

403, 479. 
Units, system of independent, 298. 


Wilson’s Theorem. 
for ideals, 382. 
for modular systems, 323. 
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